Past Paper Questions: Circular Motion
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A smooth semicircular cylinder of radius ¢ is ixed on a horizontal table with its axis in the planc of
the table. C'is a point on the axis and CA is a vertical radius (sce diagram). A particle is projected
horizontally from A, with speed +/(0.4ga), in a direction perpendicular to the axis. Show that the
particle leaves the surlace with speed +/(0.8ga) at the point B where cos ACE = 0.8, [7)

Determine the distance from C of the point D at which the particle hits the table, assuming that it
moves [reely under gravity from B. (7]
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A smooth metal strip with ends A and B is bent into a major arc of a circle with centre O and radius .
The strip is fixed in a vertical plane with AB horizontal and at a height rsin & above O, where
0<a< %ﬂ' (sce diagram). A particle is projected from the lowest point C with speed U so that it
rravels along the inside of the strip, reaching A with speed V. The particle then moves under gravity,
and arrives at B. Air resistance may be neglected. Show that

(@) V?=grcoseca, (4]

(ii) U? = gr(cosec ot + 2 + 2sina). ; [3]

The mass of the particle is m and the normal reaction between the strip and the particle is R. Show
that the greatest value of R is mg(cosec o+ 3 + 2sin a) and find the least value of R. [7]
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A particle ol mass m is au
string 1s attached to a fixed
semi-vertical angle 60°, The

ached 1o the cnd B of a light inextensible string. The other end of the
point A which is at a distance a above the vertex V of a circular cone of
axis of the cone is vertical. The particle moves with constant speed u in

alhm'l::;nl:l\l Cll"CIC' on the smooth surface of the cone. The string makes a constant angle of 30° with
the vertical (sce diagram). The tension in the string and the magnitude of the normal force acting on

the particle are denoted by T and R respectively. Show that

. m 2u?
T'=— —
\/3(g+ - )

and find a similar expression for R.

Deduce that u” < 1ga.
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A puniclc P of mass m is pl

aced at the poing S - . .nhere witl
i 0 : $ ; cd smooth sphere with
centre O and radius a. The ! Q on the outer surface of a fix P

v nacticle is released (i acute angle between OQ and the upward vertical is o, wherc €os & = .
The pa ! $ tom rest and begins 1o move in a vertical circle on the surface of the sphere.

{ ISCS contacl wi i y
Show |]151l P: (‘L ic.om el with !hc sphere when OP inakes an angle 0 with the upward verlical, where
cos 0 = 5. and find the speed of 2 at this instant, (6]

¢ that, in the subse i . . . .
Show th cquent motion, when P is at a distance %a from the vertical diameter through
‘ (6]

0. its distance below the horizontal through O is 3
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A particle P of magy ™

le 7 is Suspe -
gl o8 cpl t-!ldc‘(l from a fixed point O hy a light incxtensible string of length a.
e enaa aLy . Bravity, p s given a horizontal velocity of magnitude V(3ag) and

‘ ely in g yop; w
i e e dnwnwunl‘\,\.mPu‘l circle, Show that the tension 7' in the string when o
Crtical is given b
§ Y

I"=mg(1 + 3cos 0). “
When the string is horizonty)
horizontal level as O ang | :

tcomes into contact with a small simooth peg Q which is at the same
about @, find the ley

A distance y fy, ! | -.
) and slance x from 0, where x < a. Given that P completes a vertical circle
Possible valye of «, (8]
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it article P of mass » ; . . :
:;sii)dc gy l\]':l;. MEIS projecied horizontally with speed ‘/(_Z! gu) from the lowest bpmnl of tohlci
i OW smoot) § o (). The an lc belween
- X sphere of inter wnd ceatre 0. ang X
and thc downward vertical 1 of internal radius a ¢ Cerains jn contact with

. AU O s denote J : long os I’

s inner surface of the « S denoted by 0, Show that, as long gt e e
l\hL Ol the sphere, the magnitude of the reaction between the sphere and the particle 13
Emg(l + 2cos 0), . (4]

Find the speed of 2
(® when it loses contact wilgy the sphere N
(i) when, in the subseque
assume that this happ

(!{-E A P.g.)h
—5\:"" = -4 ma (D)

Nt motion, it passes through the horizontal planc containing O. (You may
cns before 22 comes into contact with the sphere again.) (3]
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A smooth sphere, wiyy, centry
A smoh shers, w e O and radius a, has its lowest poinl fixed on a horizontal planc. A

S Proi ¢ .
of the sphere. In the S‘Fl ojected honzomnlly with speed u from the highest point on the outer surface
Show that, while p mm,‘.scq,ucm motion, OF makes an angle 0 with the upward vertical through O.
. WIS In contact with the sphere, the magnitude of the reaction of the sphere on
Pismg(3cos0-2)_ Mu
' a’ 4]
The particle loses contaet w:
et with the surface of the sphere when 0 = a. Given that u = 1+/(ga), find
(i) cosa, -
ii) the vertical e ,
( component of the velocity of P as it strikes the horizontal plane. [5]
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A parliclc‘ r v{[ mass m is attached 1o one end of a light incxtensible string of length a. The other end
of the string is attached 1o o (ixeq point O. When ” is hanging vertically below O, it is given &
horizontal speed . In the subsequent motion, P mnvc; in a complete circle. When OP makes an
angle 0 with the downward vertical, (he lcnsim; in the Sl;‘ing is 7. Show that

2
i
T= T+mg(3cosG-2). (5]

Given that the ratio ol the maximum valuc of 7 (o the minimum value of 7'is 3 : 1, find « in terms of
aand g. (4]

Assuming this value of u, find the value of cos 8 when the tension is half of its maximum value. [3]
(K-F -4+ PE ‘)A = (\<.E- + P'E')B
x - 2
é—mu + "8 (o) = _;.'L_-mu + m(j a.(\—c-ose)
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A particle P travels on a smooth surface whose vertical cross-section is in the form of two arcs Qf
circles. The first arc AB is a quarter of a circle of radius g@ and centre O. The second arc BC_ is
a quarter of a circle of radius a and centre Q. The two arcs are smoothly joined at B. The point
Q is vertically below O and the two arcs are in the same vertical plane. The particle P is projecied
vertically downwards from A with speed 1. When P is on the arc BC, angle BOP is @ (sce diagram).
Given that P loscs contact with the surface when cos 8 = %, find u in terms of ¢ and g. 18]

R(»-‘wa.rc}_s ce.f\'JEJ\ai\' P where emtact ic ‘0842 R
ma f‘oée_ 'E:‘R =

2
mv
it A
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'W) (PE.+ K.E-)A = @E-+K-E.)B

A smooth wirc is in the form of an arc AB of a c1rclc of radius a, that subtends an obtusc angle = — 0
at the centre O of the circle. It is given that sin @ = L. The wire is fixed in a vertical planc, with AO
horizontal and B below the level of O (see dlagram) A small bead of mass m is threaded on the wire
and projected vertically downwards from A with speed V(589)-

(i) Find the reaction between the bead and the wire when the bead is vertically below O. (3]
(ii) Find the speed of the bead as it leaves the wire at B. (3]
(iif) Show that the greatest height reached by the bead is ga above the level of O. (4]

i) (P-E.—r K-E.)A e (P-E.-—H(-E’-)C

wia -fy mu > m3(°)+ v 2

I\

———
2.
g+ = 2
2.
w* 429 = v

2 .
= v* = 334 —,—.284 = —-‘—33—&

1o
10
R(owards centes) vt e Lwes—} Fom-)'
.-ma

R—nd+rr1[ _T;_"é. -

e @)1 8) > 2
g () * ()

gos 23= = 0°(F) 4%
20
28z 8
5 2
_ﬂ-- D % JJﬂ-*

g231/21/MIJ/14

b N
Vg

\

B

Scanned with CamScanner



0 do: ) cos B :JE@ ,\fl_-sn = éa:
) 5 4
&“.-—« vcr--;n‘ CQL mn\‘;m,

nE J__d_.) a=-9) v=0 sghce ve went 1.
Maximum Lc.l-ﬁ\"

Yo ruwriDes
02. = 3%1‘\ -la“\
L\ = —é-&, 2a
Y S e O

— =

- __"‘\-Siﬂe:ic;_ AN . &
g 2 o{w R

Sl'ne = .

I
Uy

Scanned with CamScanner



11 A particle P of mags 5, jg allached
end of the string is altached 1p g ffx
string verlical, it is piven 5 horizo N
with the downward vertica] 5 0 ,t }r:

)

to one end of a light incxtensible string of length - i

d point O. When the particle is hanging in equilibrium, with the

tal impulse of magnitude J. When the string makes an angle 8

¢ lension is 7.

- iy Jz
Show t = —
(i) Show that T -- ma ~M8(2-3cos 8). B

(i) Itis given that J
the motion of P §

(@) k=1,
(b) k=6.

Q(-E--+ P-E.)A s @-E. +PE),

_i.m\lz-{-m‘j c°) = _i.mfn_j.-maa;(l’%e)

= myJ(kga), where k is a positive constant. Justilying your answcrs, describe
n cach of the Tollowing cascs:

(4]

2 2 e
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’]lz’g:_ma C2-3c°56).

I
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. 2 i :y/(\ra?)z:—lﬂq —&-264 cas ©
(:zcase—- l)

* - uLs-"'"Zaq*Z(j
-ga = 92

-1)=0
-0 —_9 aa@fose l)
S'H'-\\a b ase.—:_al‘, =)9=Co°.
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Lag)

/leen v% = &2"2@“*23& s

= %Q-—;’aﬂ\ "'ga“ Ccse

I v L{aq.-| 294 cos ©

“Then v # O -
We obseve 1= Bma cosB -—Q:rr\d + m(ég&)
a

M

3mgc.ose —Q:md'\' 6"\5
T‘—' ana °o$6-+ L(ma

' We observe Aot T >0 swe T=0 gves cosQ =Y No sslhang.
3

o7 "ve cold chstrve Jock hen § <180° , T= g

l)’f‘(”ta :md =2.0)
’rqu T7 v >0 o Fw-},’cle P deec d)u‘u Ct\f'cle_g-
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12 A particle P, of mass m,

and radius a. The p
centre O, on the sur{
is still in cont

ill‘{ic[c 1) A ol X
e of l;;\cgfvcn a horizontal speed u and it moves in par
act with the surly ~‘-Dhc‘rc. When OF makes an angle 8 with the upw
ace of the sphere, the speed of P is v and the reaction of the sphere on

oth sphere with centre o
{ of a vertical circle, with
ard vertical, and 2

iS ~ H H 1
placed at the highest point of a fixed solid smo

P has magni
gnitude R. Show that R i (5]

=mg(3cos 0 -2) - —.
a

The particle lose
SCS contact wi
ith the sphere at the instant when v = 2u. Find u in terms ofaand g. [4]

(RE+PE), = (k£ 4pE)
Lma? =
x Ty o= mv;«‘h&ﬂfos@
A
_‘_;_L.f g = ,:54—31&:5@ - -
u.z-r—D.ac\ = v’} 2ga s
V2 — Ll2+gac.. "26‘\""56' ll

R (owords conder) ot 8. |
macose

= wmv?*
’_#-1

n

L=,

"3 cosQ —m_ LLz+laq—23%sf7
a

"

Bmﬁdnse -.Zm(j —
o

-R
R
R = vracose —':ﬂ_o%f -21'\8 {-.?magagg
R
R

]

mq (3eas @ - 2) — a2

A
\J"la't v= QJUL-,
v? = u?+ 29a _zaq s b
(2 = w* +29a —2ga =<0
H“‘:\.-q": -239.. C[._ “GSG)
32 = |- wsd
.'286\
cos = [",3._‘_':—- — (|)
‘J.at:\.
Since Jhen V= 2u 4 can—lac"' is loS"‘ —}Leh R_,__ '®)
wmu? = O

2 " (3:‘056"2) Iy
gl=0-2)=
> = ag(Besf-2) ().
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13 Aparticle P is at yeg aui
1¢ lowes( po; .
. °SUpoint on the smooth inner surface of a hollow sphere with centre

@ and radius q. )
> 7 HIC partie)
- N C lS ¥
o . . 1 s A ) . .
circle on the inner surfyeq of 1p @iccted horizontally with speed i and begins to move in a vertical

i FOw { 1C § e PP . ' i
where OA makes ay angle @ Sphere, The particle loscs contact with the sphere at the poin( A,

3, < . Vit .
,j(sag), find u in terng ol a ﬂnd]:. the upward vertjcal through O. Given that the speed of P at A is
o [5]

Find, in terms of g
= N lhc gl‘c
P ales i
(Y;:“ Ay assume thay p nchiclvl:\ilgl“ above the level of O achieved by P in its subsequent motjon.
sphere.) NS greatest height before it makes any further contact with the

(K.E-—fP-E.)B: G‘E.+P.E)A .
709 (] oo

Z

T -
oo T R 28 g (ees)
L= 393 4 gas
— 10 g2 1 gaes
2
= 3“-53 + 2ga+ 2ga s
5
u* = % <+ Qaar-osa

5

R (wods cender) ot 4 -
K-!—mat:ose i‘(’%&)

R = 3'5‘3'—'"8%56‘
S
Swce emlact s st ot A, R=0
=) _3.1_"@- = mdmsé
o
":-> oS e = -§- .
5

’/JL@? u? = f3%+2 (,3_ ::'3E§ 1'25_:
5 s S 5

U

v mazimam l)eig"llfy \ld =0

Use \’2 = \Lz.f Aa S
o =(Y4 [223 +2(’3)h/"h\'§v
sd s == )
Yoo
6 (228 2=
h = Eﬁ) ~ 120 gauzumuits

N
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e —_

A particlf: of'mass /m is attached (o one end of a light incxtensible string of length a. The other cnd
of the string 1s attached 10 a fixed point O. The point A is such that OA = a and OA makes an ang e
o with the upward vertical through O. The particle is held at A and then projected downwards with
speed Y(ag) so that it begins to move in a vertical circle with centre O. There is a small smooth pf:g
at the point 3 which is at the same horizontal level as O and at a distance %a from O on the opposite
side of O to A (sce diagram),

(i) Show that, when the string first makes contact with the peg, the speed of the particle is
y(ag(l+2cosa)). 12]

(K.g-frP-E-)A = Q(.E + P-E-)> “ig
g_éﬁl + mYaesd= mv2 +m6(o) . o

A 2. o
a D
mge amgrest= ol
2. 2-
a.

aa_,,. Qaq Casal —

a

g (14 2es) = ¥

begins to move in a vertical circle with centre B. When the particle is at the point C

The particle now . it . 4
I = 150°, the tension in the string is the same as it was when the panticle was at the

where angle CBO
point A,

[10]
THaws «
A

(ii) Find the valuc of cos .

A:
R(.;,,.c_rds @H@‘) ot _rﬂ,C‘f_)

923121MWINT
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e
(\<-E+P- E)A - (K-E- + Pf) c

et ymglaes gz micly g (s 6d o
N EY (

L+ gerese o %, i‘l'—‘—(‘!—)
g ke u e

wr 20.\a~5 & -~ \{12,,, 294,
3
S.L,S‘sé\ga LL.‘-“ ﬂ,_a a\vc‘s :
ag +ga aset = Ve + 2q6
3
A
Ve = qa s +. g,
3

F\(—k-cw\.s cenl'e") B gres: . "‘}mséo"

— . 2
lc.’*"’(‘j s 6o = mvy, F
— 6"
’J‘"‘ raaa cosed | "na Te
-+ A\ =wm =
cemg (£) <l 2] ;
e
=

|r_.= 3m3<2@5“+_é_ .
—_— 3 )- j

~—

= 2
Suce 'Tc_ - ,‘;‘
2 8- N o ¥
1 (2::1;313’_1: "ﬂ G‘Cos cc) ’-f):i‘l—[@co.sd-{- l-{]r,aM

Cwsct ), = - e
gcas;c: ,g. 0.

GUE;OZ-::.__:E:'—:—-L..
3 -
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15 A bUllct ()f masq

. 0.08 kp ;
horizontally w; £ 18 fired hop;, ;

12 Y With g 1011zontally into a fixed verti i i
resisting force OfIPCCd 300 g~! y crtical barrier. It enters the barrier

Magnitude IOOOand cmerges horizontally after 0.02 s. There is a constant horizontal
. Find the speed with which the bullet emerges from the barrier.

~ =woe N [3]
F Z M J — mul u_:3{:° v =?
m=0.08 '
—t:O°°1
—(o0o0C = 0.08% (\l) - 0-08% (3o°l
o 0.0

—|ooo (o.o:l): o.08v— 24

—20 = 0.08V — 2

Lf = 008V
= NV
.
0.0%
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A Paﬂ_iclc of mass m is attached to one end of a light inextensible string of length a. The other end of
the string is attached to a fixed point 0. The particle is moving in complete vertical circles with the
string taut. When the particle is at the point P, where OP makes an angle o with the upward vertical
through O, its speed is . When the particle is at the point @, where angle QOP =90°, its sp REdids ¥
(scc diagram). Itis given that cos o = %

(i) Show that v2 =uz+]?4ag, [2]

(F-E- +K-E-)P = (P-E-—f—K-E.)Q T

5

rna Qoscl + mu’ s rna (—as.\m(_) —F’lj\__‘f:
2. 2. Y 3
ageesct + &> = —gash+ v A“
i =~
B 2. L3

. - 2
« SM .= ==

G

24-6 ws 4+ ur = -.Qaqsma&—%\’p'

vt = u_"—l-.'laa (aasal—i-St‘M’C)
2
. -+ 3 ) —u? 1) = A ld .
vi=u *la@(.ga—,_g_)rw —rlaﬂ(s)

The tension in the string when the particle is at @ is twice the tension in the string when the particlc
D

isat P.
i ing u?, v, a and d hence find « in terms of @ and g. 5
i i ; tion relating u#*, v°, a and g, an 2 (5]
(ii) Obtain another equatio L
m W

a
lp = e, —M (,__) s :
5 = et g (3 (g

5
m,;cr)a;k E i
’\"Q,.mdshcd-"___o.r——

R (Yowards

— g-,f.m (3)—.\1‘]\’2—,‘.3#\
l —_,:mv — = — .
® "= e a ’;—é

231/23MIIAT7
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o
) P > > -84 -3mg
v=-+§'_;g z&(__m_;: »&r—n& _’5;@_ = 2w =
A ) [N 5 O .
V‘.:Qu,l.-\_‘?_ 1,3 U’:‘.2LL1-HAQ
o Too 5
v = W l‘l&@ - Ou* “Llf&
S 5
-250_3';- w®
5
::) u_z::saf)‘
w=J§:5-

(iii) Find the lcast tension in the string during the motion.

(P-E-+K-E-)A = (F-E-*K-E-)P
Qe ':’-!f- = ng[-a(reea)] 2

= 8a(cas¢~\)+ e

:L

N* = 28> (fosd——l) 4+ u?

V = 2‘80' s "‘Qaﬁ’l" bac\

\ 7-‘: :160\ cosel -{-3@0\ = .Qaq (‘;—)'f%q =
R(ernAs ce.n"}vE'f) e 1\'6&8"‘[@'\»} )

/r ,fma—- rnV

™min

Jml*\ +"‘3 &l

g = 18ma
-1

L

2340

9231/23/M1JI17
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7 A patticle P of magg p is

- ‘he other
cnd of the string ig g of length a. The

E\llaCl’lCd 10 onc cnd ~ . . 'bl 'll'il]
of a lieht inextensible 8 :
Sina he string is taut, with or

horizonlal. The pg ‘u laCl}Cd i (Pt @. ThelpaniSIefEERIEiss HIEH ! |
sl Particle is projected downwards with speed \/ (%ag) and begins Lo move in a vertical
. The \
¢ string breaks whep its tension is equal to *’glmg-
(i) Show that the strj .
ng breaks w i s verHEa oS
NN % & i hen OP makes an angle 8 with the down

1¢ speed of P at this instant.

(KE+PE)A = (l(E-l-PE)&
gl = e+ g @)(-ws )

gh O,
(6]

u_'!-

= T8 7 Liagnguees
u? -i-—:lac\ = \l"-\—gﬂq =252 cs0

wr = ¢* —2ga cos O
= v* = L(,"-{—Qda%se'
R (dwards cender ) at B :
T —rpqeest = myZ

’,\-H—macdse ’—'___g‘-_.[u?"f 28“ S e]

o + lmacase AmMgces e
e

= %*Bvacbsg -

For spiyg P preak 5 T;%ﬂ”"l ml:%é'
= - m Da 3m cosﬁ
szg = (3] 2

ﬂ:r_u_—:_ Bma 6456'
5

ase;‘fm ]

CoS 9 = 2.
= 2. 3
g7z e 2ge =50 = 25« 20e (?)

2 _ o v= |8
st g

9231/22/M/1/18 i€ Speed 4 Bk, 54&.-3 bresks :J%—_
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(i) For the subsequen
vertically below O, Motion aficr e string breaks, find the distance OP when the particle P is

(6]
O R
' Cosd=—
N
J - Vsnd = vy y

>
HE s E o,
r/a-r‘ Ebc-rf}a‘c(e ")'c- Le_.,;. VCPLQJ{} Le}au 0~ =

Hc—qz,a‘ﬂ""'b\ A-':S"le'\C‘C Wﬁtd?t:q,s.\ne - SMG:,L,S_ . %
S & :
Ua:‘ﬂa X Vv(_xt l‘L
+t = _x =

\’er)vc'a.%) us.\n s:m{+,l_a;t_:"‘ gres:!

<f">m*-—ﬂ[fi°“

5 "3 "Ths

o
13 _.l0°0~
. OP = acsO+h ’a( )+ %5 45 “wsﬁl X
= 20a hI
=1 A=
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(8] a P
— 4 A
" l
J vy(12ag)
l’l
Qe-=" g

A particle P of mass i jg 4
of the string is attached toa
projected downwards with s
particle Q of mass k
in the string immediatel
the possible valucs of k.

(K-f:’- + |’-E-)h - Qq; : +F‘E‘)E.

2 HTTg e S mE 4 g ()
7] = Nt N 2
3 = = .-llla@
R(—}wuals aao')&f) ax B: -
'T’--na -:m‘-'z
‘T’:: m|q

L )’“”G =15mq -
/r\:e_n.lv}eﬂs'-a'v) ‘S iSm(j L@\},«: colll'si‘a\n ]

tached o one end of a light inextensible string of length a. The other cn‘d
fixed point 0. The particle is held with the string taut and horizontal. It 1s
' speed /(12ag). At the lowest point of its motion, P collides dircctly with a
/1 which is at rest (see diagram). In the collision, P and Q coalesce. The tension

y after the collision is half of its value immediately before the collision. Iiind
(11]

-
Usha ?Anci‘alc c& can&?fva:}fm o"j" rm"me.n—}u_m)

o () + o () = (k)
Tlinkg = V

m + km

N el
9

R (qponrds corter) innedinly ogfor colimon

/_rl ‘_(hﬂ)ma; @-{—\)m X, \,:L

—

2

’rl = Q?_J.—D ma—t- (k-rl)m E

a  \ R

4+ )mg+ m?x"l - B -
’rl - (h |) -"L_(H-’:% (\u\)ro _1(:_;%

9231/23/M/I/18

AT
m
J qua
o <—®
ko ™
Ve—@e
—_1

. =
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Sin(‘e, ’r, = ":5}: ’r
(b&\)ma—i— {mg_ = __L[\'Smtj]
k| -

- Ve [ 12 m
q [k*r + e = 3
Ge) w15

R+l -

L(‘z’“ﬂ\u 5) = 5k+15
Qe +lk +30 = |Sk+\5
e -ilk+(5 = O

"~ 6k-Sk+I5 =0

(._Zh—SXh —3) =0

h:’£73.
k>
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19 A_pharlxclc P, of mass m, is
w“. centre O apg radiug ‘a
horizontal diameqer
begins to move jy a vertj

i . c
collides with » Stationgy
of the collision, iy kL

able 10 move in a vertical circle on the smooth inner surface of a sph'crc

il 1-‘ Pl:i‘lll.\‘ A'mul B arc on the inner surfuc'c of the sphc:‘c anc! AOB is a

lly, Pis projected vertienlly downwards with speed \/(22~£1g) from A and

- "‘,i“slc- At the lowest point of its path, vertically below O, the particle 72

Just Stlll?ltlill:;‘:i-gg“f mass 4m, and rebounds. ‘The speed acquired by @, as a result
oratto reach the point 13,

(1) Find the spe

Usi

ed of I and the § p ) i isi
e speed of Q immiediately after their collision. (71

'\6 ?v}na“oul o:’ awa;’,‘m oj encaﬂ)
J (“" *‘_g:_(ur) =g (O)* _ri_vr ¥
“"(‘j‘\"'_::-(‘_'_?)z ’E— \'I’l

L g
2

P

:) \f" - -Q.S-aﬂ
2

e P esches \aesh point vith e [Zgs

.Us.\ma r-.-;ndlvle °§ comSex vech on o:f eneqy)s
4“,5 (0)4 Q”éx_:g_i = l{ma a4+ lmx0
2

2.
R g™ = lmga
\,QL = O

- (JT,%T)* U (6) =) +n

— —_—
o Wr = | d?&l\ “‘J-ZSLa& = (1
0231/21/MMNY

2
. o T \e Sfeecl °§:-P QS)‘ef-aa“af.sl'av\:S
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In its subsequen .
m )
the angle between Oogon’ P loses contact with the inner surface ol the sphere at the point D, where
and the upwarg vertical through O is 0.

(5]

(ii) Find cos g.

K&-+re), o (kerpe),

2EE) 1022 g

b}

x1ga +~ O = v a(1+esb
2 O T+a(‘+5)

R Gr“- = N+ ql-lc:»sg)
Sy

vt =28aqal\- 2 (,mse)
i
é 3-)
0

Jy* = l@a:\._zaa anaa:s

p
VQ_:/T s,-ﬁi-— c\Q:se‘
e R

Remg sl =me?

,R;-{ﬂg_ - anamsg —mdq_g@

vl

X
R-5ma - 3mgens -
R
Sine oF D, contact with Sufj“ce s lost, R=0
—%5—'2@-" Case'.:o
el ~
Cose :—i: ‘5'"
308 g

9231721/M/I/19
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90 A particle P or Mass m ig ay
ac

end of the string jg atlach, hed 1o one end of a light inextensible string of length . The other

about O. The points A ansdBlo a fixed point 0. The particle P is moving in a complete vertical circle

an acute angle ¢ iy, the 4 arc on the circle, at opposite ends of a diameter, and such that 0/; makes

The tension in the Siring Pward vertical through O. The speed of P as it passes through A is 5v(ag).
Ng when Pis a B is four times the tension in the string when P is at A.

(i) Show that cosg =3
&

(P.E -+1<.E.) i :6‘).‘;— .

k4

co

D

®

1))

R

+
b=
3
piw™
] ‘cigl

cd

/"-'\

R Goﬂards ceSﬂef) at N:

(VI
Iy mg e ML

T =2 (2Fg) et

=x g 4. agq - mgesx
k= d d

’];:ﬂ:& ._.mdcascz-_:ma _i_—c.‘as‘z_
” It

RG&,MS aqueF) ot B

-1 = mf”
g =Sgpe s =S

a
= o ,:L
}6 :macosd *,E_[aa‘(ll sa+ *)J
= mau;sd-+ ma(;cos‘a""}) -7 J
+ "8
/\é - Emaaasd'- /—;}_i

= =T,
Swee g =171a

9m = [\" g —m o s
Sm@“&ff’*/“? (’T:—a d

9231/23/M/I/19
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Sewsa +3 - q — {eset
Lt
TCoch’:____ﬂ_.
o € — >

(i) Find the tension in the string when P is at B.

= Sma tbscz"f'j_f_“é_
I

Ta

o S (3) - ng
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1 *

D
I"\\
AGOT\
I’
I” \\
0w,/ \
/ \\
/ \,
/ \
’ \
/ \
I’ \\
A \ B/_\ C
\\ , /
Ums™T /!
\ /
\ /
\ /
\ /20m
\ /
\\ /
o
60/
\"’E

o .
::\O:ICS’?S(::SO"?I[\:?';];3}2‘?2 }he path ABC shown in the diagram. The path lies in a vertical plane, ;and
i centres, B and :1. arcs Aﬂ and BC. The arcs are of radius 20 m, and subtend angles of 60" at

» £ and E respectively. The linc ABC is horizontal, and there is no friction between the
[?boggan and the snow. Air resistance s negligible, and the toboggan may be treated as a particle.
The speed of the toboggan at its lowest point is Ums™'. Find the range of values of U for which the
toboggan will reach C without losing contact with the snow. (10]

Find also the value of U for which the loboggan will leave the snow at B3,.and travel as a projeclile

until it lands again at C. _ (4]
At Yo l,.'d\es."' pont o0 cveuar ace BC; we wast v>°‘/,
- (l”-E.—rK-E.)P = (P-E:-+ K-E—)Q z*;f ﬁ\
g (e) » ,g:(u = ma[zizo (- 40530°)J+,'1§ A /i__ i
’yg:z = a(qo)(l—casSOO)-t,\lii —'—"‘P

o n s i)
Since v POy v =0
3y 204 (d‘_‘assoo) >0

D > N &g (esa) =035

U > |0 - L ms".

Sea:naud )

L 2
5 _ 28 l-—msBO)*fN
p* = 2%( Y

—
D_' 9231/2/0/N/02
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| DR s

R (owenrds cenler) ity coder ad E :
g wedd - R = _'2_"_‘33-

20

R = myes30 :"—‘—[”2““21 ('""'53"2]
20

S“'\Ct ﬂ.+ B, we wm'l‘ R > O

™qcas 30" —x_|p*- VOJ 6-%5300)]7 S
20

,mscas 30° > A[UAFQDJ(I-Q:S;BOO)]
20
0 geas 30" >y * - hog (i-s35)
\J—E()acos.SOo-r lloa(|-m530j> V
s U< 15.05
V< I5-]

s dboggen wadhes C o losig contakt lf o< U << I5|
e =W

~

Nade ABEC_ s e_ﬂru.\,a:,tral S RBC = 20m.

We went Abeggen Jo lose condect at B and lend ot C .
/Il\em we wﬂn"" [N rwae = 20m.Nole :-_.ndle nf P.ﬂa‘ec_-’-,\;“ :BOO-
Usha R = visnld

ﬁa s
20 = w* gin G.x_?,oj.

8
3 (j \}66‘3 éo\ ¢
w* = 209 Y /
S\\ﬁéo" \\
2 s
We \Znow w’ = UQ__ L{oa (‘"“5300) )’ﬂ‘eﬂ-_ =<0m 20 .
2
v 'Lloa (I—CQS 300): .ng \ 605
Sh go® p E
L* =

oy (s 307 )+ 20

_ Sh Go°
U - "H)a (l-fos 3°¢)+ 8

Shga®

U= |6-86ms~| S 16 G
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Ir r
/
\
\
1
1
1
on i
r \\ .fr
I
Il \\\ 'I
’
\\ /
N/
g
- N "
Ommzzt” U

a light inextensible string OP of length 1,

has speed U. When the string makes

Q, where 0Q = %r. The string

1 circle with centre @ (see

A particle P of mass m is connected to a fixed point O by
and is moving in a vertical circle, centre O. Atits lowest point, P
an angle a with the downward vertical it encounters a small fixed pcg
proceeds Lo wrap itsell around the peg, so that P begins to move in a vertica
diagram). Given that the particle describes a complete circle about &, show that

(71

U? 2 gr(%—cos o).
C;ns:de.r Pad s ‘I‘O\\cs-\‘ Fa.»,—)- i the verdical o v P
ele albed X AN r
cvcle Q—'os‘a—,_- ‘1 -

A Ahis j)osi’))'m,

— v = 3r -1 ‘2_ '_
h= v ,_:;t_cascz—\—; = lcos ;_ 5
e
h—’-,ﬁ‘_(5—coscz). Y ;Casd.
pr B
= -'~§>~>u—~ ~p-E
(K-E--HO-E)A = (K-E-&P-C)P A

_’;‘;_—__m Ul")‘md CDz - aL“Jl+ ma CI'— (.3 "Cb.SﬂC)
U = w3 -
L= g Grmse)
. w,@ﬁmsd)
vt = Uaé-ar é—msd),

o2
u*=

R('\o—was cgn*lﬁf) ; o
Td f‘ﬂé = bes & = M

<
Py
-

= X Jdmg
’r(hbs"z) +m8 B 22\,1' & T Tosy
st S
% B

9231/02/0/N/03
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I e ST R T R A s
oqure T 20 «F e highest point

\1‘_’-"’ Ccfn[)[&l'ﬁ CJ.VC’ES , WE

QM"D— —_m Qm\‘l._m =0
) S T zo 2 T8 F

(—cos &£

2
Ly = 4
v

Vﬂ-;_af"

o

gdos%r}v)%a v = U —gr (3 — Ga cc)

Ul—ar C?f-c‘osc() = 8
e I

V" 2 g7 frwsa) *ac
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: oint on horizontal ey - )
i Tnaiscxlcnsiblc string lfg ;g um:, and Cis the point vertically above /1 such that CIf = r. One end of
- When the particle is h r'lgl 1S m,taCth to C and a particle of mass m is attached Lo the other
cnd. anging in cquilibrium at H, it is given a horizontal speed U.

(i) Show that when the string makes an angle 6 with the downward vertical the tension is
Ul
m [T~g(2—30050)]. (4]

(if) Deduce that, for the particle to describe a complete circle,

U* > 5gr. (2]

It is given that U? = 6gr and that when the particle reaches its highest point it becomes detached

from the string. The particle then travels freely until it reaches the ground at the point K. Show that
K = (2 2)r. (3]

(kg-+PE), = (ke -+ PE), N
B‘:—m \J)-\— rna (o) _-:_;’l._rrm’L ~+ md 1-'(\—- mse) {/’ \
U2 2 g esd)
2
v* = Ut-2gr (l-—a:sﬂ)
R (werds cerler) ox A

b N
"r—-—-rracose =

r ,'f
{
[

n

- mgeos® 4+ %[\J’—.’S(G-—m.sej
;_,,gj-mamse ~amg (- cos6) \
mu +mg [cs0-2(-e30)) }
T :;321 m@[g%e '2] = m[p;_ -3@-3%6)]-
,i)/,; Jescribe & cmrle.k cvcle T;o when O = [Bo°
2 m[y; -3 (2-3es lso“)] 20

0* _
= g(s) z0

y* z 547

-

1)

9231/02/0/N/04
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At Re )\SAGS'\‘ oomt ,0= 180"
=\ —QavrC\ Case)
- éar - 2g¢ (I‘QSISOOD
Nig™ bgr — 257 (9-) = 2g3°¢
o= §ige H " U

ie -Srd.__g\ ot L.‘dkeﬁ' (;m‘n-,‘- = \'I Adr .

— 57
\Ie_r-*{ca.\h) Vod :O) s= L7 ’a::o'
S
USl\"a sS= wt + Z.L a;t 2
= Q(t) +_L 'tg-
2r ) 18 ‘
20 = gt* K Ho
2 e—>
J L(r _ . 2202 v
time =
e fubcle takes I‘J Ue ¢ o t-tnc\\ )'u-nzaﬂ'}“-l Svd‘é‘acc
H-m-»:gm-}aud,\f, ozz\lpﬂ"’ lfr‘
®x'= N, wt =

\JQer' I \rgf‘"-'ld_'gr\

-2 - }'IK'—Q\‘lr
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The diagram shows a toy car of mass m which can move freely on a circular track of radius a and
ccnlrc‘O: The track is fixed with its plane vertical. The car is given a horizontal impulse of magnitude /
whcn 1L 1s at rest at the lowest point A of the track. The car may be modelled as a particle moving
without resistance. Show that the force that the track exerts on the car when the radius to the car
makes an angle 8 with OA has magnitude

2

I
mg(3cos0—-2) + —. 6
Tg( a5 ) ma l J
Find the set of values of I for which the car docs not lose contact with the track. (4]
T = mu
RY Jd = ’-—j_;__' .
m

T e
(k-E-+PE ), = (KE A PE-),
' mu.’-rrna(o) = L mv*a m(j[o.((_msgﬂ

"5: 2
w2z ur @“("“59)

2 2
g v+ an\év-cose)-

N d;,zaaﬁi_cose)-

/ . -
R (fowards cerler) ot B >

R~ m(jmse = _"f—,
R = \-.}jcase +__;':_ [&1—96&G—ca56ﬂ %

R

\)

9231/02/0/N/06 hﬂ
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T —
R= iy [%59—26-“59ﬂ+m/;:‘

-
= ma [3,;0;9 -—QJ 4’&'@_[%]
g (pes0-2) "2
‘//

Shock eantoacd i

R

1]

5 ; SWES
We require Had R= 0 vhen 0= 180 . This e
ol last at Hhe Lijke_s-l f,g;n—}:

™3 (3@5 |80°"-7~) "’:Ei =L

ma

—Smd > =T

ma.

s, could
codly; e jalio requre fhad Hhe +y car deem] stards sscillads
Thie requidve g

vO when e:qoo a : hd.
Cor decep '+ cross Hhe Lm,zﬁhqlal_ S ‘His ensure s '#la} ’ﬂ.e

<O Dvr<o =) @~ 25a G“Cos‘70°)-< 5

W - 290 <0

Scanned with CamScanner



25 A smooth heypy:
CMisphere af e i: L ans T
centre of this facp I of radius a has jts circular face fixed to the surface of a horizontal table. The

given a horizongg) l: 10 A particle P of mass m is placed at the highest point of the hemisphere ar;dt:s
. g B { & N 3 . . . 5
hemisphere, As OCILY u. The particle does not immediately losc contact with the surface ol the

Suming all resistances to motion are neglected, find the sct of possible values of M.M]

Show that p

[5]

lOses contner v A
> contact with the surface before QF becomes horizontal,

R(-bwwcls cnnkr) ok A .

m& —R = mu?

(2
R = *ﬂ(jf-‘:‘_&.l_.-
oo

Siace ‘Do-f—)'»‘cje dees Wo} Jose comatact at
\\:d\qes+ o,a;m.}— A,

9231/02/0/N/O7
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o 'w‘kqle_ _L, lo.se. Qﬂ"’nc_'b R-_-,—.o

> _ O

::) M(jc‘ose ’% -
w(jw_se ’f'-'—“:a’_"
aqc‘ose = v

- u."fl-;za“

a& Cose =2
360.5056 - u_i*%o\

cos0 :-'__.“:i-. “+ QQG\

-—Qaa.cdse

380\ 385.
s © ',f,"_g.'... ofh 2
38“

“Tlen 3
=< L4+ 2
3 3 = =
2 2
-—"—‘<_&__»\-__9;
3 3@0\ 4 <,
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26 A small bead g
circle of radjug

rest at AL Whep

magnitude R,. Whe
St h
how that R2 - Rl

a vertical planc. The wire forms a

of mass i . :
8§ m is threaded on a smooth wire fixed in r
‘ bead is slightly displaced from

aa — T . h : "
and centre O, Ty highe point of the cikle 18 A.The

angle AOB = g, where 0 < cDS_I(%) . the force exerted on the bead by the wirc has
R
(8]

nangle AOR = 1 4 0, the force exerted on the bead by the wire has magnitude
=4mg, '

<P-E- +K-E)A - G’-E--rK.E.)B
nu(o)-t-'g{(o):‘ = (-a(j—cose))"” %z

:—Qvﬂa + Qma cos @ g < 0
R' ;_92"3+3m8 @99 = Brnaaos(-) '-anﬁ-

O =g o~ [~ mu!z'
g (1rensb)ont’
g me0) =
2

2g4 (l+c«=se) = w”

R (owards ener = 8):

R_:_ _ma Ca‘sg = mw™
ag

Ry = "“acasg +_£[23a(lfaseﬂ %b- mgeas®

K= = 3“’59"'2"‘8"‘2”&""50 it

9231020MI08  2) R, = Bwmacys D+2

- R.‘I. 'Rl =
= 4”@
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i ~ other end
ensible string ol length ¢. The o.lhu =
. Jibrium under gravity. h
ackens afler

27 Afplurnclc of mass i is attached (o one end A of a light ineX R
of the st 19 alinehe N 5 e A Anes
g is attached 10 a fixed point @ and the particle i &licﬂl cquilibfne Sir;ng ! an

i { d the
icle i then /(384) and fin e

particle is projected horizontally so that it starts 1o MOVE inaver

turning through an angle of 120°, Show that the speed of the P!
mitial speed of projection.

(v + PE), = (REIPE)g

—A‘L-hw.za- na(o) = ,_;}: mv? 4 "‘@ [‘\"”""“’560_]

u = ﬁ'fa[é.‘lﬂ
po N 2 2
. wo = \I"-i—stxa
: \ll — “-1'—306-
R@wwu\s cmvlcr); T\m&msgo“: v’
2
v

o
T () 2l
i 3 Sn(ﬁ ot B; S’H"a .Slac‘?@hS) T-= 0O

| 9 0+m3= e
L 18 o
’ 2.

%g
i\
<

9231/02/0/N/09
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z ; A h(ll‘liL‘IL l'l\ I'Il'] v i ,l' YN
- E NS n b o 1 . | . ]t ‘
o @ ' ) “ ) I.l,' . . X - iV 1
( 'I,( n““])- . ” . l |l 4 “”l' I‘) “l“\"(‘ i“ i \'"‘l'li“' I ‘vi“.lc. I lli: I.*l]'il “lil(-l('cn H ll I'

llll‘ninL’ "'II‘O e I)° C specc i

L llgh an A S \
B Stk !‘n IL [}) ; - ) - e 0 l | |
initial l.,ch “r Pl’nicclinn | I 0 o ll('l\' "N“ ”I- .I\cq | Ul ”l yarli I I |h n \/( & f) al d fir i [[l l

(K-E + P'E-)A 2 (K‘E-'if’-E.)B

. .
= mu Ty “3(0) = —.'i_ mv? ma [q-f&msgoj

ul — \'2.
2l
o I o B A
w? - V1+3ﬂ
Gk ==

= w*-3a4q.
3J
R ("“""N"ls ‘m’l@) T \ mg cos €o° = '“_.—"’-

a2
U+ g (‘i) = o [ei=mg |
] Shhre 8} B, sf}n"\a slackess; T= O

:) O—+ \‘ﬂj = m"z
2. O
a

aq = V
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A particle P of
ma e | o
r!::s\:\:E 'S projected horizontaily with spced u from the lowest point on the inside q[ a
that the particle goeg :h ¢entre O. The spherc has a smooth internal surfacc of radius 4. AbSLimll:lg
been reduced to Ly Ot lose contact with the sphere, show that when the speed of the particle has

34 , . :
2# the angle 8 between QP and the downward vertical satisfies the cqualion

8ga(l - cos 0) = 3u™. 2]

Find, in terms of
Solm, a: . . - : >
particle in thig po.\‘ilim{ tand g, an expression for the magnitude of the contact force acting on the

(4]

"= 8@‘\(‘”@5 ) - e *

o)
!

e 2
maws 4 v:u.
o

Ron Bu* = gaa (\-Fr-o.se)

_% ”_3__{: __,l-—ao.s('):.j casQ = | -3,
&> B>

2 R: [I'3¢1]+£
g )

= "ﬂd — 3"13&1 + mu"
83& Yo
- md - 3mu®* 4 eu®
Ba he
=B + 2mu*
-__.———-—_|

= ™3+
d .

- ™M -—Y'ﬂl-L;L
=" "=

a

9231/02/Q/NM0O
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i/: ﬁ:;c': l:Ollow SPhere with cenire O has a smooth inner surface of radius a. A particle /> ol mass /m
A horizontally wig speed 2 v/(ag) from the lowest point of the inner surface of the sphere.

The particle 1og : 0 with the
upward verticaﬂ,cS contact with the inner surface of the sphere when OP makes an angle

“(i) Show that cos g = % .,

(i) 15 . .
) Find the Ercatest height that P reaches above the level of O. [4]

1) Q?-E. 4\<-E.>A = Q’-E- 41<-E.)B
"6(0) 42 (1'\1';5)1:: md[o..(h@_se)]’f -'-"3_‘-'—:1

. oxYy = at maacws@ + mv*
% 0 3 d N

-1116 :a.a—fa.acose’*,ii
2
ag - 28250 = >

2

Qaa —-Qaﬁasez v B
—_— 2
R (pwerds eler)i: Ry mgs® = 2

Rzr_ﬁ-,n(jcose :

Swee. ’x-r“}"CIC [ases Can'}-a.d when O.nd /e wth ‘.Gou.:,.,,l
verheak is 8, R=0

-':—') v
e
a

m ~2aqc05 = a0 ‘050
2 [y 2es8) = 73
-Qmﬂfi"tj“’sg = o= ©

2”8 = 3md cosO)

-:_) Cose = 2’"é = .._?‘_
8"@ 3
- @ 2
h= (Hcose):q(n_j_);%&_.

= 10a —_—
yovsnosfgeE =% .
d 3 o v
9231210 | G5 H= 2 3 — 9
DshG - T Y 0

3

m(jm_se = O

Verk C—“ud ?
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or highes ) it W=0
US\\a g™ gy By B

o ()00

laH = l0as
27

H:‘ lOaLg —50\ )
=5 NI

2
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130 Aparticle P o MAass m jg

ok R

P

et o attached to one end of a light inextensible string of lenpth a. 1 h?, (‘.llh(‘:l end
ir::;:::;;ﬁ:;;‘"{‘shcd o afixed point O, The punit'lc is held with Il.lc string luull anduhor(:/'oxl;‘vlt:‘igﬁ
is vertically i\cl‘\ ' hen the string is vertical, it comes into contuet with a smz.lll Mnclm ]ngmakcs "
anglc 8 with q oW O and at g distance v (< a) from O, In the subsequent motion, when

the downwarg vertical, the tension in the string is 7% Show that

2x 7
T = mg(.'#cus 04 -a_—_:\f) 171

(2]

Given that p ’ : X
WP completes o vertical circle about A, find the lcast possible value of =

PE. + K‘E)N = QE -+ K-E)ﬁ

n\d(\ 4._L“}(o\.‘ — md(o-)'f_i‘mda'

a
] mv 2
dc\ = .
2.
Jor = a -
—

v:d.ﬁ.@a\ :
i-e Mk i verlfcmc;-_ 5
Q\".E.«»K.E)B = @-E--}-K'E-)C

3@+ 2 (B )= "3 [Q“"-)("“’SG)]*‘-EE"

o ugn = G- (inest) v

o = a—= —Cﬂe‘f',"‘":
g = 3G (0l 4

o _ _Qaa-.’l(j (a—x)G*cqsG).

()
R(_;,»ud.s Cei’k"/n/f’eﬂ): 2
T-ng=9 = 5y T

.-r

n
%
O
R
3
EH
9
a
&

4 ™ 2o — 2(a -2 -
::)"r-: mawsg t;—-:';"[ 0 CJC )6 ‘056)

= myes@+ 285 —2ng (1 -ces0) b L L Ty 2y st

q — 4 Q- A
. Bengest +2n@> —327q =73 [3“’50 t 24 2
= 6 a ~L a-z
[3u56 = _32':3__“"1)] g [3ro59 4+ 22
_(ﬂd a - —
= 9231/21/0/N/12 A —z
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i N ‘ | I i . 5 v O
1 threaded on g thip smooth wire which forms a circle of radius a. The wire

small smootp, ring Ich:da.nc' A light inextcnsible string is attached to the bead and passes through a
of mass 4y, Which A the centpe of the circle. The other end of the string is attached to a particle

. han & . .
with speeq Vekony S:’:S frcely under eravity. The bead is projected from tke lowest point of the wire
force exerieq o OW that, when (e angle between the two parts of the string is 6, the normal

U the bey , i
| d by the wire is mg(3 cos 0 + k - 6), towards the centre, (5]
Given thy the

by k. bead reae

For swmall beael |
(PE-+kE), =Q’-E.+K.E.)B

'ﬂa(o)-l—_]_m a)j)= m =
5 (k& ) (j‘\.(l-cose) *-—:’l.“'“"

kga - I - gacesd +_v2
# . A

llao\ _-_lac\——lanCosQ o
Vl"—-‘ kaq_zaa .|...'2cc)o| Q:Sa
N Qz__l)aq + 2ga cos ©
F&r-H\e_ fr-r-’a‘dco‘-f ™mass q‘“?

G&Uﬁ% y (dorards mkr):
Fock = 22

hes

the highest point of the wire, find an inequality which must be satisficd
(2]

[

o

T +R —"@&56 = wv?
Cn

hmg+ R —mges @ = me |

o

R (X mafasa"'q"‘d""ﬂf'
_ \deaSe"-l‘lmd +£3_'[Qa-—1)dq-+23q %56]

\

mOCoSe - l("'(‘j + (h’z)"‘d + '2”@‘:"56
= 3mgeest ~limg +e-3) "d
_ éwse +h’2'q>"’d

R~ Qued 4 koS

9231/23/0/N/12
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32 A smooth Sphere,

willy Centre 0
ccled hnriznnl
act with the
S contyey Wit

¢ i p-’- i I
H lyl i . c P
i i i ] [10:‘17.011[:11 P]t ne i
. | ‘ and radius 1, 18 llxc(l on a bl]']oolh : ; 1 11 "1\. I-I llcl] ]
. ‘ - 'll ‘r“ln [llL ]ligllc\‘l I)()il]l Of the h'phcl'c Wllh hpccd }/(559) vwnilc
, i ‘tical is dc y U.
\ 1 ArG; ] nglc I)C'.WC(,II, ()1 [‘lnd th UPWE“d VCIUC’II S d ll()th b 7]

(6]
h the sphere when cos 0 = g

P remains in cop
Show that p lose

Subsequently (he p
is 3. Find the vert
becomes zepg,

: -  restituti ween P and I]
WlCle colligeg With the planc I1. The coefficient of = IO bcllocily of P first
teal heighy of P above IT when the vertical component of the ve

(P-E‘. +K-E‘.)'\ 5 (P-E- 4 K-E)B

"‘a Co) "’-g‘_-* 322‘ = "16 [—q(a-as@ﬁ+,‘_"5_‘i.z

-Qmﬂcx - maq(msg_()_;m_f

O
22 = gawsd-ga + v

S ' = )
Aga= Agaesd ~fa+ v?
S
v = Bg_o; -—.'Zaacose '
5 m‘jaﬁe

R(&bmmds corter): &
mﬂ%se = R:‘E-:-:i

3
= maems —my
R = ngesd -~

= ma@.‘ie '_—E- [E;_ﬁ.} .-.Qaafcse"]
= maesf - 12m3 + -2""8""’56
a S

= 3mgcos @ —_12m =
R = 3mg —-:35
Whes pechele loses amlact,
R=0
m s -124 -0
=2 3ng° 'ga‘
bsh = 1279

=l
(Shan).

4
5

9231/21/0/N/13
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\J\‘e' COSG =i’
S
= q‘" _—_-)\l: Ee_q
g lla..ap\g_z\a,ggg,,é., )
’b} : 5] ’?’ 5 5 G
h= Q+0\050=a\+a<3'i):j§_9:-
Erml Vy = v anf
ekl 5 Y3 = [y, x 2 :‘%'F
mofen S 5 5 ‘fg—”
Usha v* 2w+ 2a s
& :2 .
ol a + s
%(ﬁfﬂ 8(5 K
= | xi@ﬁ' + iggc\ ‘.ose i} _H‘
3 5 5 =
w’ = qgéga, .
I |
w = qllg i ’1
D sm@ = _3..
=
te , W= 5 w
i . 9
W =5 [48gn
| 125 N
S l"" *(l)_(:,—’-_-'
for W, verdical he’cﬂm reached , e want
S‘Ml Q‘L&L %men+ to l?& ZE5ro - U.sel - "

N
2

Q

QaH

()

—_—

= u? 4 Das

(‘E;EJE-’;:‘);“‘GS) H { 4

2§

gl

2§
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33 A particle P of n

L ass 17 is 5 -
of the string g Allached ¢ Allached 0 one end of 2 light inextensible string of length a. The _olhcr C_nd
cehtne O. When p g at (: a fixed point 0. The path of the particle is a completc vertical circle with
string is 7" and ¢ Sll’ingl r; lowest point, iis speed is #. When P is at the point A, the tension in the
. . 3 i
akes an angle 0 with the downward vertical, where cos 0 = 3. When P is

at the point B, ap,
> ove t ) -
he level of O, the tension in the string is 4T and angle BOA = 90°. Find « in

' [9]
(x-€)re ) (kE+pe)

L g
o ™ GCO): Itmumaa(,',.use)
u-)-

____'_'V; all-cos©
@ v guieed)

vi— = \.L’-—-laq (\-—cose)

"W -ga(-2)

\l;:u. -'__—335
R(rerds conder) 5"

T —--namsg = “"':‘2_ .
a2 :_"l[u’Jlg“ 4-"8“596 "4
a Y
— 2
[ - mwLs t( 4+m [i] = me -megl
a ’—2@— J S a5

2= &> I8
W= w? J_Qaa (l+s‘n 9)
B ’la“ ('45;06)

wr = u-z"‘zaa( '+_l’) %sQ =

= ) 2 snbG=1.

w’ffﬂa“@—): W (B 5
5

Vrlw
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wa sih O + 1 - m@
J 3 T a
j = wm [uz"@aﬁ‘ —-més\“e
3 @ 5
T :8 e’ — 1279 ‘MOS‘V‘e)
a 5
T =2 8> - HYm ,_gmas‘ne
"o S
1 = > “]= 8m
- -t 23 B
a S
Then  m - = S’ - [Terg
a 5 A 5
35mq = Imuw
d= =
3ng = u?*
o] a w
Tm _
w*r = ba“
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A smooth eylinder of ¢
Cross-section of the cylinder, T
OA makes an angle a wily the
of mass m moves on ]
passes through A w
reaction between p
Itis given that R

adius ¢ jg

upw
¢ inner surf:
ith speed 4 alor
and the inper surf;

8 = 10R,. Show tha 42 = ag.

The particle loscs contact wi
verucal. Find the value of ¢

0s 0.
(K-E + P-E-)P' = (K_,;:,,, P-E-)B
_El.m.;_"-o—'ﬂa atos & o _i__,.,u‘+ vna (-acoscc)

- e 3 OA Cesd—-

——

2.

2 — gqa s &
L. #—g

a0
W + lfaqm.sﬂé: v

o* o+ fge (t;i) =
Kl 3

ROD or 08 cem‘?—”) ot A ghes
KA—;"‘O cos & = fi‘:t

2 ’rﬂ(j —?- :mu.n’-—'?-:-—:'_é )
Ra = mt S = 5
oo

(4 i q./,kf)“"l/ Bawes;

R o RB_J""ﬂCDS‘ZC% 3 V3a] v _:.3-]
Rg = —Z—"EL +—é—] d1s

2{3 ,;mw1 4+ P:-—S

X
5 [= %
/';:' 5

<

= 2 " E s o 3m
g /\O%—BE’& —j-——-"—:“‘ J
2 ﬁ;{j

0231/21/0/N/14

e

{1

- ; is tre of a circular
lixed with its axis horizontal, . lhf: point 0()1:311;120‘:;3:“ ] the adiug
he line AOR is a diamcter of this %‘IIC!J]ﬂr cr ! =l A particle P
ard vertical (sce diagram). It is given that cos a =

5

'oss-scction, The particle
ace of the cylinder in the planc of'lhc c.:mh.s’;}cl:cl:g: njludg e
18 the surface in the downwards c.lu'ccllon. . CR \fhcn il
ace of the sphere is R, when P is at A, and is R,

(6]

; i ward
th the surface of the cylinder when OP makes an angle 6 with the up

(4]

i R

10 wu* — 30"‘3
S

1‘_ x )
ﬂﬁ:_ D w>=aq
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cnd' of the string g attagh Altached 10 one end of a light incxtensible string of length a. The other
Pl'f)_]cctpd hori?‘(’“tally 5 ed to a fixed point O. When P is hanging at rest vertically below O, it is
it is at its high, - 1n the subsequent motjon P completes a vertical circle. The speed of P when

Cst point ;
Iti 1S U. Show that the least possible value of u is v/(ag). (21
1S now given that
{= i
coalesces with, 5 station:/a(f o When P passes through the lowest point of its path, it collides with, and
after the collision, ¥ Particle of masg }lm. FFind the speed of the combined particle immediately
(4]
In the subsge
- SHbsequent meyj
string is 7. Ring g ?11\ "whcn OP makes an angle 6 with the upward vertical the tension in the
Pression for 7 in terms of m, g and 0. [51
Find the value or
L cos @ i
G"D‘ N whenpthc er:rég becomes slack. (2]
= £ &

e uz Jde8
e leasd fbssib/e deebjf u:\]’%—'

T 5 g v g = age g = Sag. Then v -
\)Si\"a V,;,,C'.Fh: D& ‘a'"‘f 05 +—Lm \; /‘
m@ﬁ@*?m@ze“
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2.
pr—
L5\ AVIRE
L (8) v Yo st - 25 ) )
Sy 1 Sngs +Snguesd= £2 112 5% "1
3k ¥ T
- 2 6 o 4
SmV "~ 4 Smga 4 S5mgaesV - 2 “3
- b
5»"‘4-105““05“&9 ’léao\ Pon
sv* = 6(34—!23&6056 o
\Jz; ga ('5': .-.'Za,se)
ﬁéwwcjs CW)S T+ fnafosg = Glé'—”«‘ ) Vl e
a ] =
2 0
T=2egy ~Emgesd T,,s»a
57 .fj“(é —26.,59) —'E"\dcﬁse 1
fra S |
_g:ms -—%m‘jcosﬁ—s(mc‘,se
(T‘ = i"ﬁ_ —- |5m3coso
. 4
\J\\ffl «5’}’"\8 Eecm'.e,s S\a&{-;
T=0
émg_ - 15meesQ _
-~ Y
o =228
02 _a gy
_——I:kl 30 5 - .
e . o
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'
]
\
\
|
|
|
|
|

~4
|
|

“
|
)
|
|
|
|
|
'
]
\
'
1

n

A p(“‘i\‘lc l‘ “r m

ASS m s Ny
8 lree
a. The centre 10 moy

. ¢ on the smo i ac afli [ of radius
of the sphere mooth inner surface of a fixed hollow sphere of r

opposite sides of the vertical I8 O, The points A and A" are on the inner surface of the sphere, on
cal through O; the radius OA makes an angle a with the downward vertical

and the radius 04’
! makes an g i \ ot i : .
the sphere, vertically below Olnglc B with the upward vertical. The point B is on the inncr surfacc of

aN an angie ’B W . n v UCh [hal OB

I

ard vertical through © (sce diagram). It is given that cos @ = _1'6'
(i) P is projected from A wit

h speed u along the surface of the sphere downwards towards B.
Subscquently it loscs conla 5 P

ct with the sphere at A’. Show that u? = %trg(l + 24 cos ff). (5]

(?E% K‘E')h = é-E-—H(E.)N v
> A
md(-acas.x)_.,i\_na = m (““’SP)*'iL"’“Z
—aamsz( —f,&; :aa&sP'f_:i'_.-
_Jda,cos¢+ u.L = Jﬁata,sp 4 v =
J* = w2 __;zéacasa'—%qmsfg
N - LLJ-__QOQ (coscz—fcosﬁ) ,
A
R(%ﬂwuels c@\k‘f) a'} A’:
2
R+ma casP = :1(:'-—-
Since contacd S 1 st MyR-0
p =
S Ayes P =AY
a(j“sp S Tie —-.’.'Zaa (zsac-lrcosP)
el _zaa[,[lé +Cos‘5]+aamsF
- .?az + aﬁa.&sp 9~ MSP
)

LLJ- — aa -4 Ban ‘bSP
&
2 . laa | 42 i cos J .
w 2 8 E P

9231/21/0/INI17
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ere at B', Find cosfi
(Ff- 'rK-t)B = (PE-+K-E)BI

()t 1 ur _ ]
=" iy (a.-w-coszp) + L mV

po §

mu® "

= a (| < a8

- 9 (+a=s P)"’ &

_“-:':—T = 43‘\(”@5.2,3) +,_i__,2..

p B
@ (-‘lWNAS (&04@’) =
MB,R=0 =

Then

= U-:L—%q (Has-?'?)'
Rirgas2p = m¥
(=N
mgoos 2p = mV”
oo

ag@s2p = v

agesdf = u>-2ag (nm:zp)
* 2‘3(““52?)"“3“5 2p

wh = Qca + g s 3p = ag (_z-._ac._; .JF)

1 _as (n_’zl{cas F) - nS (1'3605.‘2':3)
] sz‘tn&P - 16 v 2Y4 os )I?o
lé 24 ¢ )? = lé—- e~ [2(‘5"}“ - IJ
lﬁlfl “bP: ‘6 - zfsz,np - :ltf
—118%’)3+2Hasp+q -0

0

W

|

e

LC'\') ‘OSP = %

::) -"'{3?.2+ .?J{x_-,—ci-: 0
161> -81 -3 =0
lb1*~- 22442 - 3=0

’L‘F -
&,5?:% 05'|C05FT-:__,
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- (iii) In part (i), the reaction of the sphere on P
* of mand g.

when itis initially projected at A is R. Find R in terms
131

T T R

s 1)
e
= ﬁﬁf‘,
=3
R (e ) -
R-mgye= = =27

T e ——
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37 A particle P of .- -
a. The centre 0;}:;‘18: ~m| m h?c 10 move on the smooth inner surface of a fixed hollow sphere DIERgiLlS
O. The points A :\ndhf[; — .() and the point C is on the inner surfacc of the sphere, vertically bc,l?w
diameter AQp Wakes on the inner surface of the sphere are the ends of a diameter of the SphCl"C- I'he
level of B, e pnru:c;‘il ."‘cmc'“"!‘-lt‘ a with the vertical, where cos & = 551. with A below the horizontal
sphere towardy ¢ " © I8 projected from A with speed i, and moves along the inner surface of the
© e nomrmal reaction forces on the particle at A and C are in the ratio 8 9.

(1) Show that 12
that o2 = dag, [6]

(KEAPE), o (kEPE),

s:\_m.ll +ma (o) - "i“"""t.l'*' m(j (__a(|—a>sa:))
Wz ve? -ge(i-es)
ol o B
W = at+2ga(i-ese) - N
w

3
PE-Q
= 2 Y C v
= w +laa<l-—5-) =
<\
v"\a

\fc_l = w4 23&
5

MR R(): Romaes 2=
) (ﬁ).ﬁﬂd P

a
mu
-
G
Rp = mg s+ mu’
o
mdc‘sﬂﬁ

"
pt €, R(T). Ro-ng = mw?

o ez [y

a
P | .
Re = - T2
RA ;:,54
‘___-’"
Re 1

a® 4 T
q m(j&Sd*%“_}: 8(:%\_-4,_;’&3-)

56
4—?"0“'15 LHmu +2__'."J_

o‘"‘dwd =% o 5
e = en ’q'?j(ft"') 2D mut =
ot 2 5) 2 o tmg

9231721/0/N/18 u* = Qnia\ =y

e
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(ii) Determin
¢ wWhether 2 oy : : : " the sphere.  [6]
TP reaches B withou losing contact with the inner surlace of the sp

(K-E‘ + PE)A = (](ErPE)C.

A
__i__lﬂlk +"d(o) - _Sl-_muﬁl,}ma (2-&.0&54()

__2"_2: p Va‘ ,\23‘\ s «L
2 2

'JB"L :LL‘-lf-Oa oS .
= Yog-lbog ()
v = ~ 16 Y
B = = 8.
4y EH -2
Sace ¥4 20 P reades e height <] B
. -+ = m\ll
R (bwards cener): R T mjosa = mu
Re vp*

m B - WJCOSA:

“(2) - (1)

5 5
/]Ih"ﬂ o B; RB 20 - Pis 5-H| J«s-} n Caf‘l-’nc-{' with imer .S‘u.rj:lce oJE Sfl\e:f-

)|

9231/21/0/N/18
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A particle P of
> ass m is awacpy
;)’filsherit‘rmg is attaf:hcd toa ﬁxchd;? One end of a light incxtensible string of length a. The other end
projected vertically g OWHWarI::I Smt..o and P is held with the string taut and horizontal. The particle
With speed +/(2ag) so that it begins to move along a circular path.

The string becom
Cs slack
"hen OP makes an angle 6 with the upward vertical through O.

(i) Show that ¢og 0=2
: [5]

3
(KE +PE)y = (KEs P.E.)p
| a2

.-I"?V +ma CD) - ‘5{"*"%2 +“a (r%se)

vt oo u® -épe.s@

v = T .'lcjr-\ Cose —_— (‘)

R(“)’ mgesf + T = mv?

a

T = %‘"{jkse

A+ 8; S‘Lnra becomes Slack « " T=0

D P = est

T :_aa\(:ose = (D-)

waS'!i-JﬂcL\-\S (2) M (l) 8.‘465 :
g4 a5 C,J;zaﬁ))... lé o cos O

Schoose = Qd“
absa ’—_:'Eaf*——

5(3 o

a:s(‘} :-—'é—'“ :

9231/21/0/N/19

Scanned with CamScanner



vu = . sequcnt motion.
(ii) Find the greatest height, above the horizontal through O, rcached by P in its subscq

(4]
_5a s
s 2 )

~ Ca 2
= > s.»e:;gS_. =) H=atacwsO =t (5
V2 = 80.(:959 :aqx
v = o
ok
/ﬂm as .S‘Lwhg keta-me.s S]ac'a)
- h = (=N kE: ;ﬁ- .
g=es '\J’;ag ey 21
a
\}65'47&:-”-3 ) ég-f Y- 70 \1&.‘6['\-'-)
JuT = o .ZQ_%
0" = ([ |+ 2Ca)k
2

N
5 3

(1

I, - log & = _5;)3; - A0
- S = a4 27
e
29

g 5 _ bhoeo
= boa. 4 2™ <=
/\;_}-cu\ L&O\q" rc:acLEA -:gf‘ ’5:’] <21

- - 2Ba _ 0.852a.
it renehedd cbme 07 585707 = i

—

a7 -

9231721/0/N/19
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--------

- ~=
-
-

(]
S
Q '
l”

P
, /?foag

~
~
---------

A particle P {5 4

. § attached ¢ . \

is attached to a fixed poi:t%le]flnd ofa‘ light mextensible string of length a. The other end of the string
- 1he particle P is held with the string taut and making an angle 6 with the

downward verti
) tical. The parti .

icle P jg ‘oj i 4 : :
just completes 5 vertical eirclq (os di;hgelzlfll)qected with speed <+/5ag perpendicular to the string and

Find the value of cos o,
(5]

Led) dp b de venbeal civele 1y feued of eeso plobal.
_..:.li-m\v‘z +mg (\:) = —Q‘T"“"'L'i'm(j <_ Q(HQ’SG))
v - 2 __,@(ja(l.;oase)'

W
) —_—

l .
vz u? - 28"‘(”@56)'

A+ 'Jor; dengiom is zere smee phcle gust cam,;]eale
A vU“!‘)Cﬂ'L cexrcle :
3
m = wmv
R @) T3
= v
3 o

J 2

gx =
Sllos%'}*’}’\‘a a';: : (%\I'?{j):— Qaj G-H:ese)

5 " 7O - g (1ees8)
ge = _iééf—‘ ,:zaa—&aac‘osﬁ
5

_:85‘: - —-Qqaf-ose

L)
=g~
7)%56:/—?—-—- =L e ws@=_L.
~29 % 10 |0
9231/31/0/N/20
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A fixed smooth solig sphere h
with speed 4/ %ag from the po
upward vertical through O (se

of the sphere. It loses contac
upward vertical through 0.

f\s centre O and radius a. A particle of mass m is projected downwards
Int 4 on the surface of the sphere, where O4 makes an angle o with the

S d‘iagram)_ The particle moves in part of a vertical circle on the surface
U with the sphere at the point B, where OB makes an angle 8 with the

R -2
Given that coso = 3> find the value of cos f3.

= (KE - +P. E.)B
"‘):'- Loty 3 q) ((—cosp)

= ML v
A

Since x B, P\¢O (sme pu%‘c)e Joses fcm]nd)-.

— mgces - mv®
O ) P =

8@5}3 :_(i;;
A

5“‘”5P¢U -

9231/32/0Q/N/20
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_.5.39-‘ a(l"‘osp)ﬁﬁa@s'g
o COQF

é
ng\_ —528 a+2(jo~

6
At B) M K, - -'c‘_‘j““’s ig
1 ¢
%{mvi +m{j(°) g i‘““”mﬁ("" “5“1"‘&’5?) _
P4
= 4* 4 ga (cosq-wsF’) PE=0
2

o2 = u_’-,;-ilaa(fosd-“sp)'
2
Subs'H»vkna w= 32. -,co54=_3£ end\ vr—aa@s)ﬁd.\aes:

gows B = @)1 23“(5— ‘%ﬂB) .

% A 4+ 198 _ 244 cos
gresp= = «g— S
2

380\:05)3 =
005? = 3/2 42 =

b
3ge 2

Scanned with CamScanner




41 A particle p o

f ma . _ :
surface of a4 hemisphif-'m lls moving in a horizontal circle with angular speed @ on the Sl'IlOOtI"l inner
the surface on p iSO 1cal shell of radiys », The angle between the vertical and the normal reaction of

() Show that ¢ogg = -
@

R(’T); RCose.: ma 2 R;fgé_
R(‘é‘) Rswm@ = oo
Renmg =m rs:\we)wz

mé)_ = h‘\f‘ﬁdl

Cos©

0056:_”_"3-
=

my W

wse :—‘a';‘
Y o2

9231/32/Q/N/20
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The plane of the Circy]

- ar motjon :
speed is doubled, (e ; Molion jg 4 a height x

lane of { : i
ne of e motion is gt 4 hdl?O]VL RIg oot LiSfell Wiien fislangu et
0) Find x in tormms ot cight 4x above the lowest point of the shell.

s = vo o !

.Iz,
(V]

':E}Le new Si')'uo:})b\n,

CoS & = r—f—tw_

: i
amd wse=__ 4 - =_3 . A ]
C—Qw)lxr ™ v r-2 =7
Wz
“Then _f_:_L‘_}_, = —J—
'S o™
L{(f"f")'.: ”%———3(1)
—_— @
o
Su_\p:af)&v‘w‘\“c‘j aMes’
_-——-'1’;" N
iy Yy — 16
5 = 37

\ j—____j_ﬂt”ﬂ/O/NﬂD
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g : mass 3, y '
particle 4 hangg i, equilibrium . The other end of the string is attached to a particle B of mass m
at a distance x vertically below the ring. The angle between 4R and.

BR is 6 (sec dia T with constant ang
gram). The icle i
particle B moveg In a horizontal circle with constant angular speed 2\/—.
a

. [ ]

Some 65 I‘HT

9231/31/M/1/20
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43 A hollow cylind
. (1Ger of ragdj : .
of a vertical circ|e of radiuzs a 15 fixed with its axis horizontal. A particle P, of mass n, moves 1 part
@ and centre O on the smooth inner surface of the cylinder. The speed of P

thn it iS at the 1()W(:S / _‘:
t pOillt 4 i
fllS ll'lOtiOl'l iS
0 2 ga '

The particle p loses
cont i
act with the surface of the cylinder when OP makes an angle 8 with the upward

vertical throy gh O.

(a) Show that @ = 60°,
o [5]
\Us! 9 poinc P\e ,_-5 cnsevation o} eoe('j 5L
_i.mx(Ji—aa) +0= ma[q(,_wo H.f_ﬁl:mu)’ ) B j)
2Ge) A leohds
Taa

- 66\—1—3:; s+ v
2.

'S

2

e = 730.#284#25]&@56
o 18

R(—-}DNNASCEJT)GJ’):
R+ ma cocB ;% , 0
R4rgesd = g - 290~ o= i

6; T1mg —m —.D.wacose
R g e -'5_"3 (j
R = Zng — any =58 mg=es”

o 1
R ~ 2] _3m(jﬂose'
20
5 0- 2% 77U
Bema—
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(b) Show
that i j
S Subseqy
N QUent motjop p strikes the cy]mder at the point 4. (5]

'-28‘:‘ '%QQSG -—984 CoS@
_ff‘- - A%jq &S 60 :ﬁ_;_— X

V;Jjﬁé_.

T =ash 60":__?___4_3_.
. 2.
e “The Fw-%‘cle mist move 2 J3wm hen‘:_ar&nﬂ(]% reach A
2

'

When & = 60) 2

Vy =Veosgo” = [g « | - T
rd . % =_
A2 .‘L\Jﬂ;’

R R -1 ey [y e
L gl Aig= 3

j "F A Since “C{jH . P“Lc.n i’ lme; 6’-‘«;8’
“This MSf =& pen J

_a+ax_] = 3a
4 A S 6‘0 = = S ——
e hE#& = -

9231/31/M/I20
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A light inexteng; 3 . i

is ate:ache d t:[;ml;l:-sn Ing of length g is threaded through a fixed smooth ring R. One end of the string

The particle 4 11121 Iicle 4 of mass 3m. The other end of the string is attached to a particle B of mass m.
Ngs 1 equilibrium at a distance x vertically below the ring. The angle between AR and

BRis 6 ' i
(sce diagram). The particle B moves in a horizontal circle with constant angular speed 2\/%-
Show that cos@ = % and find x in terms of a. o
For A ) R(’T‘): 1= 3"’8
For B9 R C‘T) s
" les@ = "'"3
= 3"8 sl = "“‘3
2D s =_m4.

TemQ=mrw™

Aend = mx(a-x)swd x 6 B3

375 s/@/ = s G} = g

2

Fr B, R(&):

a
20 = Ll@~z)
Ba = ha — 4=
4z =@

r = —

b

1120
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A particle Q

‘ ot o ] -ine of length @. The
hart > O Mass m is atia . : ieht incxtensible string gth
patticle move ched to a fixed point O by a lig and B arc on the path of O with 4B a

3 §1n con : : )
diameter of lete vertieal eireles The points A
the cirele al circles about Q. The points '

S €irele. O4 makes an angle of 60° with the downward vertical through O and OB makes

an angle of 60° \; Y -
vith the upward vertical through O. The speed ol O when it s al A is 2@ L

Given that TA and TR

[6]

are the tensions i (he string at A and B respectively, find the ratio 7;: Tp.

(K-E~ +P-E)n = (\<.E.+P.E.)B
a
énx@\f:a) + g (e ;_i\_muz +ma(gaasé°°)
2 xag = e
R O

208 =L +gn
= ag

D
gz: 29\8
vz J2aq -
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