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Past Paper Questions: Matrlces |
2 0)
[

. | !
(8)  The transformation i the vy plane represented by A 7 transforms a tnangle of area Y0cm® mto a

1 m.\~(

| tnangle of area e’

3]

Find the value of

det A= 2()-0() = 2 |
Iaf A" quis\'"is a —lm'nnalc vfarm 3l')='-~:l indo a '}n‘udh v{m dcn‘,

3 Hen A -L’A-\s){tn'ns a 4«'“3(( 95 arer d cm? inbo & 'l-.'q,.ﬁfc rj arm 30em .

Avn of image = [det Als A of cbject
30 = 2 xd
a =15

(b) Prove by mathematical induction that, for all positive integers 7,
‘\” N 2” 0
) 2"—-1 1/

let, PG‘) be He shadoment that A" =<a§,] CI)) .

Bagic cage: n= | - )

L:H*S. = An:Al: A -_-(|2 Ol

Ris. = (3 0) /2 °)= T o)'
-1 | -1 | P

o5 AR :z" o

Tnduckee 5{ef” led, PG“) is e 5:’* n=k. 2 A = (.’2“.-| ‘
eel _ Ry _ (2% ©\[20). 24040 0+O>
h A = <2R'l \)(I l) (2(212")*\ 0+

le-i-l 0
(QR‘H - |

H n= l
S Pl)is e foe n= k¥
oSihe i n m \cal  induchom.

:) F(n) s 4”{. %r al l?oSlJ\‘E l"‘)?fs Ld C(')'LCMG')LCQI

1}

"
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n
invari ion i ane represented by A"B
(€) The line v = 2x is invariant under the transformation in the x-v pl p » Whey

1 0
B‘(33 0)"

Find the value of .
pcg-T 20 ot °f &0 orf 0
n - 1 {133 © - 9." |+33 0+0

is m
Sm(‘e ftke ‘me gj ,'2'1 \5 mvanon—\' Qa F°m+ (":;2{: PFGA

(T, :z'r)
MR
A NEM
[@Rf:a{;)io? ) [QT]
[ 2t ] _ [T]
@ sy (2T
S =T 50
3 (@3t =47 —@)

D\'.n' a' e (2) Ld (‘ ) '

gQ"+3Q)’t = 9_—;
@)+

Q1432 = 2 Qn)
32 = 3"
2% = 2
=) nh= 5'
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2 The matrix A is given by

where £ is a real constant.

(a) Show that A is non-singular. ' (3]
-
_ _l _‘ e} (o] _I 1"& o \
o\eH\—hll B e O L
= k[nﬂ] —o+2fo +l]
= k2+\2+2

for A 4 be singubc, det A =0 9 k’+h+2L
h:-\i\]lz‘lf@&‘) -;;D—-__@
2(1) 2

Na rep.l ra‘b'l"S‘
Since R "'?_917 A & now -s?na-klmr Csince det A #0)

The matrices B and C are given by

0 -3
-3 -1 1
B=|-1 3andC=( 11 2).
0 0
= =3
It is given that CAB = § !
-1 -3
(b) Find the value of k. x o 2a|[o ~3 [3]

CAB=[-3 -l ‘] o -1 -I[\-t 3
[u | X

1 -
2 2= (akel 2 -5-k||0 72
a4 T T Y |

40 0 0

-2 ——g’*_‘ - | -2 qk+3]
- =2 -1 -3kR-3

R+ 3= 7 k=

&

-3

-
- —

.
|

Bd mrﬁh‘s"“J 9
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origin, of the transformation in the ,_

(¢) Find the equations of the invariant lines, through the P
represented by CAB. ;

CAB = ["‘
-\

Le-‘\'reﬁuﬂ*}’“ 05 cnvanan+ ].'nes d:mz-

=) S R
-2 |mt] (T

Pl bl

2
- wmT - @)
—t— ¢ = M
t %"1
D;,.'o\.'nﬁ @) "3 ')'
_ ___13_\‘11{' .___mT
-2t-3mt T
2
S L
—2-3m
2
R
-2 -3wm = —lm-3a™

Bm® +m — 2 =0
3m* +3m-2m- = O

(8m-2)(+1) =0

=) m=£7—|
S

+ Equachons uf invagart line s : Y=5% and g=-=x.

9231/13/M/3/20

CamScanner


https://v3.camscanner.com/user/download

R|

The mattiy M represents the sequence of two transformations in the x=1 plane given by a rot: tion of 60°
anticlockwise about the origin followed by a one-way stretelin the x- -direction, scale factor d (d #0).

(@) Find Moan terms o, (4]
s €o° ~sh €0
Sin 60 5,560
o)
|
4 -84
Y =
M = G L NEY L
O+ ._;_ -0+ 2 X

- i . : . 3 () . 9
(1) The unit square in the x=y plane is transformed by M onto a parallelogram of arca 3d” units=.
Show that d = 2. 2

Aﬂ)\o& unrl’ squart = 25_{-'

} Jia(=_d_ 3d =d.
aaﬂ_?(,;) ,.()q 22

Arﬁlo§ Pomﬂe,laﬁmm :[d& H\;Mo}’mi’f‘s?&-’f
A d) x 4

"

1]

ol
4* =4
2
d:l‘
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]
1)

The matrix N is such that MN =

9

(© Find N,
s asq (o8] ‘
d=29 M= | = 5.
3 B
E 2
ﬁ)-—-

(d) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plan
represented by MN. (¢

LE:)r, eq.wd-?m of» |'nvan‘an—\» lne :J:mz.

+ 2
5 tamt =T = ()

9 Lielmt=mT @)
Diide @) by ():

+ -
E- Ry
+amt T
__|__+.._L'm
2 2 — m
= .
L+m
2
_L_+_Lm = Mm4m
9 2

| +m = 2m+ 2m?
:) ,’2“\1+m—|= 0
2024 2m-m— 1= O
(-Qm—l) (m+l)= O '“’3’:) =i

. ‘ 5 = | — =
‘-Invaﬁan+ ‘\nes' d—‘i"x)d" .
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The matrices A, B and C are given by

—_— D —
O - O
——
)
=
o
(@]
1l
|
—_ o
o —

where £ is a real constant.

(a) Find CAB. (3]
CAB
2 R R[]I PO
- ro | ‘] 5 - a(|o |
-l 2 o \ o 1 O
- 1 O
- |6 -l 4 ] o |
Lg -R-2 % +6 . O

(b) Given that A is singular, find the value of . (3]
; |
Al 2]-k|5 3|+R|2 \

det A Q\ 5 l) S Lo

;Q[—l—O]—k[S—B]-%kEO +|}
det A = -2-23k+R =-2-k
Since A 18 sfnaulo.f‘) det A = 0

5_2-k =0
R=-2-
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' . fth
(c) Using the value of k from part (b), find the cqlld“‘é’;;
the transformation in the x-y plane rCI’rCScmcd by .
(0]

10 -\ 10

e () (1

-

k=-29 CAB =

le OQJ"“"“’“"; invoaant line : ngi-

> e [5)=[ 7]
9L
& Oimt mT
T

6+ = 0

|

G- T D

D.'vic).'na (Q) bd (l):

bt - w1
(lb-m)-}: T
6=
[0—m
£ = IOme\1
wm? = 10m 416 = )
m* — 2m-Fm+1 = O
(m-2) (n-8)=0
W\:Q78-

:) E‘W‘\"”“”S 05' Invan'nn"” Il'neS'-d: Q'l) ‘j—"— 82 R
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> 19

§  The matrix A is given by A = (

~J e
oD

(a) Find the set of values of & for which A is non- -singular,

(3]
det A= |lk 6| -2 lf, 6 +3|lt kl 943 :z( +3(3a—1k)
det A =‘ih—l|8+l2+‘ié -2\\2 = 60- 12k

A s non—-sinJ\qu .'f J&A #O
2 Go-12k #0
-2k # =60
R+ 5
(b) Given that A is non-singular, find, in terms of &, the entrics in the top row of A™", (4]
a, = 1 — \k 6\: Qk-48 - 3(3\2—:6) . 3r-16
G-k 18 VL T Ton 3Re-yk)  %o-ik
- y 6| -(6-42) =6 =_ 1 .
i 60-12\?\ 1 ql Co -1k géo—qh) lo-R
QB = L,‘ h | = 32 ’7R .
Eo- IQR 7 8 &o -12R
T ael® A Co- 12K GD.-le 10- 2R
4 -R
2 3| 12-3k) = 12-3R =¥~ %,
a1 = G\— ”EE( ) Co-ik  20-4R
6o -2 | R
3r-16 I ii;:_:?}__
TP} b-2R Go-12R
i W
o-2R
4-R
20 - 4R

When '\fa.ns‘?a‘- oS meddn 1s
@, switches rosi-km with agy-

%ﬂ\c\ Q. swtches Fos-"};m with a,

and

. ag-16 .\, _4-R .
= ’r," = bf A 0-4Rr 1©-2R 20 - 4R
9231/11/M/) 22
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21
(¢) Giventhat B = (l 0.0 C such that BAC = (k 4)'
1

0)» give an example of a matrix

o

[ o © fia 3
B_[O‘O]’A'kké
7 8 9
I 2 3
=1 °° I 2 3
BA{O\O]QR6= 6}
L R
1 8 9

Let, w v
C= woox |-
J z

3 w v u+2u+36 V+2‘1+3Z. _ 2 i\
D BAC = | 2 _ _
[‘t k g} - ’; I+u+b-'+6(j by +ka+6z R 4

d
B&j CO"‘\‘Z—‘J\‘S“] wi 2w+ SJ= 9 v+2z+32 :—L"
and 4u+\zu+6d=|°\ by R2+62Z =

Suslem is SCA\'S}.‘&A Lj: w=0,w=l,4=0

and V:l)’X_:O;Z:O

o |
2 C=|( o

@] O
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. i AR
(d) Find the set of values of & for which the transformation in the x-v planc represented by (k 4 has
two distinct invariant lines through the origin. [6]

led .iquon‘cm+ \.‘ne_s kwe —lke eiuq'%mn :d =mx.

RS
Aemt =T —20)

ki tlhmt =mT 2 Q)
Diu:e\'ma CQ) l:d CI) gres:

k‘\:‘t‘&"\'i-_ = mT

A2+ mt T
R+ bewn - wm
2+ m

k+l{m :ma-l' 2m
0 =m?*-2m-R

for o dishnct vanont lines, weréquive Fwo digtnct values o)[\m

5 b'-kac =0
L)) = ©

L+ 4k =0
k?:{:—

k= —I-

2 \_g_b . - 2 \.p o 8-k=0 2 Ek=&.
'M(k 4)‘8 e Tf dd:(k u\

kR L g 4

G

2 4+mt =T
Rt + Umt =T
2 Btthmt =T 5 B4 = w
BttimT = m ot
2p+mt T 4™
y(24m) = m D M=
2+mM

Then [z t}[-’t . & invasant e (s):

- “Then Aese is ome invonont kne n'Jc m= U - 2
) 3 TNere ot Ao dighnct Invonant lines 1'7[" k>-1 and R #“'
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The cubic equation x> + 5x2 + 10x —2 = 0 has roots a, ,B, Y-

(2) Find the value of o + 82 4 y7.

=-5°
_ -b.-5=
Zadfclﬁ'?"'ﬁ "—Q"‘ I

o =0

= —

zdp:az?+dﬁ+,36=-§— I

Sa’ = (E’_,ac)z- 2 Sap
(a6
=25 -0
= g.
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l a f
(b) Show that the matrix (a 1 y) is singular. (4]

Byl
|y o« P
Le-hA-[ql ,1
B ¥ 4
zu xi)
de)cPF‘ ld Pg ¥

"

|[l-—b’ J—d[d“PKJ-*ﬁ["K'F‘]
-3 —acz+df3'1f+dP3"Pl
|- (a®+B 4+ ¥2) + 2B -

d?'ﬁ:-—-&\: —-C’ﬂ = 2'
l

a

1

S det A= \—(5)-\—2@)
= 1-5 +Lh
= 0

2 Mok A is sinaular.
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l a
7 Letas (0 1) where a is a positive constant.
(a) State the type of the geometrical transformation in the x

Sheae i Hhe x-direchon with SW%C}W ‘:

)

P . X e n,
(b) Prove by mathematical induction that, for all positive integel /> .

" lna)
A=l 1)

led; P() behe shaemed- fat A= [| na:)

o |

Basic cqse : n=|

LH-S-= A= A'= [u a]
01
|

o [ ]

2 PQY is e
:I;dmc-kve SJIQF : Le_h P(;r) .'s-},ue %‘r n=k.

3 AR _ || Ra
7 A '[o J
Ah+|_AkA____ I Ra||ll af _ |+O'd+kq]=[l G-tk)q
- 0 1]Jlo | 0+0 0+ | 0 l

=) PG\) is e 50‘ n=k+[:

—y plan¢ represented by A,

"ﬂen, l:d mq‘B@mq"‘v'CQJ- I'nAACL'm; PG) ;S'LM.E fl?( QM Pcsylkvg |‘n"€$“5 n.
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b b . ..
Let B= (a_' a_l)’ where b is a positive constant.

(¢) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane
represented by A"B . (6]

AB=]1 naf| b b _ b+n b#n
o 1t & ot &t

Le-h eﬁuq-\'m\ o?_ huaﬁm+ live : agm,i

) )

b+n)-\:+(b+n mt = 1 — ()
((a">%+ Gyt =mT 6

Di-aa\a\s ) by C\):
(z{' v a m){- _ :ﬂ:

[(L +n) + (LM) m] t T

4+ m

(b-&‘:)a— (b‘:) ™
mtl = m Kb-*ﬂ)'*(bm)m]

(:»f\) = am (b-l—n)(m'l'l)
am (b*n) (m-\»l) ks (m+ \) =0
(m+ﬂ[cm (b+n) = (:] =0

Eifher m+| =0 o am(b+“)=|l |

"M = ———
rn:-—[ oY a.(b..w\)

= m

2 Egquatems D§ mvanant lines :

d‘:——-x_ or d‘-'r___l_ r &

Q(b+n.)
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0 I/\0 1

(a) The matrix M represents a sequence of two geometrical {r

8 The matrix M is given by M = (1 b)(a 0). where @ and b are positive constants.

ansformations.

State the type of each transformation, and make clear the order in which they are applied. (2]

1&m§oma¥m vef-es&nha Ld [o. 0] . Shelch i z-direchom with skelch fﬂdw q
\

o |
|
Tmns&:vwwyud"\ vereesenéea\ ba [(l) T] + Shaar in z-direc:'}idﬂ '-—'l'ﬂ\ shers ch}w ‘a]

Ovder a‘Y’ -Luns%mackms: Sivedch J[;“weA LU o Shear .

The unit square in the x-v plane is transformed by M onto parallelogram OPQR.

(b) Find, in terms of @ and b, the matrix which transforms parallelogram OPQR onto the unit square.
(2]

| b a Ol _] a b
M= [o I‘X[o |1 -[0 ‘]
det |’1= C\(\)-b(o):q.
- Ly -b | - l/& —b/o,
) o [O a] [ 0 |
2 Halwn Ahat ")mnsj;vms Pa.rnue\.oa-ram oPQR onto wn it Square

. I‘l« —b/&]
@) 4L

9231/11/0/N/20
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It is given that the area of OPQR is 2cem? and that the line x+3y =0 is invariant under the

transformation represented by M.

(c) Find the values of @ and b.

n._-[a b] > det M=a@)-b()=a

0 l
Afeao-P P QR = ldet T'\‘&Arelqj:un;‘}'gy.wrl
2= lal x 4
) zlal & a=2-

-t =L "9C'2)
3 3
T
Diide @)by () =& | Z=
ot —bt. L
)
=L 1
2=
2-b
>
o)
b =4
3 ¢
S b=3
9231/11/O/N/20
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Jant, has roots &, B, 7.

9  The cubic cquation Vaer+l =0 .wherecisa const

2y I ‘ | o
(2) Find a cubic equation whosc roots are @ B

let cs=z"‘=a v-y?

(a ) (d")

=- (3+\)
4 o +)
ST -~ (Pr3f 3

a roo+ -4 )
ds—r 3d2+@3+3>d =+ | O has S P

\

(b) Show that a® + ¢ + Yo =3-22.
83+ 3¢+ Cc3+3)d +l=

— __’_3'
Soa® = Pepiat’ 3

5 343 =+ 3
= e /—__
|

Sha P ¢P+QK+PB

> Zaf - @) - 2(51’“3?3)
= C—-3)2—- 2<c3+3>
= §= 2c2-6
= BB:® (S)-\own) |
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1 o ,33
(¢) Find the real value of ¢ for which the matrix [’ 1 y3 is singular.
Byl
| «® p?
LC*[ A= 43 | 53 ‘
P3 643 [
3 3 2 33 + 3 dg l
deb A= 1|1 B |-a®| %, Pl o
51 p> ! P

=1 [1- 88 a3 7] + 53[“353—'53]
T +Q3P333+Q3P5X3‘P6
det A = 1= (wbpsr 78 ) 2p°8

Fom  eguation J3*3:31+(C3+3)3+l =9

3 - o
w2p %= zd = =L =

1l

a |
5 det b= 1= (3-22)+ 2 ()
= |-3+23- &
det A= -k
For A o be singulary olek A=0
= 2c3 -4=0

c3 =2

(&
c=Ua.
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10 The matrices A and B are given by

I
7 2

Ny ( ﬁ).
o sl

2
planc represented by A,

(a) Give full details of the geometrical transformation in the X-y

Re¥\ec-kcm in Hhe \ine d: z -
(b) - Give full details of the geometrical transformation in the ¥y planc represented by B, [1
: - sin® = 52
% Com‘:arfsar\b cos 0 —onB ; s © __:!;: n >
sn® s 0 = g =7
B-=3 3

vadians in 'H‘e' an*r'clachﬂ"se "l"tc,.‘m QL"‘C'_’R’E oy{d;hl

:) Ro-‘ra&?dﬁ'\ \93 _'_g'_

The triangle DEF in the x-y planc is transformed by AB onto triangle POR.

(¢) Show that the triangles DEF and PQOR have the same area.

AB:[O ‘]["5 _fg'ei_]
colls %
£ L
- CY 2
AR = I
2 2.
= :'_'_-"—l—="|
det 18- 2(<E)- L (1) %74

Aea of BpaR = [leb AB|x ke of ADEF
| 1) % Aen o} BDEF
= Aew of DOEF

\

5 A of DPRR (Shew):

9231/12/0/N20
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(d) Find the matrix which transforms triangle POR onto triangle DEF.

AB = [ﬁll TS

WESEENEY Y
d& AB = —_l. J—- L
-1 ( [-@la -U::.] = [ = j-s
208 = —rL-ya B + =

Bl V2
2 Aatnx Fhat -)TnnSJmes AP]R onb BDEF = [ 171 ‘5/9] .

[2]

(¢) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane

represented by AB.
Let ""N‘L"“a" °¥ invan'ant |ine : g=mz

NEY PR l/::.'w-t- _ 'F]
2 ~3[2] mt mT

~/

\6-\.—-&-_]-\'»1{'7 T
=y EY et
Lt -8B wmt T
2 a = L
- B.mt
i s
/ —
_sljb-__-t-.a._\_m't T
a2 2
1-Bw
=) __:_}_____3-————" -
B+ M
2 o .
_ 2 = N3 wm+ D
= = 2 a2
2

\—6m=d§m+m
0 :m1+2@-m—\

e -2 £ TG00 - 228 1€

2(1) 2
me=-3th _ -3x 2
o ] ..l

A0
2 qur\-hms °§ myarianT lines : d: (-51—2)1 I J‘:: (-JS—:L) e &

3*‘(:1-&6)1:0 ) d““Q""-ﬁ"}l =0

9231/12/0/N/20
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11 The matrix M is givenby M = (COSG =Sl 6)(3 0).
sin@ cos@ /\0 1

i . . ijons.
(a) The matrix M represents a sequence of two geometrical 1 ansformatio

ar the order in which they ar¢ applicd. R
ke by 8 redors nhe
anclockuise diechon akout

State the type of each transformation, and make cle

,\-mns%mn&\'m rchegzn-}eg\ },a [::Z —:;g]

I ) . Stetch in x ~dicechon with shrebeh
e ey [ 520

Ocder GS: Ws%mwkmsz Shetch fn“wed by o volachen

(b) Find the values of 6, for 0 <6 < m, for which the transformation represented by M has exact|
one invariant line through the origin, giving your answers in terms of 7. [¢

r\:[cose -sn@ || 3 O‘X=[3mse —s;ne]_
sin® g |[© | 3sin® s

Leh ecv.m\-\-m-\o-}\ |'an-\‘oJ\‘l' line : d = mx

5 3cos® -sinO ||+ - 'r_]
3sin@  wsB ||mt gl
23t cosD - misin = T — @)
3t sind +mY ces B =mT "'9(-2)
Divided (;1) bd (|\:

3t smB +"“"L'°°56 = "\—r___
—r

3t gigd —mtsin€
Bgin® + Mm@sO  _ ..
2666 —msn
3eind +mesh = 3magd w2 gig O
e‘“ 6) o @i'?ﬂn\ cos@ +3sn0 = O
(sn0)m* = 2m @s8 + 3sing =0~
Siace thet is mld e ivanant ling, ™ has a refea-leﬁ\ valee .
D b -hac =
(2 ws8) ™ 4(5n0) (3518) =0
L cos?® - \2sin* 0 =0

9231/1LO/NAI
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Lt eag? ©

4
3

=) +a;|e='.*.'_|_- 05957\- .
\E) f,{

12 Sin"e
Fan* §

n

S:nce "’ﬂ—"\e is F°S;+"“e MO\ "&85\.')1‘“67 e lies in 's+av Qﬁd qua

dran -
"hln d:._‘_.
\E}
o =4an” (_L)= A
=) 6
S 0 =a,)F-
2 0-=x, 5%
é ]
9231/11 ON21
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12 (a) Give full details of the geometrical transformation in the x-y plane represented by the matrix

o o) ’ (]

Enlarsgmaﬁ— v-h-n\ scale -fac}vr € wn"Hn cenler ot the Oﬂa:ﬂ- |

e a=ft
€ —-22

(b) The triangle DEF in the x-v plane is transformed by A onto triangle POR.

Given that the area of triangle DEF is 13 cm2, find the arca of triangle POR. (2]
det A= 3@)-4(2)=¢€-8=-2-
frea of BPAR = |dek A| x Acea of ADEF 2 Acea of APOR = |-2]x13
: : 60
(¢) Find the matrix B such that AB = (0 6)' ) [2]

A'JE[‘; ‘.3]= h js]
N 0]—38 3 [ﬁ 0] [l _l_:][e D} | :
i

(d) Show that the origin is the only invariant point of the transformation in the x-y plane reprcsenl[z(}
by A.

invan ant .
Lek G‘d\)’e Lfo?-\h(i ;f] [;} = [d]
Ba+ley =% ) Qz_+‘+d* = x= -2y -0)
2+ 2y = =) y+2=0= d"—zw_—a(.-z)
Swhstide (1) in (:L) e -2( -2\0
Y =k

d:gd
d:O
—_—_) 1_':.."2(0‘)=O )

) Tnvaﬁ,an+' Fm\n"". (0,0)'
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