Past Paper Questions: Summation of Series

Letv , v,, v;, ... be asequence and let
u =nv, —(n+ v .,
N
forn=1,2,3, ... Find ) u . 2]
n=1
In each of the following cases determine whether the series u, + u, + u, + ... is convergent, and

justify your conclusion. Give the sum to infinity where this exists.
-1
v =n2 (2]

() v, = n_%. 2]

9231/01/M/J/03



Use the relevant standard resultsin the List of Formulae to prove that

N
Sy = 2. (8n° = 6n%) = N(N + 1)(2N° - 1).
n=1

Hence show that
2N

Yy (8n®-6n%)

n=N+1

can be expressed in the form
N(aN®+ bN? + cN +d),

where the constants a, b, ¢, d are to be determined.

9231/01/M/J/04

[2]

[2]



3 Usethemethod of differencesto find §, where

1
S'\‘ann(n+1)' (3]

Deduce the value of ’\Il|_>nc‘>10 SV [1]

9231/01/M/J/05



Express

Lot
nTan2-1
N
in partial fractions, and hencefind ) u_intermsof N. [4]
n=1

Deduce that the infinite seriesu, + u, + U, + ... isconvergent and state the sum to infinity. [2]

9231/01/M/J/06



5

Verify that
1 1 ~ 2n+1
P+1 (N+1)2+1 (M+1)(NP+2n+2)

Use the method of differences to show that, for all N > 1,

i 2n+1 <1
) M+ +2n+2) 2

Write down the value of

i 2n+1
(M +1(NP+2n+2)

n=1

9231/01/M/3/07

[1]

[3]

[1]



Given that
1+Xn+1
0, =n(22X0),
n 1+x"
N

wherex > -1, find Y u_intermsof N and x. [3]
n-1

Find the sum to infinity of the series

U1+U2+U3+

when
(i) —1<x<1, [1]
(i) x=1. [1]

9231/01/M/3/08



7

Verify that, for all positive values of n,

1 1 B 4n+9
(n+2)(2n+3) B n+3)2n+5) m+2)(n+3)2n+3)2n+5)

2]

For the series

4 4n+9

g (n+2)(n+3)2n+3)(2n+5)’

find
(i) the sum to N terms, (3]

(ii) the sum to infinity. [1]

9231/01/M/J/09



N
The sum S, is defined by S, = 2 n’. Using the identity

n=1

(n+ %)6 - (n—%)6 =6n’ +5n° + 3n,

find S, in terms of N. [You need not simplify your result.] [4]
Hence find Allim NS - for each of the two cases

(i) A =6,

(ii) A > 6.

(3]

9231/11/M/J/10



By considering the identity
cos[(2n — 1)a] —cos[(2n + 1)o] = 2 sin o sin 2nc,

show that if o is not an integer multiple of 7 then

N
Y sin(2na) = Lcotor — Lcosec o cos[(2N + 1)a]. [4]

n=1

Deduce that the infinite series
o0
2 sin(%nn)
n=1

does not converge. [1]

9231/13/M/J/10



1

E
10 Xpress s ) (2r + 3)

Deduce the value of

in partial fractions and hence use the method of differences to find

- 1
; Qr+1)(2r+3)

o0

1
; Qr+1)(2r+3)°

9231/11/M/1J/11



11 Find 2> +4% + ... + (2n)> (2]

Hence find 12 - 22 + 32 — 4% + ... — (2n)?, simplifying your answer. [3]

9231/13/M/J/11



1

12 Given that f(r) = m, show that
£(r=1) =€) = ——— 2]
Cr(r+ D)(r+2)
- 1
Hence find Zl m [3]
- 1
Deduce the value of le m [1]

9231/11/M1J/12



13 Find the sum of the first n terms of the series

1+l+l+
1x3 2x4 3x5 7

and deduce the sum to infinity. [5]

9231/13/M/J/12



N
14 Use the method of differences to show that Z

r=1

1 1 1

2r+ )(2r+3) 6 202N +3) [5]

2N I :

Deduce that 1l
ecueeTa _;l Qr+1)2r+3) " 8N (4]

9231/11/MIJ/13



2n
15 Letf(r) =r!(r—1). Simplify f(r + 1) — f(#) and hence find Z ri(r? +1). [5]

r=n+1

9231/13/M/J/13



16 Expand and simplify (r + 1)* — r*.

n n
Use the method of differences together with the standard results for Z r and Z r? to show that

r=1 r=1

Zr3 = inz(n + 1)2.

n
r=1

9231/12/M/J/14



17 Show that the difference between the squares of consecutive integers is an odd integer. [1]

Find the sum to »n terms of the series

3 .5 7T L 2+l
12x22  22x3%2 3x4> T Pr+1)?

and deduce the sum to infinity of the series. [5]

9231/13/M/J/14



13 9

18 Use the List of Formulae (MF10) to show that Z"(Sr2 —5r+1) and Z’(r3 — 1) have the same
r=1 =0

numerical value. [4]

9231/11/M/J/15



19 Use the formula for tan(A — B) in the List of Formulae (MF10) to show that

2
tan"'(x + 1) —tan"'(x — 1) = tan™ (;) .

Deduce the sum to 7 terms of the series

2
tan™! (—2)+tan_l (%)+tan_1 (%)+
1 2 3

9231/13/M/J/15



n
4

20 Express m in partial fractions and hence find Zl m [5]

r=
Deduce the value of i : [1]

educe the value o _ .
. r(r+1)(r+2)
r=

9231/11/M/J/16



1 1 1 1
21 Verify that = ( ) [1]

GBr+1)3r+4) 3\3r+1 3r+4
> 1 < 1
Let S, denote Zl GreD)Gr+4) and let S denote Zl GreDGred)’ Find the least value of N
such that S — SZ;_< m. " [5]

9231/13/M/J/16



n
22 Itis given that Z u, = n*(2n + 3), where 7 is a positive integer.

r=1
2n
(i) Find ) u,. [2]
r=n+1
(i) Find u,. [3]

9231/11/MIINM7



23 (i) Verify that

2r+1 1 (2r+1)(2r+3)_(2r—1)(2r+1)
-1 L 2]

r(r+1)(r+2) (r+1)(r+2) r(r+1)

2r+1 1{(2n+l)(2n+3) 3}

rr+ D)(r+2) 2 "2

n+1)(n+2) 2J) 2]

n
(ii) Hence show that Z
r=1

2r+1

rir+1)(r+2)° 2]

(iii) Deduce the value of Z
r=1

9231/13/MIJIM7



n
24 LetS§, = Z(—l)’_lrz.

r=1

n
(i) Use the standard result for Z r? given in the List of Formulae (MF10) to show that

r=1

S,,=-n2n+1). [4]

n

9231/11/M/J/18



S S
(ii) State the value of lim 2" and find lim % [4]

n—oo nz n—oo n

9231/11/M/J/18



25 (i) Verify that

ne-1)+e 1 1 (1]
n(n+1)e™!  ne”  (n+ 1)t
nfe—1)+e
Let S Z
N n(n+ 1)
(ii) Express S in terms of NV and e. [2]

9231/13/M/1/18



LetS = lim SN.

N—oo

(iii) Find the least value of N such that (N + 1)(S - S,) < 107. [3]

9231/13/M/J/18



4 sin(n — %) sin%

cos(2n—1) +cos1’

26 Let u, =

(i) Using the formulae for cos P + cos Q given in the List of Formulae MF10, show that

y = 1 1 2]

n~ cosn cos(n—1)

N

(ii) Use the method of differences to find Z u,. [2]
n=1

(iii) Explain why the infinite series u, + u, + U, + ... does not converge. [1]

9231/11/M/J/19



N
1 1 1
27 (i) Use the method of differences to show that Z GriDGr_2) =3" m 4]
r=1

9231/13/M/J/19



N2

N
(i) Find the limit, as N — oo, of ;1 ST
r=N+

)(3r—2)

[4]

9231/13/M/J/19



28 Given that

1 1
u = - ,
" on?-n+1 nP+n+1
N
find S, = Z u, in terms of N. (3]
n=N+1

Find a number M such that S N < 1072° for all N > M. [3]

9231/01/0/N/03



29 Let

N
SN — z(_l)n—lnia'
n=1

Find S, interms of N, simplifying your answer as far as possible. [4]
Hence write down an expression for S, , and find the limit, asN — oo, of h [3]

NS

9231/01/0/N/04



30

Show that (n + %)3— (n- 1)3 =3n°+ %.

Use this result to prove that i n® = 2N(N + 1)(2N + 1).
n=1
Thesums S, T and U are defined as follows:
S=12+224+3%+4%+ ... + (2N)*+ (2N + 1)?,
T=12+32+5°+7%+ ... + (2N - 1)+ (2N + 1),
U=12-22+3%-4%+ ... - (2N)*+ (2N + 1)*.
Find and simplify expressionsin terms of N for each of S T and U.

Hence

(i) describe the behaviour of ? asN — oo,

. LS. , T . :
(ii) provethat if 0 is an integer then U is an integer.

9231/01/0/N/05

[1]

[2]

[5]

[1]

(3]



31

Verify that if

v,=n(n+1)(n+2) ... (n+m),

then

Vy, —V,=(M+)(n+1)(n+2) ... (n+m).

n+

Given now that

u =M+1(n+2) ... (n+m),

N

find ) u, interms of mand N.
n=1

9231/01/0/N/06

[2]

[3]



32

Express

2n+3
n(n+ 1)

in partial fractions and hence use the method of differencesto find

in terms of N.

Deduce the value of

S on4+3 1yl
nz;n(rr:il)(é)+

> n+1

n=1

9231/01/0/N/07

[4]

[1]



33 Use the method of differences to find S,,, where

o1
SN:Zn(n+2).

n=1

Deduce the value of lim S,,.

—00

9231/01/0/N/10

[4]

[1]



1 2n+1
n+1)? nP(n+1)?

1
34 Verify that — - [1]
n

N
2r+1
LetS, = — . Express S,, in terms of V. 2
N ; r2(r + 1)2 P N 2]
LetS = Al]im Sy~ Find the least value of N such that § - S, < 10716, [3]

9231/13/0/N/11



35

Letf(r) = r(r+ 1)(r + 2). Show that
f(r)—f(r—1)=3r(r+1).

Hence show that 2 r(r+1) = %n(n +1)(n+2).

r=1
Using the standard result for 2 r, deduce that 2 r? = én(n +1)(2n+1).
r=1 r=1
Find the sum of the series
1242x22 432 42x4%+5%242%x6% + ... +2(n—1)> +n?,

where # is odd.

9231/11/0/N/12

[1]

(2]

(2]

[3]



2n
36 Show that 2 r = én(2n +1)(7n+1). [4]

r=n+1

9231/13/0/N/12



37 Itis given that

u, = 2n’ + n.

S =

n

™=

r=1

Write down the values of S, S,, S5, S,. Express u, in terms of r, justifying your answer. [4]
Find

2n
Y . [3]

r=n+1

9231/11/0/N/13



1
38 Express p in partial fractions.

(r+1)(r—1)

Find

n

1
Z r(r+1)(r-1)"

r=2

State the value of

[ee)

1
Z rir+1)(r-1)°

9231/13/0/N/13

[1]



39 Given that

n

express Z u, in terms of n.

k=13

Deduce the value of Z Uy.
k=13

Uy

1 1
T VCk-1)  J2k+1)

9231/11/0/N/14

[4]

[1]



40 The sequence a, a,, a,, ... is such that, for all positive integers n,

n+5 n+6
a = - )
ToJmr-n+1) J@*+n+1)

N
The sum Z a, is denoted by §,,. Find

n=1
(i) the value of S, correct to 3 decimal places, [3]

(i) the least value of N for which S, > 4.9. [4]

9231/11/0/N/15



n
1
41 Use the method of differences to find Z — [4]
- 2r)° -1
- 1
Deduce the value of . 1
; (2’,)2 -1 [ ]

9231/11/0/N/16



n
42 Find Z(4r —3)(4r + 1), giving your answer in its simplest form. [4]

r=1

9231/11/0/N/17



43 (i) By considering (2r + 1)? — (2r — 1), use the method of differences to prove that

Zrz%n(n+ 1). [3]

r=1

9231/11/0O/N/18



(ii) By considering (27 + 1)* — (2r — 1)*, use the method of differences and the result given in part (i)
to prove that

Z r = %nz(n +1)2. [5]

r=1

9231/11/0O/N/18



The sums S and 7 are defined as follows:
S=13+2243+43 4+ + 2N’ + 2N +1),
T=1+3+53+7+.  +2N-1*+2N+1)>.

(iii) Use the result given in part (ii) to show that S = (2N + 1)*(N + 1)%. [1]

(iv) Hence, or otherwise, find an expression in terms of N for 7, factorising your answer as far as
possible. [2]

S
(v) Deduce the value of T as N — oo, [2]

9231/11/0O/N/18



44 Let
N

N 1
Sy=Y (3r+1)(3r+4) and TN:Z GG d
r=1 r=1

(i) Use standard results from the List of Formulae (MF10) to show that

Sy =N(3N?+ 12N +13). (3]

(ii) Use the method of differences to show that

1 1

Iv=1"36N+4) 131

9231/12/0O/N/18



S
(iii) Deduce that T_N is an integer. [2]
N

. s Sy
(iv) Find lim . (2]
N—ooo N3 Ty

9231/12/0O/N/18



P4

45 LetS, = Z(5r+ 1)(5r+6)and T),

r=1

A 1
- ; (5r+ 1)(5r+6)°

(i) Use standard results from the List of Formulae (MF10) to show that

Sy = N(25N” + 90N + 83). [3]

(if) Use the method of differences to express TN in terms of V. [4]

9231/11/O/N/19



(iii) Find lim (NS, Ty). [2]

9231/11/O/N/19



46

(a) Use standard results from the List of Formulae (MF19) to show that
Zn: (7r+1)(7Tr+8) = an® +bn* +cn,
r=1

where a, b and ¢ are constants to be determined.

9231/11/0/N/20



(b) Use the method of differences to find Z m in terms of 7.
r=1

(¢) Deduce the value of Z m
r=1

9231/11/0/N/20

[4]



47

(a) By simplifying (x" — Va1 )(x” +Vx*+1)  show

x"—

Letu =x""+Vx**?+1+ I

AV

N
(b) Use the method of differences to find >, u, in terms of N and x.

n=1

(¢) Deduce the set of values of x for which the infinite series
u, ‘u,tu,+...

is convergent and give the sum to infinity when this exists.

9231/12/0O/N/20

1

2+

=—x"—Vx"+1.

[1]



48

(a) By first expressing in partial fractions, show that

XLZE_LH)
— 2—1 4 2n(m+1)y

=1

where a and b are integers to be found.

9231/11/M/J/20



(b) Deduce the value of Z 5 1

~ r—1

2n
(¢) Find the limit, as # — oo, of z

r=n+1

n
5 .
r-—1

9231/11/M/J/20

[1]



49 LetS =27+62+10%+...+(4n—2).

(a) Use standard results from the List of Formulae (MF19) to show that S, = %14(4}12 —1). (4]

9231/13/M/1/20



n

S

n

(b) Express

(¢) Deduce the value of Z
n=1

N
in partial fractions and find Z in terms of N.
n=1

n
S
n

n
g

n

9231/13/M/1/20

[1]



Name:

1

Date: Class:

Past Paper Questions: Summation of Series

Let a be a positive constant.

(a) Use the method of differences to find Z @+ (clzr TatD) in terms of # and a.
r=1

1 1
ar+a+1) 6

(b) Find the value of a for which Z @+ 1)(
r=1

9231/11/M/J/22

[4]



2

Letu = ™ (e —2e" +1).

(a) Using the method of differences, or otherwise, find i u_ in terms of n and x.

r=1

(b) Deduce the set of non-zero values of x for which the infinite series
u,tu,tus+...

is convergent and give the sum to infinity when this exists.

9231/13/M/1/22



(¢) Using a standard result from the list of formulae (MF19), find i Inu_ in terms of n and x. [3]

r=1

9231/13/M/1/22



3 (a) Use standard results from the List of formulac (MF19) to find Z (1 —r—r2> in terms of n,
simplifying your answer. r=1 (3]

9231/11/M/J/21



(b) Show that

2

1—r—r . r+1 r

GQ+L%QXﬂ+1y_Q+1y+1_rL+I

1l—r—r

2

and hence use the method of differences to find Z

r=1

2
l—r—r

(¢) Deduce the value of i( >+ +2>< 2+1).
r r r

r=1

9231/11/M/J/21

(rz +2r+2><r2 + 1>‘

[1]



4 (a) Show that

sin 1

tan(r+l)—tanr=m. [2]
Letu, = S E—
r cos(r+1)cosr’

(b) Use the method of differences to find Zur. [3]

r=1

9231/13/M/1/21



(¢) Explain why the infinite series u, +u, +u, +... does not converge.

9231/13/M/1/21

[1]



n
5 (a) Use standard results from the list of formulae (MF19) to find Zr(r+ 1)(r+2) in terms of n,

fully factorising your answer. r=l [3]

9231/11/0/N/21



(b) Express in partial fractions and hence use the method of differences to find

1
r(r+1)(r+2)

1
LG

r=1

(¢) Deduce the value of Zm
r=1

9231/11/0/N/21



= +2
6 LetS = E 1nr(r ).
" (r+1)?

r=l1

(a) Using the method of differences, or otherwise, show that § = In

9231/12/0/N/21

n+2

2(n+1)°

[4]



< +2
Let §= Zlnr(r ).
(r+1)?

r=1

(b) Find the least value of n such that § —§ < 0.01.

9231/12/0/N/21
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