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CAIE AS Level Further Mathematics
Q.01 Oct/Nov/P31/2022

A particle of mass 2kg is attached to one end

of a light inextensible string of length 0.6m. The other
smooth horizontal surface. The particle is moving in a

end of the string is attached to a fixed point on a
circular path on the surface. The tension in the string is 20N.

Find how many revolutions the particle makes per minute.
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3
B
c
A smooth cylinder is fixed to a rough horizontal surface with its axis of symme ri uniform
rod AB, of length 4a and weight W, rests against the surface of the cylinder. end ¥ of the rod is in
contact with the horizontal surface. The vertical plane containing the rod 4B ndicular to the
axis of the cylinder. The point of contact between the rod and the cyligger is C, where AC=3a. The
angle between the rod and the horizontal surface is 0 where = ' ; glﬁn}. The coefficient of
friction between the rod and the horizontal surface is 3.
A particle of weight k¥ is attached to the rod at B. The rod i ut to 9ip. The normal reaction between
the rod and the cylinder is N.
(a) Show that N =-SW(1+2k). (2]
b) Find the value of k. [3]
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1 A particle P of mass m is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point O. The string is held taut with OP making an angle e with the

downward vertical, where cosa = §- The particle P is projected perpendicular to OP in an upwards
direction with speed y/3ag. It then starts to move along a circular path in a vertical plane.

Find the cosine of the angle between the string and the upward vertical when the string first becomes
slack. [4]
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6

A light incxtensible string is threaded through & fixed smooth ring R which is at a hejgh }’
smooth horizontal surface. One end of the string is attached to a particle A of mass »f. The

of the string is attached to a particle B of mass %m. The particle 4 moves in a hgg !
surface. The particle B hangs in equilibrium below the ring and above the surfac (sec dyagre

When 4 has constant angular specd @, the angle between AR and B k.’ and’ Bog | et
between A and the surface is V.

When A has constant angular speed 3@, the angle betwedg AR normal reaction
between A and the surface is %N .

(2) Show that cos@ = 3cosa. ‘b [5]
[4]

(b) Find N in terms of m and g and find the v of
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2 One end of a light inextensible string of length a is attached to a fixed point O. A particle of mass m is
attached to the other end of the string. The particle is held at the point A with the string taut, The angle

between OA and the downward vertical is equal to @, where cosa = . The particle is projected from 4,

perpendicular to the string in an upwards direction, with a speed \/3ga. It then T“m'“ along a cim_:la;
path in a vertical plane. The string first goes slack when it makes an angle 6 with the upward vertical
through O.

Find the value of cos8. 5
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5

A light inextensible string A8 passes through two small holes C and D in a smoo rizogtal table
where AC = 3a and DB = a. A particle of mass m is altached at the end A and movc@n a Gprizontal

circle with angular velocity @. A particle of mass %m is attached to the end B agd moves 104 horizontal

circle with angular velocity k@. AC makes an angle @ with the d arf® DB makes an
angle 8 with the horizontal (see diagram).
Find the value of £. [71
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4  One end of a light inextensible string of length a is attached to a fixed point O. A particle of mass m
is attached to the other end of the string and is held with the string taut at the point 4. At 4 the string
makes an angle @ with the upward vertical through O. The particle is projected perpendicular to the
string in a downward direction from A with a speed . It moves along a circular path in the vertical
planc.

When the string makes an angle & with the downward vertical through O, the speed of the particle is 2u
and the magnitude of the tension in the string is 10 times its magnitude at 4.

Itis given that i =/ ;! ga.

(a) Find, in terms of m and g, the magnitude of the tension in the string at A. O ]

(2]

(b) Find the value of cosa. ‘ : i
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7

A uniform cylinder with a rough surface and of radius @ i W its Gxis horizontal. Two identical
uniform rods A8 and BC, each of weight ¥ and length igidlyW§0ined at B with AP perpendicular
to BC. The rods rest on the cylinder in a verical plane
AB at an angle @ to the honzontal. D and E f AB and BC respectively and also the
points of contact of the rods with the cylinder e rods are about to slip in a clockwise

direction. The coefficient of friction betwe e cylinder is 2.
The normal reaction between gﬂ an %is R and the normal reaction between BC and the

cylinder 1s .
(a} Find the ratio R : Nin teggs o [6]
(b) Given that u =7, ﬁnd%u tan@. [3]
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2 A hollow hemispherical bow! of radius @ has a smooth inner surface and is fixed with its axis vertical.
A particle P of mass m moves in horizontal circles on the inner surface of the bowl, at a height x above

the lowest point of the bowl. The speed of P is 4/ %Ega.

Find x in terms of a. (6]
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5 A particle P of mass m is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point O, The particle completes vertical circles with centre O. The
points A and B are on the path of P, both on the same side of the vertical through 0. O4 makes an angle
6 with the downward vertical through O and OB makes an angle 8 with the upward vertical through O.

The speed of P when it is at 4 is u and the speed of P when it is at B is y/ag. The tensions in the string
at A and B are T, and T}, respectively. It is given that T, =TT,

Find the value of 6 and find an expression for u in terms of 2 and g ]

A
FILAL

L1

t A
wse ;=
Ta =T &r2f = 7

PR

A

Al B

T + "’?4"'5” mfﬁo;)

e+ 6n = )
Ginwew 75 _ 773

mil ™y Gob = 7 (] -7 ra)

=8

W ragans =747 -9 &
G = aa(y-gdw”
Ea Ennrrﬂ %AT ®

_ wl B + PEaLDS
KEL A 4+ P ’E

qu;.* —a b)) = Lmaﬁﬁvrfgfﬂt%ﬂ.t&?‘ﬂ
- ¥

A
-,za(?;{,wﬂ = ﬂ'ﬁ -i“"/?“l"‘lﬂ?é”ﬁ'
L 7_.3::.'.)
L= ag( fare +1) —O u= ¢ g

From @ ond @ LLL: 3 04
‘23( 7-84:8) = “‘3(?4}7@”) u = ijn_«a

o
are=L o, H= b¢ |
= A

shafiq.mathematician@gmail.com (Aitchison College Lahore Pakistan) 11




Circular Motion By Muhammad Shafig ur Rehman

CAIE AS Level Further Mathematics
qQ.s MIW"JUHEfP!ifIﬂII

3

Particles A and B, of masses 3m and m respectively, arc connccted by a light inextensiblAQging

length a that passes through a fixed smooth ring R. Particle B hangs in equilibrium vertigatiipie

ring. Particle A moves in horizontal circles on a smooth horizontal surface with speed § % gle
between AR and BR is @ (sce diagram). The normal reaction between 4 andthes ING

(a) Find cosé. 3]
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By Muhammad Shafig ur Rehman

1  Onccnd ofa light clastic string, of natural length a and modulus of clasticity 3mg, is attached to a fixed
point O on a smooth horizontal plane. A particle P of mass m is attached to the other end of the string
and moves in a horizontal circle with centre O. The speed of P is 1/%3::.

Find the extension of the string, [4]
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3

Particles A4 and B, of masses m and 3m respectively, are connected by a light inextensibl
length a that passes through a fixed smooth ring R. Particle 8 hangs in equilibrium vertica
ring. Particle 4 moves in horizontal circles with speed v, Particles 4 and B are at the
level. The angle between AR and BR is 6 (see diagram).

Gt

(a) Show that cos@ = 5. [2]
(b) Find an expression for v in terms of a and g, [4]
!
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6 A particle P, of mass m, is attached to one cnd of a light incxtensible string of length a. The other end
of the string is attached to a fixed point O. The particle P moves in complete vertical circles about O
with the string taut. The points A and B arc on the path of P with 48 a diameter of the circle. O4 makes
an angle @ with the downward vertical through @ and OB makes an angle @ with the upward vertical

through O. The speed of P when it is at A is 5ag.
The ratio of the tension in the string when P is at A to the tension in the string when Pisat Bis 9: 5.

(a) Find the value of cos@.

(b) Find, in terms of a and g, the greatest speed of P during its motion. [
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2
’: ---------------
A light inextensible string of length a is threaded through a fixed smooth ring R. One end
is attached to a particle A of mass 3m. The other end of the string is atr,n_chcd to a parti
The particle 4 hangs in equilibrium at a distance x vertically below the ring. The angl :
BR is 0 (see diagram). The particle B moves in a horizontal circle with constant ® Ve
Show that cos @ = § and find x in terms of a. [3]
o
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I A particle P of mass m is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point O on a smooth horizontal plane. The particle P moves in
horizontal circles about O. The tension in the string is 4mg.

Find, in terms of a and g, the time that P takes to make one complete revolution. [2]
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3 A particle Q of mass m is attached to a fixed point O by a light inextensible string of length a. The
particle moves in complete vertical circles about O. The points 4 and B are on the path of O with 48 a
diameter of the circle. O4 makes an angle of 60° with the downward vertical through O and OB makes
an angle of 60° with the upward vertical through O. The speed of Q when it is at 4 is 2y/ag.

Given that T, and T}y are the tensions in the string at 4 and B respectively, find the ratio T,: 7. [6]
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2
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A particle P is attached to one end of a light inextensible string of length a. : EQ the string
is attached to a fixed point O, The particle P is held with the string taut and making ardangle & with the
downward vertical. The particle P is then projected with speed -}Jﬁag perpen: to the string and
just completes a vertical circle (see diagram). P
(5]

Find the value of cos@.
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A fixed smooth solid sphere has centre O and radius a. A particle of mass m S pmjeltad downwards

with speed u.j;' ag from the point 4 on the surface of the sphere, where OA

upward vertical through O (see diagram). The particle moves in part g
of the sphere. It loses contact with the sphere at the point B whe

upward vertical through O.

Given that cosa = 3, find the value of cos .
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4 A paricle P of mass m is moving in 8 horizontal circle with angular speed @ on the smooth inner
surface of a hemispherical shell of radius r. The angle between the vertical and the normal reaction of

the surface on Pis 6.

b4
Show that 0= 3
(a) ow cOos =7 [3]

The plane of the circular motion is at a height x above the lowest point of the shell. When the angular
speed is doubled, the plane of the motion is at a height dx above the lowest point of the shell.

(b) Find x in terms of r.
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A particle P, of mass m, is able to move in a vertical circle on the smooth inner surface of a sphere
with centre O and radius a. Points A and B are on the inner surface of the sphere and AOB is a
horizontal diameter. Initially, P is projected vertically downwards with speed J (%l-ag) from A and
begins to move in a vertical circle. At the lowest point of its path, vertically below O, the particle P
collides with a stationary particle O, of mass 4, and rebounds. The speed acquired by Q, as a result
of the collision, is just sufficient for it to reach the point B,

(i) Find the speed of P and the speed of O immediately after their collision.

In its subsequent motion, P loses contact with the inner surface of the sphere at the p ,
the angle between OD and the upward vertical through O is 6.
(ii) Find cos#. (5]
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2 A particle P of mass m is attached to one end of a light inextensible string of length a. The other
end of the string is attached to a fixed point O. The particle P is moving in a complete vertical circle
about O, The points A and B are on the circle, at opposite ends of a diameter, and such that OA makes
an acute angle a with the upward vertical through O. The speed of P as it passes through A is 3V(ag).
The tension in the string when P is at B is four times the tension in the string when P is at A.

(i) Show thatcosa = 3. [6]
(ii) Find the tension in the string when P is at B.
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4 A particle P of mass m is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point O and P is held with the string taut and horizontal. The particle
P is projected vertically downwards with speed /(2ag) so that it begins to move along a circular path.
The string becomes slack when OP makes an angle 8 with the upward vertical through O.

(i) Show that cos @ = § [5]
(i) Find the greatest height, above the horizontal through O, reached by P in its subsequent motion,
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A particle P of mass m is attached to one end of a light inextensible string of length a. Thc other
end of the string is attached to a fixed point O. The particle Is held so that the string is taut, with OP

horizontal. The particle is projected downwards with speed yf(3ag) and begins to move in a vertical
circle. The string breaks when its tension is equal to tmg.

(i) Show that the string breaks when OP makes an angle 8 with the downward vertical through O,
where cos 6 = 3. Find the speed of P at this instant. 6]

(ii) For the subsequent motion afler the string breaks, find the distance OF when the p P
vertically below O. 6

el

ey g

KEaL P, + PEaL P, = KE«LP + PEoLP

1) fef W= be lan V“"‘“‘{ 5 yR O
V= ke o Vt_..f.au;‘j’af Fl [ phses -“t”? brea O

-
Loanv" g-abrne) = Lmit + g%
= s "“""3{" ] 6?

v 4 req - Rﬂ—a.{n,} o ik
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ure  F =ma
Trﬂ?@ﬂ-_—: o

T = T\ Le) T8

T = #rﬂ'ﬂd’-’#qu

Nf T a3
no. 2 + 3478
3 3
3
3 4ns T 7
3
Crd = 3
2y = & - | =%
So Specd al P e %ﬂ@f*”ﬁ(;) 4 = V= 4
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A particle of mass m is attached to one end of a light inextensible string of length a.
of the string is attached 1o a fixed point O. The point A is such that OA = a npd OA anglr-
a with the upward vertical through O. The particle is held at A and then projegf€@dc ds with
speed /(ag) so that it begins to move in a vertical circle with centre O. There i a smal smooth peg
at the point B which is at the same horizontal level as O and at a distance 4a froMiygh the opposite
side of O 10 A (see diagram). Py
(i) Show that, when the string first makes contact wij¥the pe of the particle is
y(ag(1 +2cosa)). (2]
The particle now begins 1o move in a vertical circle willygen en the particle is at the point C
where angle CBO = 150°, the tension in the string i it was when the particle was at the
point 4.
(i) Find the value of cosa. [10]
(i)

= mfﬂf;ﬂmg # PE aL loscstors B

L
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A particle of mass n is attached to one end of a light inextensible string of length a.

Hic'
the string is attached to a fixed point O. The particle is moving in complete vertical % i
string taut. When the particle is at the point P, where OP makes an angle @ wi v

through O, its speed is . When the particle is at the point @, where angle QO = its speed is v
(sce diagram). It is given that cosx = %.

1y Show that V¥ = 12 + Lag. ¥ (2)
The tension in the string when the particle is at  is twi n c g when the particle
isat P.
(ii) Obtain another cquation relating i, v*, aand g nd i in terms of a and g. [5]
(iii) Find the least tension in the string E)
T .
Lt [f = Vﬂ-aﬂ aJrP 'fd______j__,__‘“ p
Ve Vg)a:tﬂ? d‘-r& ® ’/"’ E
: : P
Acterdlsy [ 5.,..»&'] ‘Wﬂ" ;, |
KEal ptPEALP = lFal 8+ P j,’ I
i
L E 0
\

) wsk = m&

'
-~ 1 - . My 4
?}-r"?é,d.-’”;; =3 Tpz ¥ 2™
f"la ';’_ -} ',1'9' a 5 ﬁ
‘;F.i“""“" T- - 2_?} S
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y(2ag), find u in terms of a and g.

sphere.)

4 A particle P is at rest at the lowest point on the smooth inner surface of a hollow sphere with centre
O and radius a. The particle is projected horizontally with speed « and begins to move in a vertical
circle on the inner surface of the sphere. The particle loses contact with the sphere at the point A
where OA makes an angle 8 with the upward vertical through O. Given that the speed of PatAis

Find, in terms of a, the greatest height above the level of O achieved by P in its subsequent n:mtiun.
(You may assume that P achieves its greatest height before it makes any further contact wi e

(5]
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