1

Past Paper Questions: Roots of Polynomial Equations

The equation
8¢+ 12x2 +4x—1=0

has roots o, f, Y. Show that the equation with roots 2a + 1, 2 + 1, 2y + 1 is

y3—y—1=0.

9231/01/M/J/03



The sum (2a + 1)" + (28 + 1)" + (27 + 1)" is denoted by S . Find the values of S, and S .. [5]
Y n 3 -2

9231/01/M/J/03



2 Theroots of the equation
xX-x-1=0

areo, 3, vy, and
n n n
S=a +p +7.

(i) Usetherelationy = x? to show that a?, 2, y? are the roots of the equation

VY’ -2y +y-1=0. [3]

(ii) Hence, or otherwise, find the value of S,. [2]

9231/01/M/J/04



(iii) Findthevauesof §;, S, and S, [9]

9231/01/M/J/04



3 Show that the sum of the cubes of the roots of the equation
X+ Ax+1=0
is-3. [3]

Show also that there is no real value of A for which the sum of the fourth powers of the roots is
negative. [3]

9231/01/M/J/05



4 Obtain the sum of the squares of the roots of the equation

x*+ 3% +5x% + 12x + 4 = 0. [2]

Deduce that this equation does not have more than 2 real roots. [3]

9231/01/M/J/06



Show that, in fact, the equation has exactly 2 real rootsin theinterval -3 < x < 0. [5]

9231/01/M/3/06



Denoting these roots by o and 3, and the other 2 roots by yand &, show that |y| = |0 | -2 [4]

v(ap)’

9231/01/M/3/06



5 Theequation
x> +3x—1=0

has roots c, B, y. Use the substitution y = x> to show that the equation whose roots are o®, 83, y° is

vy —3y?+30y-1=0. 3]

9231/01/M/3/07



Find the value of o + B° + y°. [5]

9231/01/M/3/07



6

The equation
x> +Xx-1=0

has roots ¢, 8, y. Show that the equation with roots o, 83, y3 is

Y -3y +4y-1=0.

9231/01/M/3/08



Hence find the value of o® + B + 7®. [3]

9231/01/M/3/08



7  The equation
S-x-1=0

has roots «, 3, ¥, 0. By using the substitution y = x>, or by any other method, find the exact value of
a® + B8 + 90 + 8°. [5]

9231/01/M/J/09



8 The equation
X+x-1=0
has roots «, 8, y. Use the relation x = v/y to show that the equation
Y42y’ +y-1=0

has roots o, B2, 2. [2]

LetS, ="+ B" + 7"

(i) Write down the value of S, and show that S, = 2. (3]

9231/11/M/J/10



(ii) Find the values of S, and S,. (4]

9231/11/M/J/10



9 The equation
e +ex?+4x-2=0,

where c is a constant, has roots «, f3, ¥, 0.

1 1 111
(i) Use the substitution y = — to find an equation which has roots —, —, —, <. [2]
X a By o
e o . 2. 2,2 s2 1 1 1 1
(i) Find, in terms of c, the values of o> + B~ + ¥~ + 0~ and Pl + E + ? + 5 [3]

9231/13/M/J/10



(iii) Hence find

in terms of c. [2]

(iv) Deduce that when ¢ = -3 the roots of the given equation are not all real. [3]

9231/13/M/J/10



10 The roots of the equation

X +pt+gx+r=0

[4]

are %, B, kB, where p, g, r, k and 3 are non-zero real constants. Show that f§ = —

"B'IQ

Deduce that rp® = ¢°. (2]

9231/11/M/1J/11



11 Find a cubic equation with roots o, § and ¥, given that

o+B+y=-6, o2+B2+y*=38,  aBy=30. [3]

Hence find the numerical values of the roots. [3]

9231/13/M/J/11



12 The roots of the cubic equation x* — 7x*> + 2x — 3 = 0 are o, 3, 7. Find the values of

i) o+ +y2 2]

(i) 3+p>+7°. [3]

9231/11/M/J/12



13 The cubic equation x* — x* — 3x — 10 = 0 has roots o, 3, 7.

(i) Letu=—-o+ B +7y. Show that u + 2c¢ = 1, and hence find a cubic equation having roots —a +  + 7,
o-B+y,00+B-7. [5]

9231/13/M/J/12



1 1
(ii) State the value of o3y and hence find a cubic equation having roots — [5]

By’ yo op’

9231/13/M/J/12



14 The cubic equation x* — 2x> — 3x + 4 = 0 has roots a, 8, y. Given that ¢ = o + f + 7, state the value
of c. [1]

Use the substitution y = ¢ — x to find a cubic equation whose roots are o+ 3, B+ v, ¥ + . [3]

9231/11/MIJ/13



1 1 1
a+pB B+y y+a

(2]

Find a cubic equation whose roots are

1 1

B By ral 2]

Hence evaluate

9231/11/MIJ/13



15 The roots of the equation x* — 4x* + 3x — 2 = 0 are a, f, y and &; the sum o + " + y" + §" is denoted
by S,. By using the relation y = x%, or otherwise, show that o, %, y* and & are the roots of the
equation

y -8y +12y* + Ty +4 =0. [3]

9231/13/M/J/13



State the value of S2 and hence show that

S, = 88, — 125, - 72.

9231/13/M/J/13



16 The equation x* + px + ¢ = 0, where p and g are constants, with g # 0, has one root which is the
reciprocal of another root. Prove that p + ¢* = 1. [5]

9231/12/M/J/14



17 The roots of the cubic equation x> — 7x* + 2x — 3 = 0 are a,  and y. Find the values of [6]

1

O BB

9231/11/M/J/15



1 1 1
Deduce a cubic equation, with integer coefficients, having roots —, — and —. [2]

af” By Yo

9231/11/M/J/15



18 The quartic equation x* — px* + gx — r = 0, where p, g and r are real constants, has two pairs of equal
roots. Show that p2 + 4r = 0 and state the value of g. [6]

9231/13/M/J/15



1
19 The roots of the cubic equation 233 +x2 =7 =0 are o, B and y. Using the substitution y = 1 + —, or
g y <

. . . 1 1 | .
otherwise, find the cubic equation whose roots are 1 + —, 1 + E and 1 + —, giving your answer in the
o Y

form ay® + by? + ¢y + d = 0, where a, b, c and d are constants to be found. [4]

9231/11/M/J/16



20 The cubic equation
22-722-2-5=0

has roots o, B and y. Show that the value of o + > + 7 is 19. (4]

Find the value of o* + g* + ¥, [2]

9231/13/M/J/16



-1 p-1

Show that the cubic equation with roots ,

o B

, and find this equation, giving your answer in the form px> + gx* + rx + s = 0, where p, ¢, r

and Y-

may be found using the substitution

Z =

and s are constants to be determined. [4]

9231/13/M/J/16



21 By finding a cubic equation whose roots are o, § and y, solve the set of simultaneous equations

a+B+y=-1,

o+ BF+y* =29,

1 1 1

—+—-+—-=-1. [8]
a By

9231/11/MIINM7



22 The roots of the cubic equation x> + 2x*> —3 = 0 are o, § and y.

. . o 1 . . . 1 1 1
(i) By using the substitution y = 2 find the cubic equation with roots 2 ? and F [3]
(i) H find the value of ! + — + ! [1]
ii) Hence find the value of — + — + —.
2 By

1 1
+ + .
2B By P

[1]

(iii) Find also the value of

9231/13/MIJIM7



23 Itis given that the equation
X =21 +kx - 216 =0,

where k is a constant, has real roots a, ar and ar '

(i) Find the numerical values of the roots. [6]

9231/11/M/J/18



(ii) Deduce the value of k. [2]

9231/11/M/J/18



24 The equation
9’ -9x* +x-2=0

has roots «, f3, y.

(i) Use the substitution y = 3x — 1 to show that 3a — 1, 3 — 1, 3y — 1 are the roots of the equation

y3—2y—7=0. [2]

The sum (3o — 1)" + (38— 1)" + (3y — 1)" is denoted by S .

(ii) Find the value of S;. [2]

9231/13/M/1/18



(iii) Find the value of §_,. (4]

9231/13/M/1/18



25 The equation
x-x+1=0
has roots «, f3, y.
1
(i) Use the relation x = y3 to show that the equation
Y +3y?+2y+1=0

has roots o, B3, y3. Hence write down the value of o + B3 + y3. [3]

9231/11/M/J/19



LetS, =do"+p" + 7"

(ii) Find the value of §_5. [2]

(iii) Show that 56 = 5 and find the value of Sg. [4]

9231/11/M/J/19



26 A cubic equation x> + bx*> + cx +d =

(i) Find the values of ¢ and d.

0 has real roots a,  and y such that

l+l+l_ 5
a B v 12°
offy =12,

o + B2+ 93 =90.

(ii) Express & + > + y? in terms of b.

(iii) Show that 5> — 15b + 126 = 0.

9231/13/M/J/19

[3]

(2]

[4]



(iv) Given that 3 +iv(12) is a root of y*> — 15y + 126 = 0, deduce the value of b. [2]

9231/13/M/J/19



27 Find the sum of the squares of the roots of the equation
Crx+12= 0,

and deduce that only one of the roots is real. [4]

9231/01/0/N/03



The real root of the equation is denoted by «. Prove that —3 < o < —2, and hence prove that the
modulus of each of the other roots lies between 2 and /6. [5]

9231/01/0/N/03



28 Given that
a+B+y=0 a?+p%+y*=14, o*+p3+y3=-18

find a cubic equation whose rootsare « , f3, 7. [4]

Hence find possible valuesfor o, 3, 7. [2]

9231/01/0/N/04



29 Inthe equation
3 +axt +bx+c=0,

the coefficients a, b and c arereal. It isgiven that all the roots are real and greater than 1.

(i) Provethat a < -3. [1]

(ii) By considering the sum of the squares of the roots, prove that a® > 2b + 3. [2]

9231/01/0O/N/05



(iii) By considering the sum of the cubes of the roots, prove that a®< —-9b — 3c — 3. [4]

9231/01/0O/N/05



30 Theroots of the equation
X+x+1=0
are o, B, y. Show that the equation whose roots are

do+1 4B+1 4dy+1
o+1’ B+1° y+1

is of theform
Y +py+q=0,
where the numbers p and q are to be determined. [5]

9231/01/0/N/06



Hence find the value of

4o+ 1 ”+ 48 +1 ”+ 4y +1\"
o+1 p+1 y+1 )"’

forn=2andforn=3. [4]

9231/01/0/N/06



31 Theroots of the equation

are o, B3, y. Show that

X-8x%+5=0

9231/01/0/N/07



Itisgiventhat therootsareall real. Without referenceto agraph, show that one of therootsis negative
and the other two roots are positive. [3]

9231/01/0/N/07



32

The roots of the equation
X -5x%° +2x—-1=0

aeo,f,v,0. Let Sn=06n+[3n+yn+6”_

(i) Show that

Sn+4 - 58n+2 + 28n+1 - Sn =0.

(i) Findthevaluesof S, and S,.

9231/01/0/N/08

[2]

(3]



(iii) Find the value of S;and hence find the value of S [6]

9231/01/0/N/08



(iv) Hence find the value of [3]

aZ(B"' + 7/4 + 64) + Bz(y"' + 6%+ a4) + y2(64 +ot+ B4) + 62((x4 + B4 + )/4).

9231/01/0/N/08



33 The equation
X +5x+3=0

3

has roots ¢, 3, Y. Use the substitution x = —= to find a cubic equation in y and show that the roots of
y

this equation are By, ya, af. [4]

9231/01/0/N/09



Find the exact values of B2y? + y2a® + a®B? and B3y> + 2o + o®B°. [5]

9231/01/0/N/09



to show that

1
34 The roots of the equation x> +4x — 1 =0 are a, 8 and y. Use the substitution y = "
X
1 1
) d .
o+1 B+1 an Y+ 1

the equation 6y — 7y? + 3y — 1 = 0 has roots [2]

For the cases n = 1 and n = 2, find the value of

1 1 1
@+ 1) B+l D

[2]

9231/01/0/N/10



1 1

Deduce the value of s+ s+ 3
(c+1)" (B+1)" (y+1)

(2]

Hence show thag B D@D+ )@+ (@+DB+1) 73 3

(a+1)? (B+1)> (y+1)2 36

9231/01/0/N/10



35 The equation x> + px + q = 0 has a repeated root. Prove that 4p3 + 27q2 =0. [5]

9231/11/0/N/11



36 The equation
X +5x*-3x-15=0

has roots o, B, y. Find the value of o* +82 + y2. [3]

9231/13/0/N/11



1 o B

Hence show that the matrix | @ 1 ¥ | is singular. (4]
B v 1

9231/13/0/N/11



37  The roots of the equation x* — 3x*> + 5x—2 =0 are «, 8, 7, 8, and a" + B" + y" + 8" is denoted by S, .

Show that
S35, ,+55 ,-25 =0. [2]
Find the values of
@) S, and S,, [3]

9231/11/0/N/12



(i) S, and S;. [6]

9231/11/0/N/12



Hence find the value of

2B+ +H+BPP + 83+ )+ + o + B + 8% + B+ 9P).

9231/11/0/N/12



38 A cubic equation has roots o , # and ysuch that
o+ p+y=4,
o + %+ 9% =14,
o’ + B +yP =34

Find the value of o8 + By + yo. [2]

Show that the cubic equation is
X4 +x+6=0,

and solve this equation. (6]

9231/13/0/N/12



9231/13/0/N/12



39 The cubic equation x° — px — g = 0, where p and ¢ are constants, has roots «, B, y. Show that

() o +p+7 =2p, [1]
(i) & + B +y =3q, [2]
(i) 6(c” + B + 7)) =5( + B + V) + B + P). [3]

9231/11/0/N/13



40 The equation
8x +36x° + kx—21 =0,

where k is a constant, has roots a — d, a, a + d. Find the numerical values of the roots and determine
the value of k. [8]

9231/13/0/N/13



41 The roots of the quartic equation x* + 4x> + 2x*> —4x+ 1 = 0 are «, B, y and 8. Find the values of

(i) a+B+y+9, [1]

(i) o +p° + 7> + &, (2]

9231/11/0/N/14



+ [2]

1
i) — +
o

=I| -
<K | =

(@iv) i+£+ - 0

Byrs " ays T aps T apy 2]

9231/11/0/N/14



Using the substitution y = x + 1, find a quartic equation in y. Solve this quartic equation and hence
find the roots of the equation Arard+ 2% -4x+1=0. [7]

9231/11/0/N/14



42 The cubic equation x° + px* + gx + r = 0, where p, ¢ and r are integers, has roots o, § and ¥, such that
o+ pB+v=15,
o + B +y* = 83.

Write down the value of p and find the value of g. [3]

9231/11/0/N/15



Given that «, 8 and y are all real and that aff + oy = 36, find o and hence find the value of 7. [5]

9231/11/0/N/15



43 Find the cubic equation with roots o,  and y such that

o+ B+ vy =3,
o+ B+ =1,
o+ B+ 97 = =30,

giving your answer in the form x> + px? + gx + r = 0, where p, g and r are integers to be found. [6]

9231/11/0/N/16



44  The cubic equation 2x> — 3x? + 4x — 10 = 0 has roots a, f and .

(i) Find the value of (a+ 1)(B+ 1)(y + 1). (4]

(ii) Find the value of (B + y)(y + a)(a + B). (4]

9231/11/0/N/17



45 The roots of the equation
x3+px2+qx+r=0
are a, 2a, 4a, where p, g, r and « are non-zero real constants.

(i) Show that
2pa+q = 0. [4]

(ii) Show that
p’r—q’=0. 2]

9231/11/0O/N/18



46 The roots of the cubic equation
X =52 +13x-4=0

are a, 3, v.
(i) Find the value of & + ° + y°. (3]
(i) Find the value of o + 8 + °. [2]

9231/12/0O/N/18



47 The equation x° + 2x% + x + 7 = 0 has roots o, B, 7.
(i) Use the relation X2 = —7y to show that the equation
49y +14y* =27y +7=0
B v

has roots ﬁ, = . (4]
v rva of

9231/11/O/N/19



. (04
(ii) Show that 13272 + yzaz + azﬁz =79 [3]
I o By
(iii) Find the exact value of >3+t 33t 33 [2]
B v o

9231/11/O/N/19



48  The cubic equation x3+bx2+cx+d= 0, where b, ¢ and d are constants, has roots a, 3, y. It is given
that afy =—1.

(a) State the value of d. [1]

(b) Find a cubic equation, with coefficients in terms of » and ¢, whose roots are a+1, f+1, y+1.

[3]

(¢) Given also that y+1 =—a—1, deduce that (c—2b+3)(b—3) =b—c. [4]

9231/12/0O/N/20



49

The cubic equation 7x*+3x?+5x+1= 0 has roots o, f3, 7.

(a) Find a cubic equation whose roots are ', B, 7.

(b) Find the value of a? +/372 + }/72.

(¢) Find the value of o > + 87> +972.

9231/13/M/1/20

[3]

[2]



50

The cubic equation 6x3+px?-3x-5=0, where p is a constant, has roots «, 3, 7.

(a) Find a cubic equation whose roots are a®, B2, y*.

(b) Itis given that a®+ B> +y> =2(a+B+7).
Y Y

(i) Find the value of p.

[3]



(ii) Find the value of o + 8% +7°.

[2]



51 The cubic equation v 4ex+1=0  where ¢ is a constant, has roots «, B, 7.

(a) Find a cubic equation whose roots are o, B°, v>.

(b) Show that a® + 8% +y%=3-2¢%.

9231/11/0/N/20



1 a3 ﬁ3
(¢) Find the real value of ¢ for which the matrix o’ 1 Y 3
Byl

9231/11/0/N/20

is singular.



52 The equation x* —2x> —1 = 0 has roots a, S, 7, 6.

a) Find a quartic equation whose roots are a3, 3, 3, &3 and state the value of o> + 8> +7° +8°.
q q Y Y

[4]

9231/11/M/J/21



(b) Find the value of % + % +

1,
04 ﬁ Y

(¢) Find the value of o* +B* +y* +6*.

1
g.

9231/11/M/J/21



53

The cubic equation 2x° —4x>+3 =0  hasroots c, 3, y. Let S =a"+p"+7".

(a) State the value of S, and find the value of S,.

(b) (i) Express S, ,intermsof S  , and S .

(ii) Hence, or otherwise, find the value of §,,.

9231/13/M/1/21

[3]

[1]



(¢) Use the substitution y =§, —x, where §, is the numerical value found in part (a), to find and
simplify an equation whose roots are a+f3, B+7y, vy +o. (3]

(d) Find the value of L + L + ! [2]

o+pB Bty yt+a’

9231/13/M/1/21



54

It is given that
a+B+y=3, a+pi+yi=5, o+B+y’=6.
The cubic equation x* +bx* +cx+d = 0 has roots a, B,Y.

Find the values of b, ¢ and d.

9231/11/0/N/21



55

The cubic equation x° +2x* +3x+3 =0

(a) Find the value of o + 8% + 72

(b) Show that o +8° +y° = 1.

has roots o, B, 7.

9231/12/0/N/21

[2]



56

The cubic equation 2x° +5x> —6 =0

(a) Find a cubic equation whose roots are

(b) Find the value of L‘S + 1 + Lé.
o4

By

has roots a, 3, 7.
B S
o By

9231/11/M/J/22

[3]

[3]



(¢) Find also the value of Lg +
o

1
P

-
Y

9231/11/M/J/22



57

The cubic equation x° +5x* +10x—2 = 0 has roots a, 3, 7.

Find the value of o> + 8% +y*.

9231/13/M/1/22

[3]



58

The cubic equation x>+ bx? +d = 0 has roots a, B, v, where a =

(a) Show that 4b° +27d = 0.

(b) Given that 202 + )/2 = 3b, find the values of » and d.

9231/11/0/N/22

and d # 0.

[3]



59  The equation x*4+3x>+2x+6=0 has roots c, B,v,d .

. . . 1 1 1 1 1 1 1 1
a) Find a quartic equation whose roots are —, —, —, — and state the value of =+ —=+—=+—=.
(a) q q o ﬂz ,}/2 52 o? ﬂz ,},2 52
[4]

9231/12/0/N/22



(b) Find the value of B2y*8% +a’y?8* +a* B8 + o’ B*y?.

(¢) Find the value of é + ? + % + é.

9231/12/0/N/22



60  The equation x*—x%?+2x+5 = 0 has roots @, B,7,9.

(a) Find a quartic equation whose roots are a?, % y?, 8° and state the value of o + 2 + 2 +8°.

[4]

9231/13/M/1/23



: 11
(b) Find the value of — + F +—+

1
o '}/2

(¢) Find the value of o* + 8% +7* +68°.

1
g.

9231/13/M/1/23
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