Past Paper Questions: Summation of Series
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Use the relevant standard results in the List of Formulae to prove that

N
Sy = Y (80" =6n') = N(N + 1)(2N* - 1). [2]
n=|

Hence show that

2N
Y (81 - 6n)
n=N+1
can be expressed in the form

N(aN? + bN* + ¢cN + d),

where the constants a, b, ¢, d are to be determined. [2]
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Use the method of differences to find SN, where

NZ‘

1
SN—zn(n+l)'
n=N

Deduce the value of lim SN.
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Express
1 -
“n = anT 1

N

in partial fractions, and hence find E u, in terms of N.
n=1

Deduce that the infinite series u, +, Uyt is convergent and state the sum to infinity.
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5§  Verify that

| ~ | - 2n+1
el (e il (4 )20+ 2) (1
Use the method of differences to show that, forall N > 1,
N
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6 Given that
l+x"+'
U = ]n( 1 +x" )’
N
where x > -1, find Zl u, interms of NV and x. (3]
n=
Find the sum to infinity of the series
ul+u2+u3+
when

(i -l<x<1,
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7

Verify that. for all positive values of n,
l - ! _ 4n+9
(M+2Q2n+3) "+ 3)(2n+5)  (n+2)(n+3)(2n +3) (20 +35) 2]
For the series
N
4n+9
= (n+2)(n+3)(2n+3)(2n+5)’

find

(i) the sum to N terms, 3]
(i) the sum to infinity. : (1]
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N
The sum Sy is defined by S, = Z n°. Using the identity

n=|
1N [ = 1 5 S 3.3
(n+1)" = (n=4) =6n°+5n +3n,
find Sy in terms of N. [You need not simplify your result.] (4]

Hence find &'im N"\SN, for each of the two cases
V=200

M A =6
(ii) A > 6.
[3]
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By considering the identity
cos[(2n — 1)a] — cos[(2n + 1)a] = 2sin & sin 2na,

show that if o is not an integer multiple of 7 then

Zsm(z.'za) ,cota——cosecauos[(”N+ Dal. [4]

n=|

Deduce that the infinite series

2 sin(3nm)

n=1

does not converge. . (1]
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10 Express l

Qr+ D)(2r+3) in partial fractions and hence use the method of differences to find

n l
zn‘ (2r+ D2r+3)°

Deduce the value of
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11 Find 2 el e (2n)3. 2]

3 1_92 2 2 . L
Hence find 17 =27 +3° - 42+ _(2)?, simplifying your answer. 13]

,'21"!"‘{1-\ e 4(2201

R R g Lr[n(m)(m\)} = a0 (@) @)
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1> 2%+ 3%- L™ +(-2n \):l @n)z
[l+2 + 3% 4—(.%)J 2[2 =+ +"+(2“)]
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1

Giventhat f(»") = ———
. "= ey

show that

RTINS ‘ ‘ 2
f(r-1) f(r)_r(r+1)(r+2). (2]
. z 1
Hence hnd < m. [3]
~ 1
_..— |
Deduce the value of 2 Y (1]

FeN-Fb)= L 1
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13 Find the sum of the first n terms of the series

1 1 |
ix3taxaT3xs

and deduce the sum to infinity.

N I N IO
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14 Use the method of differences to show tha i = L L= (5]
&~ (2r +1)(2r+3) T 6 202N +3) )
3 1
Deduce that — fe - . o
i ,;, (2r+1)(2r+3) "N 4]
- A 4+ _B
érﬂ)(ﬂ.r\&) 2+ Re+3
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r=:i'_-:) i:P\(J_) ::)F\--__li.
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2 ( ) o

A !
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2 —_

J = .
@rﬂ) 621'-\'3) e+l e+ 3
N

N
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8 =1 A(Qr#—\ Qf+3)

r=1 Rerl)(ar3d)

anN l

r:aw:i érf') (2r+3)

Rl B | _ |
_ {'él_‘ _,._L__ﬂ [ c 2@3\1.;3)-} 2 (anv+ 3) -1@”"3)
o _ N N _

. 443 -(2n+3) = = <. [
,2(m+3)(fm+3) 2@”*3)@”*3) @”"3)6‘””3) aN(N)  gN
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2n
15 Letf(r) = rl(r - 1). Simplify f(r+ 1) — f(r) and hence find Y, ri(r*+1).
r=n+l

F ) - )
= r+\)\,<r+\»\)- ! (\r—|)
= () =)= () b = -0
= T8 [?“w—r—ﬂ]: v! (r1+|).

n Y“(v +\) jt(r—i-\ J['()

[,mo] %/M [str-36f): (s34 J

Sty e By st L) -
§6) ) = <)+ Gelr) 2 ) <0

= I n-rl)?
B () = Sorifeasl) - Sl @)
r=nt) =\ =
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16 Expand and simplify (r + 1y <% ()

o . n n
Use the method of differences together with the standard results for z r and Z r* to show that

i}f3=a'-i22(n+l)2. (4]
(|r‘+l)lf_,r1+ )
= v Ll - ot
= Lr3+ &2 +lr+ |
i }-fr3+é(=+[‘r—+l = rg‘:r (\"+‘)L+—r)+
r=|
[ (2 ) (-
e b w0 )
= =" & nH)H— = Gw\)q— il
- é Uy2 + 62+ lr +| = (f)—i—l)q-—l
=
Li é% r2 4+ En (nfl)!2n—tl) -1-[(\1_&1‘_\_)_ +Nn = G)+]) q_ l
r=| 6 B Y
L[-.gn;rs = (nfi—\)q"‘ l "‘”GH\)@M')"QG’)(""'[)’”
4 2§3 2 = n"‘+l(,,3+én2+l{n+] . l-n@nz-l-BnH)" 20~ 2n—n
[fé;:lr:* e h"'+|{ﬂ3+6nl+l{n -‘Qns" 3'11“”"2'02"' 3n
) 2 = o Tl 24+n*
L ;S_;,‘ r ntT4+2n +
Y s ot Re200) = n* (n1)’
r=| L b

(Shown )
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17

Show that the difference hetween the squares of consecntive inl('(_'e'rk' i an odd inlm_lr-r,

Find the sum to 7 terms of the series
3 ] 7 2r+ 1

T b —— t o b ——
¢ Wx3 o x4l v 1)

-

N

1° x

L]

and deduce the sum to infinity of the series.

D\.’&;:‘I‘?ﬂ(e‘ lﬂ'"\vl“l‘ﬂ S'}MNQS nj c‘ﬂSGCu‘L\‘C l’!‘c‘?rs

= Q“‘)"‘__“;: n %4 Qn-ll-—ni = 2or |

hich is an odd Mg

ws o Qr" ‘

3 + S _ 41 2
132* 235 3yt )

* 2

o Y"(r-i—'l)‘- ! r? r+|.)l
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: 13 9
y Usc the List of Formulae (MF10) to show that Z(Sr2 -5r+ 1) and Z(r3 - 1) have the same

numerical value. r=l r=0

3 = 5 s
S (3r2-5r4))= a3 Sri-5 S 54
=\ r= r=| Y=

= s[eosmwsu)] {_c_a;)} ;13

= 20l5.

q q

Sr2=l = el s (o)
Y= 0O =\

q a
= Sy -4 + (—I)
r=) r=|

= ‘fg(‘l—rl)z _9q-| = 2°I5:

! (s\wm) :
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9 Use the tormula tor tan(A — ) i the List ot Formulae (ME10) to show that

I PT—— ) (3]
tan~'(x + 1) =tan”'(x = 1) = tan (’\_1)'

Deduce the sum to 1 terms of the series

l'.m"(-l:—:)ﬂnn '(%)Hm '(%)-’- (<]

Lc\", A':‘_ —\'ﬂj‘l"(x-}‘) anol B :Lo.n" (’1{_-')-
=) dan A = -t | Joa B = ¢ - |

toa O}~B): don A ~4an B - kx+|)p(z—l) - l‘t"'z_'"_l_
|+4en A-an B E)G-1) e
Jmn(A—B) = 2

o dan (1) +m'(x = o (

-\ -l
™ (%)Hm (f;)nm (_;_)Jf

= é {m'|<__-_l_;)

r

éﬂl . (.3_) _ & A (o) - ke (1),

r=)

-t (o) [ O @ o (T ) mmy
%4/@@«(4 oo 0) 6 B -]
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4

Express ————————— in partial fractio
I r+ D(re2) Al actions and hence find

Deduce the value of Z

"

r(r+ D(r+2)

___i—.—-' |5]
7r+ 1)(r +2)

: (1]

— - A 4+ B, S
"'("-*\)(n— Sl) L 4| 4+ 2
b = A(f'-\-\)(r-}:l)—}B(r)(r-}2)+Cr G—+\)
r=0 2 k4= A0R) 9 A=2
r=-1 = =B8N0 2 B=-H
vz -2 4=Cc(C) c=2
= M % = _._lt_--i—_;-_z:g-_

P2 ) ()

[Gs 23

)

G Wﬁ%% (s

-

BEXE) D LA

b + 2=
n+l n+2

o 2 n+l n+) h+9~
n + | h+ 2
s - |.im | — 2 -I-__.'2
s s - m—%‘”( ht ) h+2..)
= G )t -7-)
= 1—0+0 = j,_
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2 - —

- l Ly
Venify that _ |
51 Venty tha TSRy 3(" )

(1

N
Let 5y denote z r s ”( 3r ) and let § denote Z Gry l;ﬂ: =t Find the least value of N

= |
- MS =85 « -1 __
such that .\.\ < TOoT- [5]

@v *\)(31'4 !f) ‘._3:_-! | e+ 4
A= AGerl) + B G 1)
rel 5 4 =A(3) D “"é‘

3
\'::__H_ ’-—_) :L
3

= B("B) =) = :éL
el g B =__[_‘_L___#J__]. ("C—"if»’eal)
(3”\)(3\%) 3r+| 3ealy ENEIRERL

— [ = = I .-————I—-—-'
= ’é‘{'f‘f su)rLJ 2 3

N S AT I
S e Sh———1p % nue 2 3(5rJ+M) |2

|o 000

- <,t_ - —L—)< |
12, 12, 3(aN+4) lo &0

-1

s(zww) oo
o000 < 3(3N+t}-)
locoo == 9N + 12
ay = 188 = N=1109-77
s Least vake o N = |||0.
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22 Itis given that E“ = n*(2n + 3), where n is a positive integer.

r=|

-
<1

() Find ) u,.

r=mns|

N n
— 2'_’ u'r - § ur
e

= (Qn) (-2:(2n+3)" n (Q'n+5)
bn (‘(n+3) -n @n-+5)
g [4(q,,+3) - :%—3] = n1[|6n+|2"2nf3]

n® (o + GI] = W 349n

W

i

(ii) Find u,.
v = Sr - Sf'l

e 0 o3
= 2(:f+3)—Q~—1) (Qr—H) )

Oz 2,37 — ( "-—.'Zr"r-\) 2
—r ri-:21r‘+\":z 2r+\)

3._..3ra'+\)

I

. QferB\’:--ﬂ (2'!'
= 234 3¢ — (Qr
2\*3"' 3"2

z——
= 2¢2+ 3r

. 6"2"1'
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(@ Verify that 2r+ | ) l[(l:w D@Er+3)  @Qr=1)2r+ l}} 2]
. ; 2

reDr+2) 20 0y D(r+2) r(r+1)
R. HS . _J__ Q\" tl)(.'lf VS 5\ . (_:).»-\) (quf-l)
Q’#\)(r\ Q) ) r(,-.}l)

e Wil r(.«.n(ma)-@-1)@,+,)(rﬁ)}
< { Y‘(r-t l)(r-i .’.1)

st { A (‘"n*‘SV‘ 13) = (Qr‘-ﬁ)&tQ)} =__L,{ br34 8c?43r - Ur 34 -8f1+2}
o 2

- "("“’\)(r-r.'l) - (r+1)(r+.1)
= - q" + 2 - r4 )
2 T (Shown|
> L] e S
n 5. °
ii) Hence she 3 _?:l__l 2n+1)(2n+3) 3
(i nce show that ; S T ?{ e 5} 2]
S\ 2+ | é ,L-{ CQ"*D(Q‘”B)__ (ar-1) (Jr*r\})
=\ r(ry-\)(\w.’l) r=| & 6"1'\)(\'-&-.2 "(T—H)

1 /(?—i%%:) /iﬂ i’?ﬁ?"‘) (%’77 5

=+ éﬂ*‘)@“*—aﬂ - | E-?n’r\!g-?rﬁ-_g?
= = (h+\>6+2 n+1) (h+ 2) .’l

— o - 2r+ 1
i e diice the valie 2 SR, ful_ S
') Deduce the value o — rlr+1)(r+2)

SEPNE [if_(gawoéws )J

e (rﬁ\)(ﬁ 2) Q\H)GH:L
_lr_ . _sx) = 15,
2 K
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n
LetS, 2 ) (=D
r=1

1
(i) Use the standard result for

)

—
—_—

__[ 2% 3% +@n)—] :Z[ g —t-@n)j

—_—
-_—

-_—

= W (2n+l) Eg] = =M (Qn-}-‘)
3

Z r given in the List of Formulae (MF10) to show that

r=|

S,, =-n(2n+1). [4] “’

fas s (' @' G @5 (P @) a0 @)

\._.Q +3-—-l{4 @nl)-J—(—'?n

ZY—' —lg@r

20 (2n+|)6m+\ Y3 I:n 1) .'m-i—l)]

& &
_D__(-z‘n-\-\) [ Lh"H’l - L|' (n+ lﬂ = n !Qn-r] ,[[{YH' l —l{“ -—H]
S 2

9231/11/M/I/18
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(ii) State the value of lim -5;— and find lim S’”"'.

n—oc n

n—e  p?
2“ = =i (—2n+\) = - (-'ZTH-\)
nﬁ
e el i—*:‘) g
+
"Sam-] = Syt (-?n+\) Jerm

= -n (2n+\) + (—\)JMH (:zn+l)1
= -m (2n+| (2714—\)2
San ) = (—Qn—\-\){ n +-'2'n+\] (27\-\—[) (n + |

Sann) - @m\)@:} (:2+ l)(w,nl_.).

‘n

hz

hl:‘:’w San+1l = nl:‘_’)“m (2*'—’\1—) (H—:\_’) = é.—i-O)(Ho):.l

Scanned with CamScanner
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25 (i) Verify that

ne-1)+e 1 '

n(n+1)e™!  ne”  (n+ e™!
[ N ("H\)ﬁ = 0 — ne+e —nNn
n en QH\)CWH n (n'i’\) e g n (n+\)e“+\

= h(e—-l)'\re

n(nH)&nH

Scanned with CamScanner
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N
LetSsz ne—1)+e

« n(n+1)e"*1

(ii) Express S, in terms of /V and e.
N M
< _ I

=1 h n+l)e""
n= I n(m—l S nEL e )

& }%) 2 (ats e (3 )
ki

(!
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= lim §,,.
Let S Neoa N

i) Find the least value of p Such that (N |
{ IS =& ) =1
N <1077,

Nheo | @ (ml)eml <Lt-0-_L.

e e

(N'”) (S“5u> < 0?

b E-@ (—)1~) <o

9231/13/M/I/18

Scanne d with CamScanner

(3]

e ———— —



4sin(n —1)sin L

| =
36 L™ cos(2n - l)+c0s1

(i) Using the formulae for cos P + cos Q given in the List of Formulae MF10, show that

1 1

u = [2]

" cosn  cos(n -

by = bsm( ——g;) s-\m(-;-:) _ 2] sm( )sh(.L)] M

cos (n-1)+es 4 Cos (.?,.-1) + s 4 Cos (gﬂ_\)+ cos 1
=2 [ o (olen)en (ion)] | gfes i) 6)]
D (2n’|i“)co5(2n—$"‘|) 2665()&5(,,)
2 2L

Cosc'n-') —COSGT) - s (- l) — ceS ("L
aoan)-Cos (l.n—-l) Cas( COSH"‘) CGSG')C"S(;"l)

u, = \ R == (SHMn)

)

Cos M cos (n-1)
(ii) Use the method of differences to find g u,. [2]
ﬁ; L
2 Ll = Cos N cos(n .
n=\ | _f-g%—'?ﬂq.u
3
rﬂ/m = (o) [?& 75%] ‘ma 5) a£(2) (‘!)
LA A {57 H;;—;, £
asi-3 @J [ (+) ;é ) esd g
S TR B
= -1+ e (N | cas(n)
ms@) MS(N) 5( )
.. does not converge. [1]

i U, +
infinite series & + Uy + Uy

(iii) Explain why the 1 4 MC"‘
Nole hat os N “’5(”)&‘:5 nat Sff

_ccillates [ J o nat exis]-
“That is, ©o° :J‘P.S-C'Ap ¢ oot w’h’e'rae Nr—a"“ s (N) .
= Uyrtar3

md va.L{é’_
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l 1
33BN (4]

(i) Use the method of differences to sfiowth N |
ay
(Br+1)

I (3r-2) 33N+ 1)
ér+\)(3r:;) - ai\ +ai.1
4 = A(B"-Q)'I‘B(Sr-f-])
r=%3L = 4 =A(—3) =)A=_§|_.

=2 S 1=8(3) = B=L

s ‘ - 2 A T R NSRS

) [ R e e il o i 2
o [C PR AN R ()

S =

9231/13/M/I/19
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2

N
o s . N
(ii) Find the limit, as N — oo, of EN;I GBr+ DG3r-2)°
raN
02 Nis N
= v = N -3 N

TG T Gee) T Ere)
- N[ - N[:J__-—_f—'————}

N N 4N
— N —
T 5 ey 2 sew)
DRV
Sur) 36w
N ~_ N Ll -0=1

. N o 9
2 As BGur1) 36w
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1§ Given that

N“ L 3 -
- " d i
N NE=n 1 g4 |
find 8 = }_ ", interms of' V. '
= [3]
Find Qa numbcu\! such lh.u b < 107 fop wlN > M, [3]
. S 1=
n= | n'f‘ nl-‘}n’\'| o

(, )) 244_(194 = |{).+( J'_/_ 3
) | e | .—-_;_l__>
L\ -3~+z NN +| WA TN

N“+N+|
N :_tﬁ N
‘;—1—7 u"‘\ = ‘2—" ll"’I - S) un
n= N1l n=l l
— "’",___.L——-" —— \ — - .
- L @M) 2Nt N2eN NN+ | yNZ+aN+|
| Sy = l V= 1 -
; > N2AN+ | QM=+2N+\ NEAN + | R
! - 20
; we Fﬁﬁui-f'e. Sy <= o
| e
| | 1O
| Then —3 <=
| N
| << [
e Iono
o == N
|o‘° < N
Al N =10
Ten Sy < '° I -

Aanafd IOUNIINT
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) [_L“

N
-1,3
Sy= 2 (=1""n’,
=]
. ' ~ 2 PN el e )
Fiad S, in terms of NV simplitying your answer as far as possible. (4]
ce Wi : ion fi : — S
Hence write down an &\PTL\\mn tor S, Vel and find the limit, as N — oo, of ——j\‘/“’;' . 3]

Sk = S i)
) (\)3+ @ Q)G+ ) eyt €)@Y)
= 4223+ 3% b7 +<m—))3- (an)? :
= [}3+_23+ & Pl e +@N-—I)3+(QN)3J"2[23+ QB*SS"’"'* ("Z"‘)_]
= g n> ....Q\zﬂj (ﬂn)z’ = (QN)ZG”*D—l —-EE @‘* l)j X2

n =\ L

n=\

4
= gN (QNH)la‘(SNj@H) = ” EQCQMA-I-QN#-I)‘WN:*F-'ZIJ'\-Q]
= "[IéN +l6N1—Q—I‘M —?N'Ié] Wri%
Ly

" lif_[«[eﬂ—-ll] = kN’ (ywa3) = - N2 (kN3).
5 ;

= Sy + (..'2\'\l+|>+h Jexrwm

S ann _ ,
_ _NlCl-kN-i-S)*(—l)wH .(2M+|)
3
= —n® (az) + @)
2 Ny
Savet = N @MJfS ; 2y )
NE: N ( n 3
2+
_(w+E)T w)
Sau-\rt - ( M\

3 oy
,1++0)+ (2+0) =+ 8= H
he Niser Sanil

NB

9211 101/0/NI04
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Show that (17 + %)“ - (n - %):

-

= .)n" + -,
4

N
Use this result to prove that 3 »? = IN(N+ 1) 2NV + 1),

n=|

The sums S, T and U are defined as follows:

S= |2+22+32+42+__

5
T=1"+3+5247P 4+

.+ (2N + (N + 1),
+(2N=1)*+(2V +1)%,

U=17-224+32-22,  _NP+@N=1)%

Find and simplify expressions in terms of N for each of S, T and U.

Hence

(i) describe the behaviour of—js: as N — oo,

.. . . T . .
(ii) prove that if % is an integer then — is an integer.

)

(

W

n34+3n74 3n 4 L
Y

q

n=| o ’+
N — N34+307, 3N
g N =N+ + =,
3 :\é-'-;ln + "[; ~ Ly
Y 2 _ N243N® N
3 .‘% " 2. 2
N 343N+ N
- aN‘+
Sin” = -
n=| ax3
2,":,' n* = N(:LN’A—SN-[-I)
n=\ &
N
&2 = NG +1)(N+) (Pron) -
n=| 6 )

U

- n3-—3n2+,3.ﬂ--'-l— =-3—“-+§-—
= g) 2 a

- N (AN’+2N+N+\)

9231/01/0IN/0S

6
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) N
S=12+2% 3ty ok () +@1) = Shon?

= (Qt\l«—\) (-m»«H I) (.u(am )+ I) = (QU"\)(NH) (4M+3)
3 3

Tel®+ 3% 6% .. (an-1)"+ (.MH-I)'1
Nel o -

- \ N4
S @)= 8 et lael 2§ Zatoh Sox A

e | =1

= L}f‘[ (ml)(mul)(a x(ml\—rl)J _4[@+I)§1+‘|+ I)J + N+l

> &

= N+l [ 22 (awr3) - a(v+a) + j = (N-H)[ 2 (2N2+7”+6)‘6(N+2Lt.%]
3 3
= (n-n)[lm + lwﬂgsu—:u_s]: (N-H) (qu’+8~+3) ~ (w)@wl)(ams)
3 7,
=

U = ‘1_&14_32‘!{2.*_"_ + (2“—\)1—‘ (QN)L-g- (QN-H)&
Note S4U=2T

D U=aT-5 =2 [("“)(QNH)(QWS)J - [(?”ﬂ“)(”*‘)@”*—”ﬂ
z

3
- (M+\)§2N+3)[ qw+6—-in\)—3:] :(NH) (Ezml)x/_’:": (MH)(QNH).
=
) s o CvGm)
?— e 3 = lleB .
@-rl)(zutél(m +3) RS
ks NHM?é_t—)i: = .
T 2
T;) - @ma)(u;\)(qms)_;_ (mn)@mn) = UN+3 ¢ an integer.
L 3 2
jﬁ-}-é.:ﬂ-‘fl Y M‘ﬂ"egﬂ' ,‘j‘- N s qmq"FiPle o1+ 3.
2 3 3
T - (un)(mn)(am_a)+(u+|)(:m+|) =2V+3 - 2N 2 _anv .
U 3 3 3 3 3
T§ N is aliple of 35 2 i a0 e
2N ) s an M‘ﬁje"
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A1 Verity thatif

v,=nm+ 1) (n+2) ... (n+m),
then

Voo =V, =+ D) (n+ 1)(n+2) ... (n+m).

Given now that

u =n+1)n+2)...(n+m),
A

find >_ u_nterms of mand NV,
n=|

Vnﬂ . V

. (“*\) (ﬂ’«'ﬂ)(mrB) : m-m) C'HHm) -"n ""fl)(“"l) o G“*"")
= (““)(M"z) @'*m)[ ntltm = n]

- Ga)(ne) -~ Gm) (ma1) = (o)) (1) Gr2) - (am)-

C'Shown)
N N
STu, = =5 G‘H)(n’rﬂ-) GH— m)
n=| n=|
. E'J', (m—\-\) G"*\)G*Q)"' (h+m)
mt) 7=
= 1 zg:—ﬂ Vi
my) o N

[?}j};@/ﬁ/{f f./ﬂ

\m-H

m+

(v 1)(me2) (e 3)-. (Nflm) c M

Mt | (m+|)

() () B2 el _

™+

"

]

9231/01/QIN/0B
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32 Express

20+
nn+1)

in partial tractions and hence use the method of ditYerences to find

in terms ot N,

Deduce the value of

RNt
2 s 3)

n=

o0

3 n+l
(3

n=

9231/01/0/N/O7
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33 Use the method of ditterences to tind 5, where

N
1
Sy = e
N th nin+2) =
Deduce the value of \!,l_l:ll\ Sy =
\ = A+ B
n nt2

N
"
>
T
¥
X,
+
®
3

n=0 = 4
n=-22 4= BG"J‘) =) \3:_"‘_5[_.
N A N |
Sw 7 i"l[ : —n+2] 2 "=‘[” "‘*9‘] )"

= == 2,
QN+3 ) = __é, "'__5_':,_—}_-_2-—-4
-+ [—-— w5t aE) e
L 3 . N+2 |\ = 3 -0=_12
e b

hh’l SM = N...;ﬂao (—ﬁ: m}

N =

Q221 N4 I0INM0
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1 ;
14 Verify that — - __I__ _ 2+l )
3 n’ (n+1)? ”J(n—_-+ Tt

N

Let S, 2r+ 1 .
sk e Alre 3" e Express S, in terms of M. (2]

r=|

kstars \h—nl Sy Find the least value of N such that §—8y <107,

(3]
.__l.:- \ = (r-\-rl)n- nlg: nZ+ 20+ = 0 -_-3:1—1—1
() n? (prl)* T nEe)’ (o)
Cshown)
w
'SN - & ‘Q‘F"' \ é:, __J__, l .
=\ 2 (\"H) v e\ r+ )
=

) w%@%
e A )

= e
S= LLM SN = ll'w\ (l' | 2) = l"‘Of—“-_i_.

NP NF®

[oBf—.‘ N+
0B~ < N

8 —
e N 210 |

Least value °§ N

9231/13/0/N/11
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35 Letf(r)=r(r+ 1)(r +2). Show that

f(ry—f(r—-1)=3r(r+1).

Hence show that 2 rir+1) = %n(n +1)(n+2).
r=| ’

Using the standard result for Z r, deduce that 2 r= %n(n + L)(2n + 1).

r=1 r=1

Find the sum of the series

P+2x22+3242x42 4524 2% 6 + ... +2(n—1)% + n?

where n 1s odd.

SE)- §C1) = e ) - Ea)Grr)(e142)
- o)) - ()G ) =G re2mre]
.S'G) ,_f(r— |) = 3v ("—H) CShown).

g", £()-§G)
1))+ 36951} + (365" $f)- (3607566 ]
st
= —§E)+f6) = §G)-FE)
é'a 3c(rvl) = §6)-56)
2 f’ (1) = nG)(r2)-0

g: rr+l):_"‘_('l\).ét2)'
=) 3

=) 2:\_7;- 24 En’l»r = “(“*\)(“*2)

= r= |

Bt o n(n+\)6~+a)—-n6"+l

=)
n(n+\) -15—2- ’-—Ql?j

ol

i‘fl = n(ns ) @n+) (S"\cw‘ﬂ).
4

r=|

l

!

9231/11/0INIM2
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2
"+ 22274 3% axb*+ 52 062+ . 1+ 2 (n—l)z+ n*
= [\1—1—22+31+l{2+ 5-1-&----- -ré—\)a-\— n‘_’]—r[fqt Ll2+ €2+-~- + n~l)i}

— & [‘19_*_22"_ 3.14 _ G_\): nzj +22[\2+. ,2"+ 32+... + <%)2J

n-\

-8

n
N SN T v *

l-=\ Y=

= o)) 4oy [(ﬂ;—_‘) _’_'_"i'_+l)(-'lxp_-_1:!_+ Ilj’
& 6

st o[-
€ é _J
= h(n—i—\)(lrﬁ\l 4+ n G‘"\)G““Q
& &

_ ngm\) [ .2n»r\+n—\:l
€

= 3n” (n+|) .—_pj(n—\-\)'
& 2
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36 Show that Z 2

r=n+|

= %”(2” + 1)(Tn+1).

20
Ef v 2
=n+t|\
2 " n
- éEL \g - EZ:(
Y=\ Y=\

= -;n (-'Zﬂ-\-\.)('-lh-'r\) = (m—\)(?n-t\)

\\

n (an +\) [Q(ll‘n-f\) @H)}

n(an.n)[ Bn+270 1

I\
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37

Itis gi\'en that

S, =£u,=2nz+!l-
Wnite down the v alues nfS \2 hY
Find
):' u,.
rens|
- -
S = 2()+1z24)=3
S. =2@)*42=8+2=10.
S - a@ws=Br3=al
Sy .—2(1)24-‘-(* =324y =36

o o (5 = 58
W =S5,-S=10-3 = 1.
4= Sy-Syza-10= I
u, = Sy-S3=-36-2l = 15 -
4, =3,uz="Tus =15 uy = 15"
“This s a asthmehc pogressim with a=3, d=%.
=) U, = a+al(n~|>—-3+l+(r—:): b - |-

e u = Ur —1L.

2

<n
‘_S_S‘lr’—'% gbur

r=n+\ _ [2(2,, +2n} [(n +n]

- 8n* *Qﬂ"ﬂ":—- n

Ent4n:

\

9231/11/0/N/13
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(3]




l

8 Express — — . i
3 p Hr+ i 0 I partial fractions,

(1]
Find

n l
; rir+1)(r-=1)° [4]

State the value of

=]

1
L T L]

=2

1 = A
‘f'(r-t-\)(r ) Y+l r-|

| = AG+) (- ) + Bre(e-1) + Cr (r4])
c=0 3 4= AQH) D A=-I-
| 9 4 =c()(a) =2 c¢c==
2ol 4 =B0NC) ) BF
4

S = 4 + .
r(r+\)(-—|) s v-+\ = | 2 —’I(rH) 2(--1)

~

\n

|

m

n

n .y | \
\ = o Sl +
,,%_ f(:;\)—(r =2 a6H) 26- \)

”&r‘@é:ﬂ[%#a%ﬂ W*'E/;ﬂ —%i’ﬂ

4 -+l
Ll- 20 n —?(n-l—l)

-2 4+ 1 —= 1=l —s

]\

- ___]___ 4 2n 2(nt)

- l'_ 21 -2(~n+\) r C r )

o« ‘ _ h"ﬂ .-L-‘—.L—‘ + __\__ :.__l__..
A TR n
r=a Y(r-\'l)('r'\)

9231/13/QIN/13
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39 Given that

n
express Z U, In terms of
Y _ [4]
Deduce the value of 3 |
,2-; . [l

B Tz Jaerd 5  Jdan+tl
oo J_____L_. _____\_._.O-::_.L..
== =n‘;;°m{5 JET{] 5 5

9231/11/0/N14
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40 The sequence ; FEps ¢
quence a . a,, a,, ... is such that, for all positive integers 1,
n+35 n+6
a, = — - — .
it =n+1) Jm*+n+1)
The sum Z a, is denoted by Sy. Find

H=|

i) th 10 y NPT .
(1) the value of §; correct to 3 decimal places,

(i) the least value of N for which Sy >4.9.

. N N é
,) S e = z n+S - nt
nei [r’—nﬂ Jn24n+t|

A f%ﬂ%%ﬁ &

Y N+5’__N_+_§___
)&/..Btdm ~3Nt2 *!F#N Inrl Avene

_ & _ N6 = & — _N+&
JU J el N2 AN+ |
- 36, = §-820] =
G e
c‘) é-—- N"I’é >l{q
NIVER
> _Nt6
NRESYEY

Ll Wane) > Nt 6
121 (Ve vrl) 2 M+
L2 2+ AN > NN+ 36
0.21 N 107N -3419 > O
Criticol values - 0.2tN*—10-79N - 3479 =0
N =5¢12,-3.0k
N = BYHA  or N<-8.0F (:%nwe)
= N>5442
D) Leash vake of N =55

9231/11/0/N/15
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4} Use the method of differences to find i :
e (2r)2 -1

Deduce the value of Z -_I__
r=| (2"')2 -1 .

3 = A + B
@f) -1 @f‘\)(&.—-ﬂ) 2r — | 2r + |

4 = I\(—'zrﬂ) + B(-?r'-l)

szl o
fe-zL 9 4= 8(-3) 2B-%
vl A= A(2) B A5
n N A ";.1__ =L 5 1. -1
= r% @_!)_5"—\- ="=g\= T?-r_:- " artl 2 = 2r-) At
- r

-2
/-L" l -
- £y 2+

9231/11/0/N/16
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n
2 Fi - N _
* = ,;Mr 3)(4r + 1), giving your answer in its simplest form.

n
?Jé‘éfz— 2+ Yr -—3)
=1

n N n _r-\-,
g Iér’—-‘gr"fB) -1 Sr*-8 Sr+=2 3
r=)\ r=| -

=\ r=1

= 16 [n(n+\)é@n+\):f -8 [2&1‘)}- 3n

(4]

I

1

-

= n [2(2n1+3n+\) _l;61+])43
S

= hn [ ’6“21-2'{114-8 -12n-|2 q-éi
3

_ n[ 1€n? + 121 —lBj
B

923111/0/N/1T7
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é43 (i) By considering (2r+1)? =

r=|

(f’r_ l 2 " .
« )%, use the method of differences to prove that

Yor=dnn+1)

(3]

@ew) = @ra) = ety - (12 =te +1) = b 2plir +) =l 24 4 =] = Br-
& = & (araf 1)t
= =)

- [CF ) e
bl for el o1

= (1% 4 @orl) | = -1kl s ] = borsln

= ln (n+ l)

S, 8~ = Lln.GH-\)

9231/11/O/IN/8
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(ii) By considering (2r+ 1)* = (2r - 1)*, use the method of differences and the result given in part (i)

to prove that
(51

!
iy

P o= ‘j‘-nl(n + 1)}

s
-

b Y- Gar1)'
Klr)* b (:r)§ o (Jr) ' CA('" '0 l_] [é )? ¢, (2 )' C"(a( ( fi(g(:lgz‘f

= Eér r 4 (@e2)+6 (h’) +4 (ar) -i-ﬂ - ['éru “(3‘3)(") *6(”")(')”("")(")fﬂ

= e+ 32e3 424 4 Br | — 16y 32¢3 -2r*+8&r '_!

= 6 +16r =16(Uc>4r).
‘_é_*T @en) = Ge-1)
L@f e (2 () ().
a9 pf) o g (G-

— "ll*-f-@'n-l—l) = <2n+l) —-l:léy}q+32n3+-?qn2+8n+[-—’

—

= 1&n"+ 320"+ Q‘fn1+8n-=8@“4—hn3+ 3n=+l’)) -
2 A 14,@,3+r) = 8@"+#n3+3n=+n)
re |

14 éqr3+f- - 8@H+[Ih3+3n2+n)
r= 1

2% hr 2 + é\’ :,?_i‘*+[,n3+g,,=+h
r=| el =2
g"" Yy 2 = 2ot +Un? + 3040 — "(""l)
r=| p =2
53 Y2 —In*4ln2+3n?+n —nT—n
= Y
y 2 ¢3 =2nirln +3n
= 2
S 3= 20'HPr2et = 20 (2 2n+)) o (o)
vey 2 2 n

(Shown).
9231/11/0O/N/ 18
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The sums S and T are defineqd as follows

=13 ’
S=P+2 433440 NP+ @N+1),
— 13

=P+ 4Py L N-1P + N+ 1)

(iif) Use the result o
__ﬂ":‘;" in part (ii) to show that S = (2N + 1)*(N + 1) [1]

5= S (.?.NH) (:J.N+l+:1_)_ (;m-\-\) @N-i—-‘l

= @) [y (mj - @)’ (N-rl)
ik
CS"\WV)).

(iv) Hence, or otherwise, find an expression in terms of N for T, factorising your answer as far as
possible. 2]

T = 13+3 +53+1 4+ (aN \) (2N+\)3
= E F22833543, . +Q2N |) 4—(.::«!) (2N+\J [2 +4 +6 4 +CzN)J
25__5(2,,) 5-%83 -s é"':’
D §N+\ J <.2N+\) (NH) — 2N (MH)
- (oo ™ ] = @ Tt
T = (NH) (21\3 +'{N+l)
(v) Deduce the value of% as N — oo. - 12]

= = §2N+\)"(N+ )" - +lm+))(w+) UNTHYNT)
T (ks 1) (1) (v 2, ) (0+1)? 24 4N+

y -
As N> :?:H'I’Q‘

9231/11/O/N/18

Scanned with CamScanner



44 Let

N

N
L TN
r—+
r=1

)(3r+4)

r=|\

(i) Use st ;
andard results from the List of Formulae (MF10) to show that

Sy =N(3N?+ 12N +13). (31

N
SN = ":;"‘ (.éf+\) (Sr—\—'{) = .—é’h{ (Qrz-i-‘Sr-H-{)

N

N W 5
9 §r2+|5§r+q§,j_
= q[n (NH)(:\J@:‘ N .5[1:@-”2],, LN
6 2

= N[ 2 s ]

2 2
= M[ 6N2+‘7N+3+ISN+15+8:1
2
- N [§N‘+2QN+26]= u(sw"+ur~1+|3).
2.

(ii) Use the method of differences to show that

(3]

| =i B
o)) | 3rel Ferd

4= ABr+Y) +8 (3 1)

Yf:.g-% 1= 86-3)'-'—') =;3L'
rzol 9 A=AE) D A= L

\
e B o gl e
3 [l 3e3y

Y231 20N/1 8
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S
(iii) Deduce that N is an integer.

(2]
N
Sw_ = N ERLE 3) ,____f\I_(BI\I_J-t_lQNHB) :
T, - 1 AN+ — &
N 12 3(auth) 12(3M+4)
= N (_3}5 *41av+ IB.) - |2<3M-H{) N é’”n""QN-‘l—IB)
3N 3\
l2(3M+lr)

- 1 (Busr)(an+an+13)

Node N is an \'n\eﬁer Bﬂ,j-l-{-) AN ANt I3 are als o |'v\-k'ﬂe_r5
_.'g“’_- 1 a_lsc an fq'lEﬂP_!"-

S
. . ’ N
(iv) Find Alfl_r.nm N3TN' Tn

Sv. - _L [.4(3M+4)(3N2+ |:1M+13);] = 4[3+i][3+£+ﬁ
ﬁ E N N N

As N+ Sy #(3+0><3+0+0 = 36.
N3Ty

9231/12/Q/N/18
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B
= N

5 LetSy =Y (5r 4 1)(5r+6) and T o y ! |

= VT L e 5+ 6)

i) U.‘ St ard rec . .
( se standard results from the List of Formulae (MF10) to show that

5, =%N(25N2+90N+ 83). (3]
N
37 2 Grerrd) = £ (oeasre]
N
= S5 e*4 35 8r+§’,é
r=\ =

1

25 {N(m\)(am\ﬂ + 35 N (N+ J} + &N
~ N [ 25 (WH)ENHD 4 35 (+) +6J
& 2

N| 25 (QM“+3M+|) + 35N+35 6}
I =

- N [50N‘+ 75N 425+ 105N +|05+36]
&

— N [sow'ﬂ— |8oN + lééj
&

= N (250*+q0N + 83).
3

]

(ii) Use the method of differences to express Ty, in terms of V. (4]
’A-' +

______,____._.
<5r+\>(br+6 S5r+l Sr+b

12 AGr6) + B (54 )
r:-"_g_:—) i'-'-B(—B) =) B—_;:.‘E'j:;—

r:__‘,'.L-'—) _i=P\(5> 2 A=_L -
S

5

9231/11/0/N/19
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(iii) Find lim (N35\Ty). 2]
-2 a l
N°S, T, = _L_|N(25V +‘?ou+83] -
MW Ns [3 ( ) 20 S(SN+6)

:_l__(:25+_3_0_+83 -
3 N NTJ\30  5EN+E)

- - _ _ 5— :
bm N2S,T ,_L(:z§+o+0) (51; o) - 2 xl=5

N =0 = IC) 18
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g @ Use standard results from the List of Formulae (MF19) to show that

2(Tr+1)(Tr+8) = an’ +bn* +cn,

r=j

where a, b and ¢ are constants to be determined. (3]

é (7r+‘)(7"+8) = é QQrQ4—63r+%
r=1

r=\

1

n n n
yq . > +63 é__:;r-‘- SL 8

= 49 [:Zn)(m\)} +63 [2_(%)_:1 + 8n .
3

= n ﬂ(m»\)(zn-rl) o 63(,,”2 4 8]
' & 2
= { uq (-Qn“*Bﬂ'i'D + 189 G-}-\)-’r—_‘f%‘_}

S
~ [ ABn*+ mnw]
6

_ [ 987+ 3360 £ 286] < Mnl 560" IO
- < 3

9231/ 11/O/N-20
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"

the method of differences to find Z 5

(b UsS (7r+1)(7r+8) in terms of 4, (4]
b BALE B
(.”H)(—]Hg\ Tral 'm‘z
1 = AGr+8)+ B Gre)
r;_;g_:__) —B('?) —)B":;
o
L no L n i
" A s [ - ——
. 2’ b= 5 i — 1 :»—-L y Gr \ ‘7,—-{-8)
=\ E:\T(’l—':g) e+ I I A

> : (1]
(c) Deduce the value of Z m
-l

= — Lm c:—l-J—""g_ﬂ‘_. =—L.J_ O) ._,_
Z-——'—‘L—_“ —_m_)oa(’}(g TMS)) ‘7( 5¢

=1 @r+ I) 6r fS)

9231/11/0/N/20
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47 (a) By SimPlifying(

Xyt g (" + Ve +1)  show Tﬁ#: ==xt=yx+l (1]
e - =+ .
Lo <Zn+~lz’“+\):(

a
2)1);" ‘ ! ll|1_* I ) = zf"- ﬂ:an —_— l ="-|
:) _(xn+\]1:n+| )= | ____) ] = _zﬂ_Jlan+i'
zn_m 2" -S|

Let w, =" T T

b) Us . S N
(b)  Use the method of differences to find 3. u, interms of NV and x.

n=| [3J
T e Iy e S Py
S - T e - S e ) - (2
ne | x" - d 2N+ | he
za-— - I a 5 =
+ | +d 41 ) |+ (1-— +1 -l +1

+ [ 284 | “Mﬂ]“"
. ¥

(c)

Deduce the set of values of x for which the infinite series

u, +u,tu,
& 2
is convergent and give the sum to infinity when this exists.

(3]
Lr Seres do be Coanje”+ ywe regquire ~l<z<[. sine 2M50as N>

Lirm [L“H*"‘Jz,‘ww'd-l — 2~z ¢ J

nly if -l<asl
NPeo

\

O +Jo+ | —z-J2*4]
| — 2= J=22+ -

I\

9231/12/0/N/20
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48

(a) By ﬁ[’Sl eXpl‘ESSil]g —Tl——l- in pm'tinl [-r
re -

actions, show tlat

n

I

— =3 __anth
]

an-+h

el 2n(n+1y
where @ and & are integers to be found. 5]
\ . = A + B
- v+ vl
4 = AG—-\) +B r'+\)
= —‘—-— \
=i34=8B(R) e=%
==l 3 i:A(—‘Q) = A =:QJ___"
\ -1 | | = I ]
= = + X = — ">
AL e r=l A v
n 0 l —,_L.}
— N __L _—
g:. (—-—:}_——\—‘) - %;_ :L[r—\ Tl
Y= \

923141 1/M/J120
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P—n F 1 . l J

(=]

Z._\ﬁ = i ( 3 _  2nt] = lim (3)—- lim ';"2"4_”—'3.

\":1 a_ — ——— —_—
=1 N oo 4 -20(n+|) RS 4 he O g(|+,nL)
=3 _-90=23,
4 m
(¢) Findth Y
¢ ind the limit, as 1 — -
e limit, as »n oo,ofr:zl Z o (4]
2 n 2n it
2_:_‘ ‘_ﬂ_ _n 5 .__‘—-- = N [ __\_._. = é_; —-—l—"']
e o) - rzndl  p2-| =l oy2-| uCH IR il
—.:n[ _‘%-_.-'2!2104*‘ __(_;l_j__- -?n+l)]
O 2 (an) (o) 2n(nt1)
:_—n“_é____ Un + | -3 4 Rl
g Y 2 (Q-n)(i’nﬂ) B ay (‘n + l)
~ v ﬂ—f_n-_\.__\_—- —_ '__l-l_r_z_-}'_'l___] = n@m—l) - n(‘ln+\L
...2“(“"'\) L!n@.n-!-n Qn(n-}l) l(n(in-fl)
B o an lgten

r=ndl 207420 8a” +ln

U“’I g - L:m -?n"-}n___\-{il-l-ﬂ =(£‘—"".B_: |’_i.-:5[-‘
n) @ rantl M 2n*2n gn4+hn = =

923 1/11/M 120
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49 Let§, =2%46%y l(]2+...+(4n—‘>)2

(a) Use
Sn = 2 +€ +10° "4 (l!n’ﬁ-)
(‘lr 1) = a, l6e? - 16r +Y

=\

I

‘éé’» 16.Z,r+l1§_',j_

= 16 (m\}@ml)] I3 “_(EL_]JF%
" [g@+t)gan+)- & (h+1) ui] .

n

8 (an*+ 3n+1) - 2n-24+ 11]
)

\q[lén +:ztm+8 - QY - :u,-m]

én* — q" Lln [‘lnz-—lj

3

(s»\wq .

923 1/13/M71:20

Scanne d with CamScanner

stand: 4
hdard results from thv. List of Formulae (MF19) to show that § = n(4n' =1).




r

. N
N o S e i
D) Express ¢ In partial tractions and find ) -g— 1n terms of V.
3 LAy |

[4i

n . w3 =’§.[‘ J
So Tm(u)  Haedle) ¥ @n-1) (2n+l)

— 1 _ - A . B
@n-‘)(&w\) -1 an+l

A = Aanr))+8 (2n-1)

o

(¢) Deduce the valuc of v L Py
= y et 3
n=lI

0 3-0)= 3.
VS gV | Y Y ( )-__

n=| Sn
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