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2

A uniform lamina is in the form of a triangle ABC in which angle B i€'Wgight 3gle, 4B =9a and

BC = 6a. The point D is on BC such that BD = x (see diagram). ion is removed from the
lamina. The resulting shape ADC is placed with the edge DConah ace and the plane ADC
is vertical. A

Find the set of values of x, in terms of a, for which the s ibrium, [6]
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J4

An object 18 composed of a hemispherical shell of radius 2a anached to a clised
cylinder of height & and base radius a. The hemispherical shell and thg ; nds
same uniform material. The axes of symmetry of the shell and the of
of the lower end of the cylinder (see diagram).

(a) Find, in terms of 2 and Ak, an expression for the distance of the 6f the object from AB.

(4]
¢
The obyect 1s placed on a rough plane which is inclined at an angle 8, where tan 8 = %
The object 1s in equilibrium with 4B in contact with Ang along a line of greatesi slope of
the plane.

(b) Find the set of possible values of b, in [4]

fay =
e aARah + 2AX

- x - iﬁh’
Gt % ot w3

W » ?ﬁ Ahﬂ,k/ahn;’mﬁt Shetl = dﬂﬁ{ﬂ"JL
- hra

e anins o Lhelt fr7 £
F ‘ﬁ e ?‘ * ! Area Centre of mass from A8
1
Cylinder | 2nah + 2na’ —h
z = adwid AL 5
> = il
M Me Shell 21(2{]‘}: ﬁ i
X = Jﬁ(-ﬂ'ﬂﬂ»)l(-&+ﬂj+ (ahah +a37a") (L)

1iadet AAAR" 4 AA (2a)*

Shafig. mathematician@gmail.com (Aitchison College Lahore Pakistan)



- e i3] e g
g Mjgdey YHR *Aad +A a" A

Rﬁﬂ‘ﬁi.'.fpﬁ-a‘_ =

s Akl L +qab +§a

AFa( 4 r sa)

X = A +q9ak+ga

AL+ 5a)
(b
Yhae. ﬂéjﬂ&{ et b L 5; z:f'ﬁln'um "ﬂ

tmd-ai

—

2| e

In

£ —
T a

x £ 2a

L,

-,“'.,L+ gate +8a* °
TE L a

R{J‘.,._g'dj \
Eb jw
.i':f : B

'&t-ﬁ?a‘&ﬂ"g ﬂ.i_ﬁ 3".&

Mlw

1

4, bate-T2 20

(h-a)(A+7a

-7
~Ta = .«3, £ A
So aéf el will b2 pops %'ﬁﬁw’mp .p
"ﬁ <



CAIE AS Level Further Mathematics Equilibrium of rigid body

By Muhammad Shafig ur Rehman

Q.3 May/lune/P33/2022

Find the x-coordinate of the centre of mass of the lamina.

I A uniform lamina OABC is a trapezium whose vertices can be represented by coordinates in the x-y
planc. The coordinates of the vertices are 0(0,0), 4(15,0), B(9,4) and C(3,4).

[4]
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4

fd!_]

kh

.

r

A uniform solid circular cone has vertical height kh and radius r. A uniform
and radius r. The base of the cone is joined to one of the circular faces of

of symmetry of the two solids coincide (see diagram, which shows a cross
cylinder are made of the same material.

linde h
i D
i:%le and the

(a) Show that the distance of the centre of mass of the combined solid of the cylinder

- b{k: +4k+6) 4]
G+h)
 The base of the cylinder is

The solid is placed on a plane that is inclined to the horizon
in contact with the plane. The plane is sufficiently rough

that the solid is on the point of toppling when 16 = 3

(b) Find the value of k. \

Valeera “‘,{)”-“' Corie =

g. It is given that 34 = 2r and

[3]
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1

B

jagonals of ABCD

A uniform lamina ABCD consists of two isosceles triangles ABD and 8 ]
, of BD is 16a (see

meet at the point O. The length of A0 is 3a, the length of O

diagram).
Find the distance of the centre of mass of the lamina from D’ 3]
®
Aren ?ﬂﬁﬂ:.ﬁk“ﬁ; &3“—!& ar
Ceanire § mar e &o = =
L Centre of mass
ABD 244 —a
e BCD 48 4° 2a
Combined 724 X

ass 'ﬁbﬂ‘hﬁﬁwsn

(-a) +(484)C2)

24a” +Y45a’
1
A
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4

..-I

lamina ABCD. The square has side 3a and EB = DF = ) (see diagram).

answers in terms of'a and A.

I'he lamina AECF is placed vertically on its edge AE on a horizontal plang/

A uniform lamina AECF is formed by removing two identical triangles BCE and CDF %
(a) Find the distance of the centre of mass of the lamina AECF from AD %

(b) Find, in terms of a, the set of values of h for which the |

Arer o Squa-e psen = qa”

Mﬂbm.‘,ﬁﬁ’“ans .Ji"‘

(ks ‘5 T £Ee fmﬂ;
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4
An object is formed by removing a solid cylinder, of height ka and radius 3
hemisphere of radius a. The axes of symmetry of the hemisphere and the 1 on
circular face of the cylinder coincides with the plane face of the hemisphere. of the
circular face of the hemisphere (see diagram).
(a) Show that the distance of the centre of mass of the object from A8 is (4]
When the object is freely suspended from the point A, the line le 8 with the downward
vertical, where tan@ = %
(b) Find the possible values of k. ° 3]
\ Yirhime J Cenerg of mass from AR
(M Vadevos . - , Hemisphere 2n 2,
B e B %‘ e .
Cyfinder ﬂ'ﬂl’-;-r-:l 5
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Q.8
1

7.5cm

C xem F

A umiform square lamina ABCD has sides of length 10cm. The point E is on S8 wi

and the point F is on DC with CF = xcm. The triangle EFC is removed fro ;
Ihe centre of mass of the resulting shape ABEFD is o distance ¥cm from da e ycm
from CD.

(a) Show that ¥ = == ~ and find a corresponding expression for . [4]

The shape ABEFD is in equilibrium in a vertical plane with

surfnce.

(b) Find the greatest possible value of x, givinggyour
conslanis to be determined.
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4

A uniform solid circular cone, of vertical height 4r and radius

of height 3r and radius kr, where k is a canstant less than 2. Roflc is joined to one of the

circular faces of the cylinder so that the axes of symmetry of the incide (see dingram). The

cane and the cylinder are made of the same material.

(a) Show that the distance of the centre of mgss of k€ com olid from the vertex of the cone is
(99k +96)r 4]

187 +32

The point C is on the circumference of f the cone. When the combined solid is freely

suspended from C and hanging in eqilibrium, t diameter through C makes an angle a with the

downward vertical, where tana = 1 °

(b) Given that the centre of mbined solid is within the cylinder, find the value of k. [4]

6 A¥>

AT +
.. > ude il 3¢ 16+ 9 KD
o ___ﬂ.ﬁ'r*{3:-+33:.")x 3
i =

| AYI(6+ T KY)
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4

A B

6r

The diagram shows the cross-section ABCD of a uniform solid object which j
cone with cross-section DCE from the top of a larger cone with cross-secti
distance between A8 and DC is k, the diameter 4B is 6 and the diameter DC1

AB.
[4]

(a) Find an expression, in terms of A, for the distance of the centre of m

The object is freely suspended from the point B and hangs in gle between AB and
the downward vertical through B is 6.
{(b) Given that Jr="—]r. find the value of tan 6. [2]
( ]
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3 An object consists of a uniform solid circular cone, of vertical height 4r and radius 3r, and a uniform
solid cylinder, of height 4r and radius 3r. The circular base of the cone and one of the circular faces of
the cylinder are joined together so that they coincide. The cone and the cylinder are made of the same

(a) Find the distance of the centre of mass of the object from the end of the cylinder that is not attached
to the cone. [4]

(b) Show that the object can rest in equilibrium with the curved surface of the cone in contact with a
horizontal surface. Bl

i = i
la v..um.m?g, the Cene jn(:r;-tn

li

1_RAr?

Wﬁwm?hpm = br+7r

Volurnt ?7‘"";‘“

]

e
~
W
~
L
o
=g

= 386A7

m?’m y?&mr&w:xr

z = M‘ﬂ‘éﬂ#?jp&ﬂfﬂwéﬂé\

2 o (rArP)(ST - 3Ry ) (RS
®

taart + 364
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I Achild’s toy consists of a uniform solid circular cone, of vertical height 3r and radius r, and a uniform
solid hemisphere of radius r. The circular bases of the cone and the hemisphere are joined together so
that they coincide. The cone and the hemisphere are made of the same material,

Show that the centre of mass of the toy is at a distance 2 r from the vertex of the cone. [4]
foirmt.-jfﬁ-.uﬁml'!.:-f—"' a
Fﬂ ¥A3r
= 5?’3

Volreora .ﬁjm,j/gp."t = F"A_:"J

camﬁ:l-azf, mﬁ‘;w« Verise = 3?'*%7'

= 274
&8
N
* = m"ﬁ"'m ﬁ Soteed ﬁq—nﬂ Veris
Density p
5 o o 1 Volume COM from vertex
= {'FJ‘!}{E'?'J "'{E_ATJ":E_ Cone ;—rr.rzx3r %:-:3;-
e ® Hemisphere $ur’ Ir+3r
A7 ~ Combined : <

I

W
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1

0.1m

A uniform solid cone has weight 5N and base radius 0.1 m. AB is a diameter of the base of the cone.
The cone is held in equilibrium, with A in contact with a rough horizontal surface and AB vertical,
by a force applied at B. This force has magnitude 3 N and acts parallel to the axis of the cone (see

diagram). Calculate the height of the cone. [3]
T @
Y
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3

0.2 m |08

0.7m

The diagram shows the cross-section through the centre of mass of a uniform solid ghject. The object
is a cylinder of radius 0.2m and length 0.7 m, from which a hemisphere of rag m has been
removed at one end. The point A is the centre of the plane face at the i g Find the
distance of the centre of mass of the object from A.

[The volume of a hemisphere is %—313.]

Vol tine -4 Vs ?[Aﬂduu = J‘I{g-_,.r,_] (2~7) M

Ty

Shafig.mathematician@gmail.com (Aitchison College Lahore Pakistan) 15




Equilibrium of rigid body

By Muhammad Shafig ur Rehman

CAIE AS Level Further Mathematics .
0.14 9709/52/M/1/18

5

A uniform object is made by joining a solid cone of height 0.8 m and b a plinder.
The cylinder has length 0.4 m and radius 0.5m. The cylinder has a cy  of ler 0.4m
and radius x m drilled through it along the axis of symmetry. A plane face r is attached
to the base of the cone so that the object has an axis of symmetry pe jcu its base and passing
through the vertex of the cone. The object is placed with points on cone 'and the base of
the cylinder in contact with a horizontal surface (see di o 1s on the point of toppling.
(i) Show that the centre of mass of the object is 0.15 of the cone. 31
(ii) Find x. Py [4]
¢ volume of a cone is Lar?h.]
i 3 A =
1) b
*
04m
!}j m
g ]
In & pse Eans = Ac _ o.6-0od _
bec 0-Y4 4
Inrts oG tap. 06 _ K
Ao a-t
1. X -
¥ T g =2 ®z o Swm
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2

A uniform wire is bent to form an object which has a semicircular arc with diameter AB of length
1.2 m, with a smaller semicircular arc with diameter BC of length 0.6 m. The end C of the smaller arc
is at the centre of the larger arc (see diagram). The two semicircular arcs of the wire,are in the same

plane,
() Show that the distance of the centre of mass of the object from th rrect
to 3 significant figures. & (3]
The object is freely suspended at A and hangs in equilibrium.
[4]

(ii) Find the angle between ACB and the vertical.

O Ll Do diklamet o) com frm 1

Lorgte of w ot/

O A + o'3A = ﬂ"‘?.ﬁ_

D
Com é'rmﬂ-cg
Momenh opond AcB _ i
D - f 4 o3ax (- -
) =
o bA 4 03 F
(it Ny pond A
Cﬂ-ﬂ‘f-ra'.iﬁ}H = o0 6Axeb 4 930K 09
H= a7
Lot b be thss ample bywr ASnd rerteh
e'd
A =/5.3°
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3

C

ABC is an object made from a uniform wire consisting of two straight portions AB and BC, in which
AB=a, BC=xand angle ABC = 90°. When the object is freely suspended from A and in equilibrium,
the angle between AB and the horizontal is 8 (see diagram).

it

Tava’ armamends ebnd A

(i) Show that x*tan 8 - 2ax —a* = 0. [3]
(i) Given that tan 8 = 1.25, calculate the length of the wire in terms [2]
E H

2 (Ab) = & (AE) —uy

AD = FB - AH

®
Loyt & gFe  F 8 %\ Ft B
o S né =
Fg= BXrJ3ir P
¥ K
E = 2 Sw&
2
J-y. v AHB H
C
AH = AB *
a8
AH = @64n
2( % Sod —abns) = & (L Gne)
a0 G —RE - *
AD = ZTIn? g s
2 e X LlS —akGrd ~ = Gpd =0
= Z
EA AE & L
g W WS s —RaN G S — A GRS =0
z
AE = AgG s & xLL;'m’“ _RAN —~ch=¢.
= a4
z G
to o A2
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7

0.9m

A 04m B

ABC is the cross-section through the centre of mass of a uniform pris ich
rough horizontal surface. AB = 0.4m and C is 0.9m above the surface{(see ,

on the point of toppling about its edge through B.

(i) Show that angle BAC = 48.4°, correct to 3 significant figures. 3]

icular to AC is now
ge through A.

A force of magnitude 18 N acting in the plane of the ¢
applied to the prism at C. The prism is on the point of rota

(3]

(ii) Calculate the weight of the prism.
(iii) Given also that the prism is on the poifit of sHiging. ate the coefficient of friction between

the prism and the surface. [4]

".I Sine A Mbd Aneed 3 me = b

Are L.m. Eov r Ae .

ME = 3Xx0a =26

Bo = oto+tod

3

?1'&#-' prism e dhs : 6}’/3‘9 &7, ol

Inrta A

(5 Elc|aiahe,: & &bk
[ziugpE = SE < o7
AL 2d

‘{:.6.;{‘_ = th—-."(f:f)
= 48.4°
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6

the: veriex of the cone on the axis of symmetry nf the object. The o
horizontal plane, with the curved surface of the cone in contact wi

object is on the point of toppling.

(i) Show thatd = h + %
(i) Itis given that the cone is uniform and of weight 4 ' mispherical shell is uniform
W, [6]

and of weight W N. Given also that h = 0.8, find f
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A _ J(""‘J"+i"'
Jra+.:.1"+ i d

; =
Adb = A 4 00%
0{ = --2\. -+ 'p__._-'ﬂ?

h
(i) G ecenr e o f
I.'.Ll od + ﬂ = b.87¢
a1

?'Zz,b-:j oS abeod
(4hew)d. = §xo6 +wxod

(Q-f—id)('a*.s_‘.‘) = 4xob + wxe'}

B R~
ool w = / .\&

W = 2o <E
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Q.19 9709/52/F/Mf17
2 A cylindrical container is open at the top. The curved surface and the circular base of the container
are both made from the same thin uniform material. The container has radius 0.2 m and height 0.9 m.
(i) Show that the centre of mass of the container is 0.405 m from the base. [3)
The container is placed with its base on a rough inclined plane. The container is in equilibrium on the
point of slipping down the plane and also on the point of toppling.
(ii) Find the coefficient of friction between the container and the plane. (3]
)

Totwk marh = Jarvd +AY"
= 2Ax0'2%0°9 + A(s:2) \
i

fsz—ﬁmwfww

b (a7xo-2xo9)( %~ -
= W

3AxeAXx0:9 pAl0°2) |
x = @ . fof ® S

W S vt & peg

Lane = _,f_—;-l- = O c?'?
o yoS ®

we bt
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2

A uniform solid cone has height 30 cm and base radius rcm. The conefis plag
on a rough horizontal plane. The plane is slowly tilted and the cone
the angle of inclination of the plane reaches 35°, when the cone to

cross-section of the cone.

(i) Find the value of r.

(ii) Show that the coefficient of friction between the ¢ e e is greater than 0.7. [2]

() Mﬁm -‘én&-— Mﬁwﬂ=$k.\

A = :_:l’-j' le;waj-p
= § a5 o~

to bk Aow 7ol BAE, e

ur) prr 35"""‘[ Q/p/
- 2.
= A7 (an- 2
A 707
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Q.20 9709/05/0/N/07
7
,5 cm_ ,5 cm.F
20 em
C
e ;A
Sem PCM
;i d i |
D 30 cm E
Fig. 1
Fig. | shows the cross-section of a uniform solid. The cross-section has an 5
shown. The centre of mass C of the solid lies in the plane of this cross-sec
from DE is yem.
(i) Find the value of y. (3]
. 5em
tn [T =
Area -& ABMD = 2oxrs
- 7
Aaren ‘b Lﬂﬂf’ e 20 em
ki 1 BREL = 2oxd 43 dp T
: t yom
p 5 ?m l
Cinew € 0 lbr Cor fompFE D 30%m R E

. J(:ax:-rzu_r-u_uj); XX 5 (2025) x2S 4 (20x5) X |0

3“‘-"6? = 2280
= 207
J° =
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The solid is placed on a rough plane. The coefficient of friction between the solid and the plane is p.
The plane is tilted so that EF lies along a line of greatest slope.

(if)
F
£

Fig. 2

The solid is placed so that F is higher up the plane than E (see Fig.2).
inclination is sufficiently great the solid starts to topple (without sliding). S

O

dil 8 be purte find tic objecd v ol lx /ﬂﬂw-.-"'-ﬂﬁ ;g;pf!ojr al E
we hmew lued ¢ & cam? and

CH=9¢ =oEsenr
(S - GE = IS

& CSE I;;,,,,_g- B . T4
o 7 T TR

SN 0ed i al o penl” of lypplicy st pot sickm
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(iii)

Fig. 3

The solid is now placed so that E is higher up the plane than F (see Fig.3). When the angle of
inclination is sufficiently great the solid starts to slide (without toppling). Show that y < %" (3]

b b £sc
12725
Emd" = e
7.5
= X
I-.oen}’ = g

f’w Ul péj od  fioes withend 5‘3/;7/‘4‘7

U < Lans

=)

=) /S
2
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