Past Paper Questions: Polar Curves
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The diagram shows one loop of the curve whose polar equation is r = asin 260, where a is a positive
constant. Find the area of the loop, giving your answer in terms of a and 7. (4}
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The curve C has equation
2 2
(x +3) = 4xy.

() Show that the polar equation of C jg ;2 = 25in20. -

ii) Draw a sketcl indicati .
(i) 10f C, indicating any lines of Symmetry as well as the form of C at the pole.  [5]

iii) Wnite dow i : .
(iii) ¢ down the maximum possible distance of a point of C from the pole
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3 Thecurve C has polar equation

b=
1
o)

where %Jt g0<m.

(i) Draw a sketch of C,
[3]

(ii) Show that the area of the region bounded by the line 6 = 5'7: and Cis

“) ”(%—IHZ). [5]
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Draw a diagram to illustrate the region R which i ion i
r =cos 26 and the lines 6 = 0 and Gg= %rr. REEISRREISITES ubw wtose pSiis equa“o“[z

Determine the exact area of R. [4]
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The diagram shows the curve C with polar equation r = e where 0 < 0 € %rc. Find the maximum

distance of a point of C from the line 6 = %n:, giving the answer in exact form. (4]

Find the area of the finite region bounded by C and the lines 6 = 0 and 6 = %TC, giving the answer in
exact form. 3]

X = v‘case :—‘696059'
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s The curves C, and C;, have polar equations

r=0+2 and r=0>
respectively, where 0 < 6

(i) Find the polar coordinates of the point of intersection of C, and C
(ii) Sketch C| and C, on the same diagram

[2]
[2]
(iii) Find the area bounded by C,, C, and the line § = 0 (3]
) Setting  ©+2-= 9” a
0 =6%0-2

0 = 92—-26 +0 —2

= (@) (p-2)

=) §=—| o D=2

Ganove)

Q=2 = r= 2+ AL = )‘i'

> Pt QJC tndereectonm = (Ihl)'
—E) i"-‘-e“’l 'r':-el
lol = | ™ |elol=l™
S ESEEIET R I e
T

W A- _\_j* @ray- (0 dp = [ 07 40+4-0" a8
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L
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Draw a sketch of the curve ¢ whose polar equation is r = 6, for 0 < 6 < ¥ 2]
2

On the same diagram draw the line 6 = o, where 0 < o < L (1]
ST,
The region bounded by C

o : N . .
S and the line 6 = 37 1s denoted by R. Find the exact value of ¢ for which the

ides R into two regions of equal area. 4]
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g The curve C has polar equation
- af1 =),
where @ is a positive constant and 0 < 6 < 2.

(i) Draw a sketch of C, (3]

(i) Show that the area of the region bounded by C and the lines 8 =In2 and 6 =In4is

la*(in2-1). (4]
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9 The curve C has polar cquation
a
= —
1+0

where a is a positive constant and 0 € 0 € i,

r

(i) Show that » decreases as 0 increases, -

(i) The point £ 0f C is further from the initial line than any other point of C. Show that, at P,
”
tanf=1+0, ’

and verify that this equation has a root between 1.1 and 1.2. (4]

(iii) Draw a sketch of C, (31

(iv) Find the area of the region bounded by the initial line, the line 8 = {7 and C, leaving your answer
mn terms of 7 and a. =

\ _4[_ =—a (1+6 —1-_‘_‘[_:_:‘:_\___
) d8 ( ) (+e)*
Smee a s pesibve, _—a o P all B ~dr <0
Pe Q+G)’“ < T
So r decreases ag O increases:
W —vsin® =/ a \sing = afsnf
1\) J=rsm ___.I+e) (__._..He)
- a [Q*fe)(use) 10l
d (+8)* J 9
v mazimun vate of 4, d¢ =0 =) a| (#6)~sp —s'meJ =0
o 3 j? [ =5
=) Q+9)ms@ = sn
1+8 = Jan (Shown)

4z o -0-14.=0
Le}, §(0) =Hen 0 -0 -1
5 @4) = 4w @1)-11-4 = - 0135
$G2)= Hen G2)-12-4 = 0372
5—(\-\) < O ond -fG'R)PO » Hee is a wof behveer 1.4 and 1.2.
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{0 The curve C has polgr €qQuation r =

2¢0s26. Sketch the curve for 0 < 8 < 27

. _ (4]
Find the exact area of °one loop of the cury,
(53
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The curves C, and C, have polar equations
Ci: . r=a,
C,: r=2acos26, for0< 6 <4,
where a is a positive constant. Sketch C ; and C, on the same diagram. 3]

The curves C, and C, intersect at the point with polar coordinates (a, ). State the value of . [l

Show that the area of the region bounded by the initial line, the arc of C, from 6 = 0 to 8 = B, and the
arcof C, from 6 =B to 6 =1rmis

2(in-1v3). [4]

- \Ja\rrgqmla 0
APy
1 [ - - -
N
it c,
-~ C o r=a
5 <,
r= 2a cos 20
p Ml S
< 0«_{ o o 20=0

o™

.Sc-H-ivwd a = RaesO = QmsQe‘:i =) ansQQ::-_:ll_

&) w16
]
/Y 208 48 = wn.’“_,_;z 2 | +cos 4B db
s b

= %i + 2a* J’A‘lé “ 12 =l o}

! LY/ I+ Goslfe a8 = wt _’;[8 + smhb ™
= ®a®_ + a‘(rm 12 &+

=S

2A
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he curve C has :
2 The Polar equation r = 2 + 2.cos 8, for 0 < @ < 7. Sketch the graph of C. [2)

Find the area of the region R enclosed by C and the initial line. (4]

he half-line 8 = L7 divs . .
T 57 divides R into two parts. Find the area of each part, correct to 3 decimal places.

(3

lolo [ 1= 1=~
2

& |50

R 762715
/ ,'f e D r=2+2es0
/ / 7
S 3
/
. ) . 0=0
= PVEa _ n a
030.;; QJ; (+ cs®) df = :aJ‘o |+ 2as@ +e0s20 Af
R _ ey . A
= :Lj | 4 2c050 + 1+ cos 20 d,e_zj 3 +h s +ws20 AP
o 2, o
= [:.%’9 +4sfn‘9+s‘"29 T: 3%~ (o) = 37
2 o
A‘r&\ °§ ):u..r—“ tound Ld <, 0= 0 and 9:%—-
- ,\_E’"S (ar22s0)"dh = [56+¢‘5ine'fs'm 29] i
= 2
o [o]
. Ea:sr_»r#smg)-@fﬁ 0 =476 = k112,
&l

A,'& g‘-Y— Par—‘-bmnd bd c, =—g_: and e"{"
35 —4-6 = 413 = 4713
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3 TheTuRye C has cartesian equation

2 2
(7 4y = a2(a? -y,

: is a positiv .
where @ 18 & posilive constant, Show (hat C has polar equation

P = a®cos 20,

Sketch Cfor -7 < 0 < n.

Find the area of the sector between § = -1 _
NO=-irand 0 =1n

Fd oS eoueinates Sl points of C where the tangent is parallel to the initial line.

€2rg?) " =a (o)
(\") 2 a2 l:r =(cos’€ - sh’@}]
rk -¢2a? (cos .29)

Y "—'Cl""'(:os:ze.

'd [y 7r2=ﬂ~l¢0526.

Acen. D}SECJ‘M’ beween G = -:.L;‘l a{-]d 9:.‘%

gL Y a| sn29 il
- [.—j—-j a* cos2B Gw] J’ 13“5296116 = ['—y'--
= o i

o

]

D\ o

(19,,,3 2) 2_.: a? (12 ,_dn)

Dffprariaing gres: alerag’)- (ordgy?) = 2% (-9 )

T b pesallel o iaikal Ine, 4" =0

| F =) 2 (x’ﬁn) (le—l--?d (0)) a? (l’x -3 (o))
2(1.2-#52) Czaj_) = Ra*z
‘2[2“—3*2’51 = 2a°=%

L2 EQ'Z. (1"+d 2) = 22 (q"‘)
2 Ez_"+ 2= a2

= 2r* —atoDvr=_4a
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Findtheareaofthere
gionencloseq bythecurvewith polarequationr =2(1+cos8),for0< 6<2x.

(4]
O=x
a2
"I _ A ‘, v—=2(-l+case)
‘ L N )
i
E——— ) 5
\ \ / ] 4
R\ VS 6=0
\ f
\ '
s |-
J

]

%[ BC) u]

= A—jr |4+ Resf +eos? A0

11

I""JT | + Reos + 1+ 0520 dF
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j‘ 3+2c:ose +c0520 B

N

= J5 é“+o+0) (o)j

hes = ER

= 2 [39+ 2sinB '*5"’29
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Use the identity 2 sin P ¢qs Q =sin(P + Q) + sin(P
2sin B cos(0 - 47) = cos(26 - n)

A curve has polar equation p =

equation of'its line of sy

- Q) to show that

+\/2

2sin@cos(0 - 4x), for 0 0 3. Sketch the curve and state the polar
mmetry, justifying your answer.

2sinb cs (9 -__Ll;'x) =

n

I
(29 E)ﬁ- swm (‘t%__)

Show that the area of o
of the region enclosed by the curve is '?;(ﬂ +1).

yn(e+e—

W)-"an (e—eta

w)&
Y = 25in0 cos (G —-.ILI-T) = cos <—'29 "_—?r_"‘—- +JTL: .
o | ol | e A= [ =
0 [ejafeafrufon| O
0:3%
R )
/r'-’ ~ N Y= Qs;ﬂe RS
(/r /(,ﬂ- '-'"-\\ h‘\
¢ -t \
ff 7 , (T"\ “ f
] : |" I 1 \ \' )
S g B0

L'me
x_)us*‘n:fvm‘}*m At Ime

P (29. SL:) 'S wanumuwm

,,? sdmme’ra'- Q= §§—
05\ S(\jmne)a 5 7 S wmaxim

=) cas(20 '-.;51)2 1
L
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The curve C has polar ¢

16 a Sketch Of C.

quation p = .
a(1 +5in 8), where a is a positive constant and 0 < 0 < 27. Draw

(2]

Find the exact value of the .
Area of the region enclosed by C and the half-lines 8 = {z and 0 = 7. (4]

A wfa . e e
+Q.6+) :':OS g:l.e
- aj’”‘ i asmd + sv@dh = | ST

I3
LYE]
2 2207
4 PR 3+bs‘m9 —cos 260 dH =_a_ 38-Y s h —5m=2E.
= a 3+ 2 2 w3
=13 2

)
0

2 — _N\f7-2-PB\|= 2 E+2rls
L& °)(" "L?ﬂ = -
3]
&
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g7 The curve C has cartesian equation (x*y?)? = 2a’xy, where a is a positive constant. Show that

polar equation of C is 12 = g2 5 2.
Sketch C for-r < 0 < 7.
Find the area enclosed by one loop of C.
L g ! 'L,_ b=
@) = 2=y
23* 2
(r ) = 2a (roose) <r‘ s 6)

Y= Qa*vr2sinOecos®

¥* = a*sm208 - (gl\"‘“’“)'

= a.‘]_g,, 28 .

s T T~ |
. ~ | E | = = = |-33x|-2K -
RN e I 0 el
\"\O\O~‘150- 042 01 0 |09 & 0"Lﬂ 0
-9 __\
n
8- 1.
r‘( ‘\
s Py \
'r f( '\
yi : { =~ : >
~ 1‘ K ',." ', 6,,:0
f
/
a\__..-”
\
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a
i (8 The curves C, and C, have polar equations

) 1
1+ r=—=, for0g0<2n,

v2'
P Gy r=y/(sin46), forog6<m.
ind the polar coordi
z . oordinates of the point of intersection of C, and C,. (2]
Sketch C, and C, on the same diagram, [3]
Find the exact val ‘
alue of the area of the region enclosed by C,, C, and the half-line 8 = 0. [4]

Seth
8

0=
2
"‘J"ICI] e-':_.’f_’ r--_—_E_L—__ =) Pom“ o}\u'n-]ersec—lww (?—L:J: ')—‘—'*3—)
\"‘-‘:JSM(BIZL)-
plolE|F|E|F|Z| ™

10 |os 0-’II\0~8'1 0-43 |o-98 | A

923111/MNNS
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19 Thecurve C has polar Ccquation r =

40 ) ) N
Cis 2015. Find the valye of ¢”” for 0 € 0 € o, where « is measured in radians. The length of

Ave \e_na“, . \:‘J

C

e +fdr V4B
dp

2015 = =

B )

38 11659 df

(6]

Scannex d with CamScanner



urve C has pol:; : 2
0 A€ polar equation 2 = g cosec20 for0 < 0 < g Find a cartesian equation of C. (3]

Sketch C. 2]

termine the exact are
De _ ] eXact area of the sector bounded by the arc of C between 0 = %n and 0 = %m the
half-line 6 = £ and the half-line g = Lx. (3]

(Itis given that 'l-coscc Xdv=In

tan dx| + ¢

Y2 = 8&casee 20

rl = =3 = 8
Sl\ﬂ:l'e Po P 0@59

.1(1 S\'ne %e = L'-

M
\V
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rve ha : :
91 ACU s polar equation = ——l_ for 0 < 0 < 2. Find, in the form ¥ = f(x), the cartesian

equation of the curve, I —cos@ i
ketch LA
sk N R s :
Hence sketch the curve, and shade the region whose area is given by 1 —————dé. (3]
2 (1 —cos @)
in
kine 3 "
Using the cartesian equation of the curve, find the area of this region. (3]
| o T
| ~eas B

"(‘-mse) =4

e

L8 . =

1—‘27' :.j—-

v

yr* —zyr =Y
3= r+xr

ri= <l+z_)r

a'tj ("l’l)g, -}d
\rz__’—;' z |+=
* 4y =Q+">2 "’)dl: |4+ 2zA 2 —=™
‘_‘_'jz‘—‘- l+ 2=

f‘\

3112. '
. —-l—- ————-"‘de
Shaded ve§? has arca -3 xL (!-aase)

Aea of regiom » 527 o
L, o l+21> dx= 2 ('+2‘l-) :k
- ;ZJ— 2 ; j"”-( (%)(9‘) -\2

=2 ﬁ%*ly:]_;:%[bl(")]m (e 'j 21~ @:’3&'

9231/13/MIM6
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g2 The curve C has polar equation p = a(1 + sin 0) for - < 0 € 7, where ais a positive constant.
(i) Sketch C. 2]

O1-%|"%a| 0 |%2 |
fu.o

(ii) Find the area of the region enclosed by C.

= _;_L_LY‘:_ ELC-HSBHG)JAC’LG

(4]

= 1 a [+ 250 + sw> dA
2
2 [ 1+ 2sind + | —<s20 Jdp
2 =2

- a” 'f"'lS-r)G - e 20 olf

s I

— 2 8 s —_ \

= & 30 — las® s 20
b L 2
2

0\

% L('BT*L'_) - ('BT*'Q-?]:_L;[BT-r#-rBr*ﬂ

R 2.
- bra = Zra”,
= ena = 0%

I 2
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(111) Show (h; .
| the length of the arc of C from the pole to the point furthest from the pole is given by

in
s=(v2)a J J(1 +sin 8) d6. (3]
A
N =05 ple, r=0 2 a((+5m0)=0 5. sn@=-1 0=,
A ot firthest Joom pale, = 20 9 a (Irsied) = 24 = 529 =4
= o0=A.
B
ﬁ > =
D length of arc = L - fr<;4.a) AP
(S = \l@(l-rs-n@_] [ (ﬂosej gL
SFla
S = jﬂl J—;:—i-a.zsin"e'}‘-?o.’sl'ne ‘*‘“lmsze <6
_-"Tll
S = (5 Wllﬁz 4-03(5\*329 +ms’€))+2‘*25}"e oA
—ﬁp.
o = j J”- *qusme a8 = \)20\ (HSnne)dﬁ
-2 -¥[2-

7|2
:;J—D._a. \]\+5in6 dap -

-N(2
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(iv) Show that th ..
€ substitution u =1+ sin 0 reduces this integral for s to (vV2)a
evaluate s.

2
1
J:) NTE du. Hence
- (4]
2. _
S’:\r:‘»\ JHsine dh -

'W/l

lige :L-}sine % snB =u-| =2 cosO 2\] |"‘(‘l'|)_;=\"?ﬂ.""[2
é = ws® = df = e
s

= _du .,
cos 6 2
= A = = in(=A)=
e Hsﬂ(:ah) 0
H= x = u=l45.\,(_§:2
= 2
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3 A curve C has polar equation = 2acos(20 + Jz"’) for 0 < 6 < 27, where a is a positive constant.

(i) Show that r = -2a5in 20 ang sketch C.

= Qq coS (—2@45—) = Qa [cos _26 ao,s% == 5,'1-,:16 sm .g:-] [4]
X

c= 2a[ea20(e) 20 ()] = 2570

‘ X |2 |3k sx % | 5r | Ix|UK]
6\1\3 Lr"e.— \': = rrds
e |0 |v1e]aa|ia| 0 | 0 a2 0
/r'ﬂ j R -
7 \
\
/ !
/’ |
en==d : .
l /7
|
\ D) = aa cos (2041 ) |
po
\\\.
N\
(ii) Deduce that the cartesian equation of C is
2, .2y3
(x” +y°)? = —4axy. [2]
' = — 2o Sin 20
= — 2o Cﬂ-sing cosg>
-

e (3)(3)

Y22 —ka 5

1y )R razy.
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(iii) Find the area of one loop of C. (5]
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iv) Show tl :
(iv) 1aL, at the points (other than the pole) at which a tangent to C is parallel to the initial line,

2tan @ = —tan 20. (3]

\L& =y S':Y'le: ~2a sin 28 sind

,éﬁ_ = —2a —:Sh‘l 28 (Cose)’;- S‘me (st@) ,2]

[ sim 26 cos B 4+ Qas20 S;"ej

db
For *)anaen%' Jo be yamllel Ao il Lnes,
%_:_ 0 2 ~Ra [s.‘nQG o + Reos 20 sine] =0
- s 20 cos® + 2zas2Wsnf =0
sm20ash = ~2aslB smb
dan 20 = —2 a0 0

~24an 20 = R4an©

Ghowm)
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" The curve C has polar equation r = cos 20, for _%n e s% )

(i) Sketch C. "

NEIEARIEAE
J\O o] 4 o] ©
6= 7

2 ﬂ—-_‘*\

(ii) Find the area of the region enclosed by C, showing full working (3]

=y
— ’____ S 228 dﬂ ;-—’é e
Avea ce £ ;[

..3-/(‘
-,n,J I+ sk olf ,—.L[e,‘_s.,,;re]
N S JL

£ [E)-() -4z -5

w14

Scanne d with CamScanner




(ifi) Find a cartesian equation of C.

r= cos X9

= Cosze - 5"’\

K

(3]
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The curves C, and C
25 1 2 have polar equations, for 0 < 0 < 7, as follows:

Ciir=a,

Cyi r=2a|cos 6},

where a is a positi
POSIlive constant. The curves intersect at the points P, and P,

(i) Find the polar coordinates of PI and P.
.

(ii) In a single diagram, sketch C,, C, and their line of symmetry.

1A

B

W

S\
\

.

.
=)
43
a

Scanne d with CamScanner
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nclosed by C and C
answer in exact form.

is bounded by the arcs OP,, P,P, and P,0, where O is the
(5]

Ny

\V

(iii) The region R ¢
pole. Find the area of R, gwing your
y 3
=2 |a*F _ @““f’@‘w]
B =2
%13 Z
i 7]
=2\ xa* _ | Illii 29dﬁj o
l;}_ 2- 1’3 \ >
= Ta* _ il Ha’(\ r‘°526>¢l»6
& w3 =
LY
"'6"' Al3
A3
TRl 5
- a 6 -+ Sim
xe e [0
£
- a (/T r0\-/Z+¥5
= g — 2~ > c
E
2 242 I" = 5)
:% - & i
a2 Ta™>
2 ra* —}—xﬁ;"‘g d \G‘L ) Ag
i 2_ 2
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36 Thecurve C, has polar equation r? = 26, for 0 < 0 < %:r.

(i) The pointon C, furthest from the line 6 = %7: is denoted by P. Show that, at P,

20tan 6 =}
(5]

and verify that this equation has a root between 0.6 and 0.7.

¥ =veosB = J 20 cos 6 =&‘6ém59
de _ x ~&M ¥ 2o —Jd2 | =Jg sinO +_ces 6___
Y 'ﬂ{e = 6)4%(59)] 2[ 205

o maumuwm value °§ % | %.:O

-:Jé—sin@ & COSG = )
6[ 206 - }

—20em@resd = O
246
— 20 sm0 + es@ =0
s = R0 sin0

4 = 20 +an® @hawn)-

203 -4 =0
Led, J(6) = 26 4w 4.

J6-6) :2@-6)—}m<o,6) 4 = —0179

$61) = 26D () -4 = 0-119.

T (6:6) <O wd £6.7) >0 2 There is avoot beeer 0-6ud 07
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The curve C, has polar equation ;2 =

pole, denoted by O, and at another point Q

(i) Find the exact value of 6 at @,
-SC'H""G 20 = s 0
20 -0 2?0 =0
@-s*0)§ =0
B=0O or 2-sec?f=0

@:anafe,) sec?0 =2
Sec e = trl.

L = %dl
s

@56=-\3_—.‘—;
6-x
L
--.Vahecjce ad Q= ;’:

(iii) The diagram below shows the curve C,. Sketch C; on this diagram.

r =0
510 | e|h "] /=
(lo voli-l 145 -7
| rlo |

=1
=57

C,

0 =(

Scanne d with CamScanner

Osec? 9, for 0 €0< %7;, The curves C, and C, intersect at the

[2]

[2]



[5]

nd, in exact
(“) Fl fOl’I'n lhc arca of ‘hc I’CLK\I] Ol’Q enclosed hy C and C

Area mﬁ“‘mc\ 15 e 20 — Osec?d db

= “—_(S‘“/H(a (;l*_tk. )

Y- "I, - Sec_ze

= V=20 0

- 2 kg
_ £ -F 4+ L w2t =Ll b2+ 3~ ¢
T2 e 4 2 32 8
= u,l+i<:__)

&
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The curve C has polar equatian .2
” duation r® = In(1 + g), for 0 < 9 < 21

.(i) Sketch C. -
C=Jdun (+e)

EEEEE =

O o1l -4 | 13l 17

(ii) Using the substitution # = 1 + 8, or otherwise, find the area of the region bounded by C and the

initial line, leaving your answer in an exact form. (5]
o 2N
Aea = s ah ’—Lj A "“(HGBAB :
- 2do
= \+9:
du = CLB '

0=0= a=1+0 =4
o D= #RT
© [ +27%

n ( +6 a9 —5 bn u = wlnu—u]
A"’CQ ’:;!‘i ( ) 2—-:L > X

|
0

—:% \-’(’2'7\’){:\(!4—27\') *(\+27r_)_]_[| (,L(l),\:l
o D b(nas) -1 =25 ) = (1126) b (1ean)-2x

2 2.
<N+J£> ln )+;2'x) iy}

(A
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28

6=p
0] 6=0
The curve C has polar equation
r= Bileﬂz"”,
R g < a . . . 1 i 1
;‘:g:[gm 0 < 7. The area of the finite region bounded by C and the line 6 = 3 is 7 (see diagram).
1
B = (nln3)z. [6]
B/r g\ 20°/%
ﬁ __-’D-L (ezeefﬁ' GLe:——Ljp,ee /Adﬁ
v} = ©
20" )&
j 5 & 'm db
2
%} LE"" 7 '-‘L‘:&__ i
W= B
7:\./ A - 48 o gap = x du
< 8 x 4
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79 The curve C has polay €quation

~

1}

@
wi—

o

N
>

N

Rjw

S|

(i) Draw a sketch of C.

(i) Find the length of C, correct to 3 significant figures.

=\ &~ — | —
olo\ G\ Zlxn[x[=] 2

< \i \1-\1\|-3’1 l-do|l-87[244 [ 256

) Rec ]@3’9\ j J

3% I8

— Er { ]
=~/ ¢O
= 26 ):as “EJ =

o/ 3x18,

J(e/s Bl5 olﬁ
3l [ ae /s /5 10 _ A 20/s
:j J e +QSe Aﬂ . J-EE;_—C‘LG ’

5

J_,_.(Jﬂﬂa elsC>be \E’sﬂ [6_



9 The curves C, and C, have polar equations

r=4cos0 and r=1+cos0
respectively, where —%n £0¢<

|
57!'.

uch

(i) Show that C, and C, meet at the points A (-‘1, ) and B (%, -at), where o is the acute angle s
! :
3

that cos @ = + [2]

[3}

(i) In a single diagram, draw sketch graphs of C, and C,.

(iii) Show that the area of the region bounded by the arcs OA and OB of C,, and the arc ABof C,, is

4n-%\/2—121a. [7]
“) S&H’é Yes® = |+asO = 3est =4
Cbse 5‘_;’[3_'__
et el
C)
O=a,-=

1)+

When O = «, r:hms.ﬁ;’:[{(
.
Wwhen O=-«, r;l{coséz): L{(’BL) 3
5 Rl 03[ i ersection : (_g_,ac), @., -——a:'.).

A

21

\) Perea =2 i‘j':(l+oo99)aaw+é-jf@ms5)zdﬁ ’

:j”‘ |+zm59+ws“ea9+gj”fmle 18

0 22 A

DS

v

9231/01/0/N/0S
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a A2
= 142050 + |+ 2520 db + Iéj |+ 20520 49
5 2 @ 2

j 3+ lcos O+ c0s20 1o + 8j [+ cos 20 olf
[o] l o

1[3.94-‘45:»'\@—#5.\;25] +2 6+s='v\28 w12

=L [3x+Qsancc+s"\2‘ﬂ+8[( +<j (cu smzaﬂ
,'2_

= 3 4 2snx +sn 2 L hx — Lo — oy

2 4
+« — Ba 4 2sinax — 58I 2
2 t

s =L 2 snee = 202
3 3

= Yx-13x +2(————241) = (ﬁuéw' 8)
2. > I 7

2 3
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31 The curve C hag €qQuation

r=10In(1 + 9),
where 0 < @ ( )

<4
S 37. Draw g sketch of C.

(2]
Use the substitution 1o —
1 e N W=1n(1 + 6) 10 show that the area of the sector bounded by the line 8 = 27 and
the arc of C.'Jommg the origin 2

to the point where 8 = %n’ is

50(b% = 2b + 2)e” - 100,
where b = In(1 + %:r)_ |

(6]

\ololE|w|3| =
v |0

\

——

3 60
w2

b =41 o o0)) "t = 50 [ (o] g

w = ln (|+~9) S o =e"
dw o L de = (140) dw =) df = e¥ dw.
al 1+6
0=0= w=h(1+6)=h (1+0) = 0
0-T 3 w= ln(He) =bn(l+_'\3.

A‘_&f_ 5D(J>le E\ (H—G)J 1% _ h(wg)wg_eud“'

Q
W
&S e

2 __él’_:E.w
v Qw
— D =
&= 2
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w
w_.2lwe chw -
iu’e_“’dw’-‘- g ) .'ZV'GV’dw =ve -?j

W
W= W =
duw
w .
de - 4 VE
dw

i, . \4-/_ w/
’ v o_ V‘(l) = we" - e dw= we”-8"+c.

w w__ W w
.)jwle"'clw = w"a‘“—-l(w&w‘e ) ~ wreV-2we +le ta
= gw(wa'-—-Qw-l‘Z) +c-

Lety) b= L\(‘* "\

- heen= 50 Lh’(H %) @(__{)}%( ,g_)u) _ﬂ
= 50 [eb(b’—ﬂﬂ 2) ,2]

= 50e” (l:z ’ﬂo-i&) — |0
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The curve C has polar equation

VY= Osine'

where 0 < 6 S 7. Draw 5 sketch of C. -

ind the area of the rep;j
F g1on enclosed by C, leaving your answer in terms of 7. [7]

9231/01/0INI07 = =0es20 4 sin 20
= y

Scanne d with CamScanner



= je"@gze 18- Qsin - (~OwsW + sM :ze).m
2 I

2 Lr

— azsin-?Q_ + @@526 ~ gim 20 t— C

- 2 L
,> Avea = We @mg?@dﬁ
= _L _9_?_)_ <‘8 Sin 294—9@529 sh 2D
k|73 2 & /o
= | [ —R?’ - = WB — "
e 2 g
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33

The curve C has polar equation

r=(in-6)’,

where 0 £ 06 < %n. Draw a sketch of C.

Find the area of the region bounded by C and the initial line, leaving your answer i terms of 7.

~
%12 N E i Y
= _l. .._L -0 :-—‘— %
A Qjc KD‘W ):l # ;ljo (2 6>cw
s e _ 5]
;.-_1,[(143)/5(4% ’;—:‘—(A”%
ol ol 5 10 2 -
05 _ ’7\:7 = ___‘__5
2 {e)

-—

-\

e

10

6\0 ?\—E 3 ?:"-)
v \2.4t | 10| 0-62 0-27, @,
=%
£

D
4

é,_._——

0

=0

w2

[3]
[3]
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34 The curve C has polar equation
r=asin30,
where 0 € @ < %
(i) Show that the area of the region enclosed by C'is T'-z-ﬂ-'ﬂz-

(if) Show that, at the point of C at maximum distance from the initial line,

tan30 + 3tan 0 = 0. 3]

(iii) Use the formula

Jtan 6 —tan> @

tan36 = ::1'_—552_3_

to find this maximum distance. &

(iv) Draw a sketch of C. [2]

\ Ilé T[3 =(3
‘\ A= L ésin 39):2&,9 =_a* sn230 A = a 11— cas 68
2 Jdo 2 do 2 Jo 2

:_@ESTIB |- slB 4 = [@.-sm é@] -‘___ (\ -s-ng-?h). ( ]
0
:_Sf_(j: _D) = _i_?-j; (Shown)

3 1o
-ﬁ) d= renl = ash30 snd
,Jé- - a Y sh 30 <oo$9)+ 5@ (3°°539X: Q(S'-n 30cos @ +3ens30 s:'ne>
db .
Fovr quf-m‘f’”‘ vele G§J7 %: O % a(sh 30 s F3cs30 S-‘we):o

S 30 cosd + 3cas309sn =0
Sin30 cash = —3oes 30O

—_6_:»\_%_@- = —3cin®
cs320 &S Q)

dan 3@ = — 3t
~an 39 + 340Q = O (Shw")'

m) 4 30+ Bt 8 = O

Bt 0 —tndd | 340,09 =0
|- 34m* O

3 }and —Yan >0 +3+an § ~94an3g = 9
GHan® = 104an3G = O

9231/01/0/N/09
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2 4an 0 =0 oC 3-E4?0 = O
2 S
—¥m6=0 ‘}GJ) e 5
e:‘-o 26 :’l“’-“'-‘ 3:
o 0-+" 2

ey Q= O.) d: o Sk (3&0) Sin (0) =0
Wwhen © =Xeo (E-—) )J ca SN ém—|\[}_5:) Sh (’&J(@)) - 31_2;— : @az{'mum)

=) Meazimum dis Yance }nw mitad fine = 39_..___
16

;V) Y= a sin 36
\B \ 0 \’E\‘E‘ "

io \011 a | 0.7a

O UJ]>]

Scanned with CamScanner



5 The curves C, and C
35 1 2 have polar equations given by

Ci: r=3sing, 0<6<m,

Cpt r=1l+sing, -7<0<m

(i) Find the pol i
polar coordinates of the points, other than the pole, where C; and C, meet.

(if) In a single diagram, draw sketch graphs of C, and C,.,

(iif) Show that the area of the region which is inside C, but outside C, is 7.

) Sed 2 5m0= |+smd
QemQ = £
sm = L
o
= 0= ,5x.
& &

- % = 3sn(E\= 2.
\N"\&)g Z——‘)r 35“(6) o)

- 57 _ 3o (6| =2
u\ﬂe.,—é—v" ‘”(e) s

. Pinds a-g 'm-)ersec-#m: (_é, 9 7\‘> mok (275_

__\_‘) Y= 35“79 . r=l+sind
—r}I x| -
fa) Olw | = |'¥w " B [-¥|-X L
(0 292 3|22 O 2
s Ve '
0 =0 T 41912 |1
g-X ' |
-
R \\\\\/ N \r-.?asnB
f 771C1
T A—-\%'-‘ |
f ] H ]
kf\ \ ,.:’fc’-.'- i 0=0
\ \ rP "
. N
v=ltsin O RN I
J
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) Refyuvﬂ\m

[ j n0)- (11500) O’J@]

5 j’"l Qain*f - | — Rsinb - Siﬂze da

A6
j' g[. c0520| —QsaQ - 1 db
A€ L

Al
= /35 -0+ \-/3x _ —
@ 0) 2 \r.s:.,_qg)
= 3% - = N.
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36

The curve C h X
as polar equation r = 3 + 2 cos 0, for = < 0 € m. The straight line [ has polar equation

rcosf = ;
2. Sketch both ¢ and / on a single diagram, B3]
Find th i
€ polar coordinates of the points of intersection of C and /. [4]
The regi i
glon R is enclosed by C and /, and contains the pole. Find the area of R. [6]
Y= 34 2cwsh reos@ = 2
o |=[Z[o[Z |+ P e
rlAila|s]a |4
A~ |
,”-_’- [ - E =
7 s - (/"—
‘l‘ { /r 1 -\'
i 4 4 ‘
S [ I
) \ \
\ X sl
\ \ ]
\ — |
. OV — |
~

‘U\'t&') cuwvesl 'M')C-"S%C'l I
3+ QCose = 2

st
Reos?P + 305 =2 =0
R 0?0 +Yeos@ —0s0-2 =0
(-2@59 = l) (case + 2) =0
s@ = o cosf=-2.

E « SGLM)

\d‘w&ﬂ e;,—-

W\'\Eﬂ @;’g_ 7-r=3+2na_s'(_g_)="1+

=) finds oy wiarsechon s Q—i— ;%:) 9 (4—, _—_-g_)
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V)

j? 9+ 120 +4as* 0 dB + qE
LY5)

:JT A+ 2e050 + 4[1_35_2% A8 + WiE
—_

A3
-_:L[" (4 12e0sd + Reas20 dO + 473
Al

= i e+\Qsine+Sin 2@] ’ -HNE;
"3

3 2
~ 225 — 5BJ3
&

)
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37

The cu
rve C has polar equation r = | + sin O for — %n <0< :l!n. Draw a sketch of C. (2]

The area of the region enclos

8 is positive, is denoteq

ed by the initial line, the half-line 08 = Jz-n:, and the part of C for which
which 0 is neg

by A,. The area of the region enclosed by the initial line, and the part of C for

e tive, is denoted by A,. Find the ratio A, : A,, giving your answer correct to 1 dec:r?gi
-%
2
10

A, =af™® (i» m8)" b =_*_jm I+ 250 + ) - 2520 4
2 a2 -—-——-'_,l
o) -]
=1 e 3+lisin® ~2s29 4 = _I_j“m' 3+UsinG ~c0s20 db
2. e

- 39+"l -0s8) ~ gy 20 le__ P A -
A"er[ (-es6) S-l—l, __th_[%_ (Lr)]:_gg‘,,_y

A=t P ° Q+sane)“au; = I [3g-qmse-s;nzej .
2 [1_ - a2

Tb ~%| 2 ~“®{2
5 = — _—-_é_l_" L ‘ __3_’\_. -—L" - 21— ' .
”LF : ' (—’-’-)] Y2 _] g

ﬁA:AZ: _?_K;+|
) MR g

h

1222 = 12-2.

3K ~|
2h
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(3]

tes

' cartesian equation corr . . _n
38 Find the cartesian equation corresponding to the polar equation r = (V2)sec(0— 5 ).
(2]

Sketch the the graph of r = (vV2) sec(0 - }n). for -}:r <0< 1}::, indicating clearly the polar coordina

of the intersection with the initial line.

e 3 e (0-E)

=
63

TCOS(G:‘E)-—-JE

s ws & 4smB smA | =V

L

Y-
- Li' L'_
- ﬂms@x Vz 4 simb = | =da
8 2 =2

Y‘(COSG +S;w8) - 2.
ress © 4 ven® = 2

]|
N
o
= ¥hy
[N
Y

= 2
x--)-d._
9]

FPoin¥ o} .'n}ersecL‘M with vwhal line: (:2)0).
om
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38

polar equation r = <

Find the cartesian equation corresponding to the

Sketch the the graph of r = (v2) sec(6 = }71), for ={r < 0 < 3n, indicatin

of the intersection with the initial line.
= J2 sec (9 "%-)

- = JT?:
“6F

Y‘Cos(e".'g.)=\r5:

s [a.se s X +snb smA | = J2
n I

— msexﬁ .+—Sine Ja —’-—E
2 20

r(Cose"‘s:‘Te) = X
rees® +vemd = 2

:r_—&-d:—"l

a
})
P

2)sec (60— f)- (3]

g clearly the polar coordina{t;;

= x| x| 3
O 1F[0f% a5
a 2[4 2

2 (@o). .

N4

Q=€)

Poink of intessechon with inhal line: (2,0)-'
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The curve C has : 2
39 138 polar equation r = | + 2.cos 6, Sketch the curve for -37 <0< 3" 2]
(4]

Find the area bounded by € and the half-lines 6 = -4, 0 = 4.

2| -w | -7 | =X FT|IZ|x|A -1 X
0 EEYE) ’f?\ O\é, NN EN
1o\ |2 \2-13 3 |.2-1_=, 2|4 [0 [2424

N\

\y ‘Je’?—‘;‘_&.-

__ij G-’laase)adﬂ :j ™ 1rkes8 3 hes™d o
2 (|o o

= KX
w3 e

:j I+ Yeos® + 4 [l+cos-’26:] db =j 3+{cosf] +Re0s 20 A
o : = =

LY

o

= {36 4+ lsmO + sMQe]
T+ 5d3

- (= 253+ 5) €)= TH2E
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40  The curve C hag polar €quation p =

2¢e° , for f < es.'_:r Find

(i) the
area of the regjop bounded by the half-lines 6 = &7, 0= ymand C, 2]
(i) the length of C.
| (3]
. xl2 2 Al e
l) A= __Lj @ce) db :_Ltj e®dh = Qj e
Y 2
X6 e e
- — (3
%6
~ 20-3 .
el
LS 2 ks :
)Arclen‘j*ﬂxzj [~ ( e db = J(ze e a0
Y[ b

)

X6

Alqu 29 29&6 J r—e_e d8

\\

rjx{z <84 J’[ Ttl r[ m

— 8&51:‘.883'
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41 The curve C pag Polar equation =

g d
25in 6(1 - cos B), for 0 < 6 < 7. Find a;— and hence find the polar

coordinates of the 1
e :
Polnt of C that is furthest from the pole. [5]

Sketch C.
[2]

Fi
ind the exact area of the sector from 6 = 0 (o g = AT [6]
Y = 2sin0 (l- Cos e) . Qg.'ne —-Qsinemsg :
3-'_;; = Rasf -2 [Si’ie (’S~'n6)+ ©sh (Cose)] = ReesO- l[ao.s 20 —snﬁ@]

= Reos@ - 2[&;529 - (|~oos’6):| = Re0s0 "2[:&“529—']
= 25‘059 + 2 ’L{C‘osag

&8

[~ masimum h'stance (Fra-m In‘ev, _év_j_ =0= Qc:ose-*--?é-llaosze =0
Qos?f) - s — | =0

Qas?0 ~2ewsOasf~| =0
(20504 ) (esd —1) =0

cosQ ==L " 4.
2

= 0= %'1'_7 oK

Ulen 0= 25, v 2sin(3) [1mos ()] < 305 [Howmmen)
When @ =05 r=glsn ('o) [t—cas('o):] o )

=) olar cowrdinales OJE Fﬂ\'n+ Mﬁd?nm PO’E : (,?3_1&5__, %L)

HER
24l 18| 0
] -’“\\
.; ‘\\ \‘
TH \
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kY ]a
B = ol smO | ) ~cos 24y
Ae aj 250 (1-es0)

0o

:__I___erkJ"—w S‘.hze G____QOOSQ +60529) 4dh
A o

- jﬂq sn?@ - 25n°G s + sin?0 eas?l) oA

I

QJWQ | - 20520 - 2992 cesh + =in>20 dh
o = H

- 20520 - Qsin*Peas@ + |— cos &9 LB

l
2 Y &
~ J
= 2 IH_S_ ~cs20 — Qain2BcoshH -—__Cqs:éed_ﬁ
o & 2 &
= &[59 ~ Sin 26 stnge -—sinée 24
8 L 3 32 |o
:2[;5_'5__L o
2 g
= BT . NP
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2

A circle has polar equation r = g, for 0 € 6 < 2, and a cardioid has polar equation 7 = a(1 - cos 8),

for0< <2 : ioid on the
7, where a is a itiv v sketches of the circle and the cardioid on
same diagram, $ a positive constant, Draw ¢ 3]

Write down the polar coordinates of the points of intersection of the circle and the cardioid. (2]

Show that the area of the region that is both inside the circle and inside the cardioid is

(in—.’.)a’. (6]
m olx]~) 2| ax
10 |a Aa | = | 0
£=0
Cf 7
":a(l—t:ose)
¢ >
s o nter cL'm
Frpis o esekm, o ce)
4 =4-wsf
es@=0
=) e=_§_7_ii:_-

U/

&
Re%u-e.c\ SEE %/ a
- Ao oj: _gg,q:uvc,e ) -'2..:.‘1‘:]\ ZEA(I—aosg)J p))
- J_'x(a.)l*jﬂlag_(,__zmse_’ms:e)dﬁ
A o

T2
_ xa? , alj ! | = 2050 + |+ w520 dB
—_— 0

2 =2
3 a2 DM 3 -les s P
= %*a j; o= 2
: ’ h(2
cjg,:i'f‘_ﬁ"i: [39-45'004’——-5“2120] =_I_;:: +_§f_[%~i_—l"]=__§42-_2q&
0

5
I
5

- 2
2R —2)a*.
9231/11/0/N/14 L
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43

The curve c
a8 polar i
) €Quation r = g(] - ¢os 0) for 0 € 0 < 2x. Sketch C. (2]
Ind the area of th

¢ regj
the halfline g = 3 " cnelosed by the arc of C for which 47 < 6 < 3, the half-line 8 = !z and
2 !
5
Show that (5]
ds\?
=" and 212
wi (d9) =4a"sin (%9),
]eresden t
Oles arc length, and find the length of the arc of C for which 1z < 6 < 2. (7]
x| = p
1o w (= |2 | = e J_L:_- o
|0 |93 a2 | 1] a [o0x
= Jfo]
< =
0=0
'r:a.('l—mse) e e
¢ =
LY 2 A
Acca, = QX_J_J‘ [Q(I-cosg)] = az‘j‘ |- 2as0+ |+2s20 4O
2 J 7 L% 2

—

A
:jT 3‘}‘005 26 :Z{CQSG dA :ﬁ 30 +sn 20 ~ l,ShejI
w2 = =

- = ~-O) (2% - _ a* y
= (b (g2 [

Li_ |

¢ —

2

G-
= ELO'“SG)} . [a(s.-.\e)]

= az(\-2m59+cas’g)+q=(s:,,le) _
=N (2"2 "’56) =2a* (l— cose) = anesinzaﬁ)

(44 ) e

9231/11/0/N15

wla
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< 0 < 2m where d is a positive constant.

44 The polar equation of a curve C is r = a(1 + cos 0) for 0
[2]
i (i) Sketch C.
7 15 | o~
plols[E[H] |5 Y
- | 2a [11a| @ [03a o2 | a |17 2a]
n" \‘\ ) r:‘KC\‘* 6056)
! Lo~
é—-f" " —3
\ 5L , i
\ ~. / _
N =N /
\\ ] /
J
:an equation of C 15
(ii) Show that the cartesian eq 2 2 i
x4y =a(x+ (@ +¥9)-

r=a (\ +co§9)

— o[\ =
Za+32 = ( Y_)

N B
SrovE

z:"—rd’“ = a ('1+ng:) ;
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(iii) Find the area of the sector of C between 6 = 0 and 6 =

Ao ‘=..l\__j:13 [a (Hcoseﬂao!,e

= a? xi3 l-'rQOc.SQ _+c°s:Le A_ﬂ
2 o

7. [4]

wi—

=~ o PB4 2wsh + JHees20 O
L ol ot

2 D™ 24 heosOcos 20 B

)

”-—"
2. Jo 2
o LYE)

—o* [ 30 +Usinh+5m20
I 2 s
= a2 [ wr203 + 3

i L * 3

= o ‘{'ﬁ”’q‘g‘il

p—— s

b L b

= a* [Mw+‘1*@j '
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¢en the point where g =

) j Ala = 0 and the point where 6 = 1z. (5]

_pN3
) jo \J a* (142u59+60529)+415;“29 =

—
—

n\

j e Jfaz'& 2a* eosf —+c3(ws“9 +S-’n’9) 0

w13
J J2ar42:2sf 40 j Jd 22 (1esp) 8
ﬂaj i hesd df =d2a j \JJCas_Q_ A8

@=f e[
tm[ (Jg)s(ﬂ qq[.i'--] - 2a.
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45 The curve C has polar equation

r= SJ(COI 9),

where 0.01 € 0 < =27,

(]

(i) Find the area of the finite region bounded by C and the line 6 = 0.01, showing full working. Give

your answer correct to 1 decimal place w2 -
o cot B B
A = ___ cot 6 0'.6
Q\ o-o|

Al
— .'213 L L df =25 {ln!s;ne_l]
sSinQ 2 o
= 25 | I ks() !mls-n@al)] =i e OOIJ
-

hes. =5156=51-6

Let P bethe point on C where 6 = 0.01.

(i) Find the distance of P from the initial line, giving your answer correct to 1 decimal place.

&; rsin® = 5Jat § sn = 5

[2]

mse xSlne 5\’@59 S‘me

Sin B

when 6=0.01, 4= SJms@-Ol)sin(O-Ol) = 04999 = 0-5
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(3]

(iii) Find t :
he Mmaximum distance of C from the initial line.

J= 5d Cosa;'ne = 5 |sin20 = 5 Gshvﬂe)r'
NT 3

_ Sws20 .

-1
’dé" ﬂi- (S"n-Qe A sWx2 = FTes2W =
2 Jsin 20 J2sn26

~—”

= 8
ayd Na

v ™Maxivnum Ais'\-ance-, %_:O =) 528 _ 0
a5 -

\IQSM 29

cos 20 =0
= 20=% 9:{_.
When ©=7, 4= 8 [ginf2+x ""—|._5* x5 50,
y [ "( 4) ’J’f[‘:[ e b

< ﬂd.ximl.uq .J;s—lmce °f C :Fram ini-ln‘a.‘ I-'ne = Sf:‘

2
(iv) Sketch C. 2
1= | = |5 |=%
p loollna & | &4 |3 | *
r |50 ?:1 66|15 |38|26|0
_x 1
0= = 1__,, N
_ N
- — “"-‘\ N
Y \
- - \ \
\‘,. \ \\
] LA
& N \
s - ‘\ ) \
~ 7 1 \ p = EJCG"’G -
' { T R &
—f % 36 3 5o 0-0

9231/11/0/N/18
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46 The curve C has

(i) Sketch C,

-K A LY
S s —E 0| | 2+
Y10 loda] a|01a] O

Y= QcCoS 38

P
1
ow

(ii) Find the area of the rcglon enclosed by C, showing full workmo
A - ( o5 30) olf) = _s_i.j cos® 39 d
%6 %1€

LY

"""“"J' |+mséec]ﬁ A +eos 66 db
“%l6

A/6

= o f@,g. Sméﬁ]
o € J-nse

‘+ R Y3

Scanne d with CamScanner

A8 polar equation r = acos 36, for-in<0 <+ 7, where a is a positive constant.

[2]

(3]



(iii) Using the identity cos3g9 = 3
Y €0s30=4cos’g-3 cos 0, find a cartesian equation of C.

' = acs 3
Y = q [l{cosg’ﬁ —-3casé)]

¥ 2 acsh [9%26—3]

IR G IR Ol
Ty oo (]

.

’L:_,rdz- - az [Q11”3(12+dz);\
@ 'z’-fd 1>3

’ az <xl —3d1)
(L"‘fd;> = ax (x‘ r.3d1)'

N
N
»
C:t\
i\
N
5
\
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47

The curves C, a
nd
C, have polar €quations, for 0 < 8 < —Jr, as follows:

C,:r=2(c+e),

C:r= e _ 28

The curves i Intersect at the point P where 6 = a.

(i) Show t 2a

4 hat e“® _ gea _ | _ 0. Hence find the exact value of @ and show that the value of r at P is
: : (6]

\J\\Qn 6:(;{7 .2(3 +e ) ezd E—FQ‘Z

2 = (9~ G)

e + &
2 (- Nemsem)
(c.“‘* +e "‘()

O = e®* —2e«—|

A G R [ 10/ I E N ET
ks 18

Jl(l)

e®%= 2*Jg _ 2ra0x - I+Jx
2 2
Note e >0 = Igneve e®=)-J .
= ex = 1+J2

& = ln(l+r1—)'

)7 e 2( b.(l-l-r) —-b1(l+~5))
=2 Hﬂm—)J

[l+ﬁ+ =
|+J=2

I{r & = ln(t

I—J—

_Q[H I+J‘J a’((.zJ") I3
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(if) Sketch C| ang ¢

on i
__2 the same diagram, B
Pl ol s \ o | %
g ° " K i e
r= eae - a8 - "

l C: r' Q(eeh’.

(iii) Find the area of the region enclosed by C,, C, and the initial line, giving your answer correct to

3 significant figures. [5]
(1403
= —j [2 e®+e J (ege-b 26) o)
i
-8
’Ljvm(wr) [2®+8+le "20_e*®42-e T db
ho |
_ J mﬁ, 829+qe"29_eu6_e_ue+,o C@
H(Hdz) e'za-ﬁf_;;i‘i+5 d0
-3 =
o
-
~ eza#e_ze_gf.ﬂ‘_e-ue +Sa]ln(\+ 3)
— 8 8 o
Mc“() -zln(wz) 'rw(lfﬁ)+ () ) 2 = o)
~ e +5hn(I2) |- 1= - 40+
e -—"""g'__— ——"'g—""' ( & 8

- 582l =582
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a S

2 3
(x* + Y7 = 4xy(x* — %)

has polar equation = sin4g. [4]
(Z”J“) = by (2 )
(v )’ e [res) [rsnb] [ (-=28) - G’-‘-*"e)]
“® = hy? c«s@wsa[ “cos?0-r2sin 6]
~% = lor* o050 [cos0-5n0)]
v = k csfsind f@sze“s"ﬁéﬂ
2 [asnb ws@] [“sz 9’5‘“29_]

2 (51 26) (cos 20
F = sin40

<
"

1
n
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The curve C has polar equation » = sin40, for 0 < 6 < %n.

(b) Sketch C and state the equation of the line of symmetry. [3]
] 7 | = EL o .t
) \ O |7 |2 Ihe | &
- Lo on] | 01| O
/-_
. '-" / L.ne af‘
=, 2 - Symme
. ey
== >
(N Vg
Line o-j‘sdmmc'}rd: 6 = -—-"—*'
(¢) Find the exact value of the area of the region enclosed by C (4]

:,1[ o 40 A - fj“;zﬁiw
= J_J lq|-—c;asged,6 [6—-32_.8163
k Jdo

_ | _'F_‘__——SJH(SX‘E' . =% _.
_._q:.[(q_ ________g_‘_r_ [ O
= 7

I8
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@ lir mg the; dentity sin4g = 45in0cos’0—4sin3Ocosh, find the maximum distance of C from the
'18 = = S5 )
1. Give your answer correct to 2 decimat places. [6]

We went maximum value OOE s
2 = rasd = sl asb
=Qrs:ne w620 - | sin?Des§) cos
= lygind cos'@ ~ U 5in2Q cas™0
= bk snd (l— s“n’Q)A— ly sin3Q) (\'s‘m“e)
= L sin® (I—Qs-‘n“@ﬂsinl‘e) ~ k220 6-5:#9)
= leind — Qom0+ 4’0 ~Ysin?0+ lis®0
2 = R0 —\2sin?0+Usind
To mammize 7, dz =0
dR
{O 5™ Q ws® —326 si0?D s +4es @ =0
fes® (10840 - 4 0 +4) =0

Ehe lws® <0 o (05mY0-9sn20+4&=0
@s© =0 .Sr'nﬂ-e,-: -—(-Cl)i‘. l(fq)j"qGo)t')
9:;—:7%-5' o'Z(fo)

: =5i =0 Sinz@: QTS 4

or hese angleS y €=M 4o

s Y .-La—\:ahnamnm here- <0 :

o X 'S S'lv\e: s q iﬁ.\__
20

E\"H\@x sinQ = ijﬁ - am@ =x ‘l—{ﬁ
20 20
6=%-0108 D =% 03684

Ta'\ofe an“fs O? e w“\icl‘\ le DM}S“AG domain

2 Q=1.07108 or © = 0-3686

When © =107 08 ) = ‘Si'l("rx |.0108) x—eos{IBTEg )=, — O 909 (JB%QT‘;Q
nen 9 = 0.26267 % = sia (q ,<o~3686) X cos (0-3686) =0.9285%5
9231/11/0/N20 . l’\qﬂ‘imum distance. =2 0 13
5 0= %

Q== T L A i e
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49 The curve Chas polar equation r = In(] +n-0),for 0<SO<T.

(a) Sketch C and state the polar coordinates of the point of C furthest from the pole. (3]

| A\ 5| 25| —
9‘0 T‘a."if" A

Clvy| 1 alo94| 058 O

Eﬁ-\* §sf")‘1\65+§rzm j)o\e_ ocons when 6 ::O ;—9 = ln (\TT'-'O) = lﬂ (HK)
2 (b(i),0):
(b) Using the substitution 1 = 1+m—6, or otherwise, show that the area of the region enclosed by C
and the initial line is

%(1+n)ln(l+ﬂ:)(ln(l+n)——2)+n. [6]

A ;f{j‘f [b:(l-m —eﬂ clx':)
o g 5 u=-df DM

Lé’/\;‘ic L+ 7
when 9?0)*”'“7‘4”0:
When 9¢T7‘*‘HW~W=]

oy [ Gy ] BETE
:%j.:w@*) A

[+7

ool A s b Jesea
V= u cuf =2 Juu da

-_'u(Lm\)a——.'l (u. law —H.)

9231/12/0/N/20 = u_([nu)l-— 2u b '2“\
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I 2] CFae g e
:%{:E‘ K@ 02_2‘(‘)11)(\) +_2x£| "[GM)[M ('*Wﬂz,-z" Qm) ln(l—m)»r—’z J—HT)J]

B [/i" (+)o @*”2]12(Hw)ln(i+w) -/z/—.o.wj
= 2t L) [26m) - (o) w002) - 20

:D\f L“(lﬂ)-(lﬁ) [2-*'-»1(]4-77)]4— T

= ok (147) b (H’T)[lrn(l‘-!-ﬁ)-'.l] K

(c) Show that, at the point of C furthest from the initial line,

—
—

(1+mt—0)In(l+m—6)—tan@ =0
[5]

and verify that this equation has a root between 1.2 and 1.3.

We went+ o mazimize d —"—‘) dzrsine = |n (\-\rW—e) 5'1'16
_gj%,_: ln (\+7\'~6) el + snd ,_,l__.] (—I)

| +% -6

— ln(lHT"Q)Cose —-____SE.Q_—
3% |+ %—0

-0 = ln(lﬂr—e)c:osg ~ shn@ =D

o maumiz et
“Ta g ed’ S d@g%_ —
b (147-0) cos® = _snB
1+7%—- 6

(l-rir*@) {n(ww'—e) = 4m 0
2 (I+7s—9>[n (\Hr—@) — 4 =0 (Skﬂ“"’“)'

Let, 8(6) = C\_-*T—e) ln(m;_e) —den D -
2Ga) = (-2 w(197-1-2) 4o (:2) = 0602
56.3)—; Q.*‘T“"B) |n(l+W-— 1.3) ~ Jen (\3) = 0. 634

$(3) >0 «d F(13)< O 2 here is veoh behomen 1:2 and 13-
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50 Thecurve C, has polar equation » = @cos @, for 0 < 6 < 5.

!

2

(a) The pointon C  furthest from the fine 6 = %n is denoted by P. Show that, at P,
20tan6-1=10

and verify that this equation has a root between 0.6 and 0.7. [5]

We want fo maximize x 2 %= rewsd =(6a:59)5°59 =9"°529’

7% = 0 [2sQfsing) + 520 (1) = - 20 s fsind+es™ O

| R o} x, set ﬁf__:O = -20 s sm@+eos? =0
cos§) G:eshe'*“s@)zo

Note. cosQ#Q shee ,'JE msezo,e=§=~n4r=o but Hhen

| lies om Fa’e S distance dln,-m (4] ﬁ%? is zesor
-:) -—265?'!6' +Q=.SG":O
20 80 = @S

20406 = 4
204w -4 =0 (S“”W“) ‘

Led, @)= 26w O- 1L
5(-6)- 2x0-6x4n(06)~ 4 =
jﬂ(o-";):.:zx(?"l X da (07) ~4- = 01719

Since §(0-6) <O ard F(0119) >0 = his equadhen has a root- bedeen
0-€ ad 0-7.

The curve C, has polar equation » = 8sin@, for 0 <6 < %n. The curves C, and C, intersect at the
pole denoted by O, and at another point Q.

- 0:179

(b) Find the polar coordinates of O, giving your answers in exact form. [2]
Set Qb = Osind
8 (@5 e - s:'qe) = O

2D =0 er cosO —sin® =0
: 4 = 49

= 9=
\J)“lﬂ) e:_E_ Y, = _Zl-_f_ SMG}—_):'EX'{: = _gj;
2 E

o 2 QT 7).
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[3]
- ' esine

(d) Find, in terms of m, the area of the region bounded by the arc OQ of C, and the arc OQ of C,. [7]

heo of egio "
:'_\(_j‘wlq(@ese) (Qst ,._.._j 0% w»s2§ - leQAﬁ

;Tglj,j e (aszefsmz@ Sz_—i—Jj GQ@SQGOLG

_ = _g‘._{_:cos.'le
w= O &
Vv = Sin.'Ze
%:QG -——fi"‘""
2 m 20
jg“aas.’«’@dﬁ* = 0 j”le’j‘ze s\"_l Ag
- ezs}q%e _.je sSn Qe OLB
oy
u._:’e %:— ste
a =1 Ay = —cos29
EE" B
20 _ Les20) — | —cosR ;cbej
ﬁ)JQQEQGdE—@m 0 6 .’i j,__...i()

92311 1/M7120
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= 0%sin20 _ [__ 0 cos 20 _‘_____\___<Sr\o-2‘9)]

= 6251\\29 +@Q3526 s 20
- 2 — a L

_ A__ \ T/a@ 6062@016 - @ SMQG .L.@ 69526 -5,»,.2'9
2 ,___i_ ;L

T2

= ._Ztl___. [<(:E>ls‘§h(2x-&)+fxc;‘(21,&)_gh Qx,_) (J

16 2 4L e 2 g[;'g
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. : - 1
51 The curve Chas polar equation » = atan@, where a is a positive constant and 0 < 6 < 7.

(a) Sketch Cand state the greatest distance of a point on C from the pole.

olof %
1~ | O | O4ha] a
1

Plot -

Grexx-es’\t' cL‘s*L:wCE. fnm Fole = a.

(b) Find the exact v

alue of the area of the region bounded by C and the half-line 6 = 7.

A = ELJ ANEE _ﬁij’ an26 L0

=Y ‘ 2 w4
= _ﬁ‘:j sec?Q 1 40 =_‘5_.[—1ﬁn6 —9:[
2 Jo 2 o

o | R (2

Scanne d with CamScanner
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(¢) Show that C hag Cartesi« : X [3]

artesian cquation y = .
Y= a4an 9

T = a2

a3 2
(d) Using your answer to part (b), deduce the exact value off x = dx. (2]
2(1-E), (8 )
NELS g=2"
-z
= Jt
0 T
- — %n@mse:a%niw$i:f:a,
\»)\mez:’i;g? x=rest=a T
i = A ) A — \r‘:f« ;
J= ren® = atan s = a-lon,a_s\n_?; = e
regia betwed

salT 2 _ A — Ares
.—) ________..a\l Avea ':F e-T/lr:g.nci r=a4al

o da*-2* _
= 1 xRay r‘*d_(r—*>
2 -2
& a4 FaT = RA_ — 2
4 g

7y

(
)

1l
P
W
1
~_—_- 0\')\



52 The curve C has polar equation r = ucol(l‘n— O), where a is a positive constant and 0 < 0 < %n.

1t is given that the greatest distance of a point on ' from the polc is 2V3.

(a) Sketch C and show that a = 2. [3]
’A‘ —-—
Blo | =l =
f=x 2
2 T -
~ \‘ I \ \
8’%’ Jc y
rd * ' \ i
= Y T a <a. =390
~

Fom the sketoh, 8!‘6&)’65‘\' disfance o§ a Fa:ﬂ-}- o frnm F,Dle _Ba
H3F =3a
=) a= 2.

(b) Findlthc exact value of the area of the region bounded by C, the initial line and the half-line
0= m. (4]

=16 Ed (ét-e)]:e

(!

L’D

2
[a)
o
ﬁ_
—
W1>\
1
<D
~—
&
n
»

S 3
A
o~

1N
n
[A)
[
»
/)}
1
&
1
P.

{ L3
= 2 1:.-.:0{—(-5—9 —9]T6 = Q[Co‘f(i—e)’e]
- > > o
=2[(B-%)- (B _o)| =2|28-A| = 4B -7
3 3 3 £ 3 3
= 11—6—7\-_
3

9231/11/M/1/21
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(¢) Show that C has Cartesian equation Z(x +_\f\/§) = (.\‘\/5 —y) v 4y [3]
¥ = a ot (_é—r'e) '

Y""Oh(_g—-e): =8 c 8 v
s ﬁ*‘*"(%)"h”_g} = a
L 5 m(g)me

v L:j_“_"i] = a
L 3 Hab
Siace v = 1_9-+d"" and '}ane=_§:

L+ 34

G -3\ -4
S o | e

e s B
_——/ =
r+ 2
z
T (\Ez—d) =& (z+\|’§fj\
— ~
[Ty (Bey)-a(uby)
Sinte a = 2

Ty (Fe-g)= 2(x+3y)- Ghon).

9231/11/M/1121

4
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,where 0 €0 € %ﬂ.

. | ]
3 ve C has polar equa N T
5 The cur s polar equation r = ——5—

(a) Sketch C. 3]
| 8 T £
| « 0-16| 0-32
o2 03 — 0
(b) Show that the arca of the region bounded by the half-line 8 = %TI and C is 3=4in2 _4473“2_ (6]
Rl ¥ 2
A= 1L ¢24p = J‘_I_[ P ] 4
o L 5 L[ x-9 K
>3
2] el 6
24, (':r—e)1 50 /\% K
— —L B2 o —1_ 2 _l_] -+ dB
Qj:, Qr ) (%0 =
- LS
=J_[T’5) 2 I (1-0) + &
TLEYE) T () 7]
LYPR
:»[ 1+ 20h(E-9) + B
2L %0 7 T,
= L[ —c2 h(x-X)+ {'__‘_ ,1_+3_ln(w—0)+.05
2 [(\FE *® 2/ F2 -0 ®
2
= L[ 22 u(z)h\,—,\_ - 2 (x)
2l * \?) ax *_ *
= L .’-+-L—_\_+_-"£‘"(_§_) £ oLl ,,LL'*_'ﬁ-r,%h(_i.)]
2| ¥ & % K v Y 2 L

9231/13'M/1°2]
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=4.[_3_—_-'ﬂn3
Qax 'Y

9231/13/M/121
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th

4 The curve € has polar equation r = 2cos0(1+sin0), or 0= 0= ;n.

(a) Find the polar coordinates of the point on €' that1s furthest from the pole. (5]

"= QoosB(H-sinﬁ) 040 <X.

% = Qo058 (0’59)+(l+5in9) G—Qs'ne)
= Res?f - QSinB(Hs:nB)

dr = 220 — R5inO —2sn* B

dl

For wmaximuy distance Uc'm \:b|e) set ac% -0

o) Res™0 ~2shD - 2s2@ = 0
2B -s.ine - sa20 =0
2@ —siab ~sin2® =0
- sin® + 4 =0
=0

4 4 »

|-sin
- 2020
Qsi?B + 00 — 4
Qa2 O 4 2simB ~sind -4 =0

(25in9’0<5:‘q9+ l) — 0

snd = L v simB=-]
e=g,,-'(Ji) Tgnove siace sin@ 2 g for 0<BSL.
b=,
2
¢ = 2as (E) (e ({_))
N NEY

S ‘
3 Point furthest fom pole = %ﬂ/{%; (%‘@7 %)

9231/11/O/N/21
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(b) Sketch C.

8lol| &
|2 |2
/

(2]

FA
1A

O [kl

0
=
o |w
-

“\ c l‘ (‘K' S»ﬁ)
\ - """
| . \ 2\ 6 A
- \ \
\ \ \
1 \ \

l'. \ \
AR i =N 3

—0=0

m
o

(c) Find the area of the region bounded by C and the initial line, giving your answer in exact form.  [6]
TR 2
- 2
Aea = r2df = L [Qasﬁ(kshe)] d9
0 o~
by
=

N

o

.51:‘ b co52 0 (Hs.’ne): dA
J.

a
- Qjﬂl | +cos2D + Q 5in s + (6:'n5¢°50) db
0 2

Rz xla /o =Cw
= \Yﬂl\ +eog20 dO+ LtJj <in0cas® 0 dn + QJ (Sm QB)
) o

w2 s .
ll Q:sz 6 [l-\' :S;ﬂe + stnne] d.«e — 25 a:sne 4 stnemsla + 9n GQS e AB

0

E
J‘;
0
N
o
2

° =y

a 12 T,
(Rt i
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55  The curve C has polar equation r =3+42sin8, for —-n <0< .

(a) The diagram shows part of C. Sketch the rest of C on the diagram, [1]
- &
v=3+2sn @
5K x
Q* '7;} &
= P ¥sinG =2
~ - L4 Jl
~
o 8% .~ ’
< S

\\ —~
<. | ~\=l6

The straight line / has polar equation rsinf = 2.

(b) Add !/ to the diagram in part (a) and find the polar coordinates of the points of intersection of C

and /. (5]
L rsnf=2 93 2
r = 3+2em0 (‘)
rsind =2 - ()
Sbsihde Q) in @):
@+ Qs-‘ne)she = 2
2690+ 0 -2=0
et +3sin@ — L =0
22 D + 4 sin@-snf-2 =0
ésine "D CSine + 52) =0
d sb=L or sinf =~
2 (—%m shee | s_sfnesl).
5inD>0:8 les in Ford oy adrunt
s*-\aL=:_l{ =) oL=sin"(";j) = 2:

_:§ e:d,,T—d é 9=2:;5,6I.-

e:% Dr= 3-#9.(—&):11' and 9:% Q\":3+Q(i)=’+ 3 P""t"o{: ; (’-l- );6*_.)1("‘7 %7‘_-)'

infersechiom
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(¢) Theregion R is enclosed by C and /, and contains the pole.

Find the arca of R, giving your answer in exact form. [6]
hes of veqiom R = he of regim A+ hesof egon B+ Ass of A C /w‘c
By cymenyy b of regom A = frea o e B

—;S Al | (3-}-:151-\9) d9

\ W 49 ‘I+l25.n9 + 4 (l CosQBJ
: 5_”1). [‘Hlls 20 +hsin 0 ] j-m )

%l
- ,L{% ~12es® +n(9 5'"'“’]

LY/
= [ WO -12¢sB — G""Qg_]

Al

~%l2,

-KIx

_:!_2’

::_l{[CK —\1(4’) f)—(‘%"*@)‘p)}
BT - L8

2

AL
x[g[ L[4
:)P"““"% res\cmR
= 2 ,._s_J:)wr
3 4
. ar - 138 L 43 = RT-55.
-y 5 2
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56  The curve C has polar equation 2 = tan™" (%9), where 0 €0 <2.

(a) Sketch Cand state, in exact form, the greatest distance of a point on C from the pole. [3]
[ — —
, elo |z 1% |3 V32| 2
¢ = +41: ‘Q
i v [ 0 |osl)ovél [o-69 |0.82 0-89
R
B=371
‘r::;—i T -~
\‘ L C \\
Y EEN W

ol (% Hr2z2A = | X .
for ﬂren‘:es’r distance —an Fo\e) =229~ = +an (:1 "2) ) v % v I:
N Gtreqk$+ Al‘:\'ﬂDCE :-JT;{';-'

(b) Find the exact value of the area of the region bounded by C and the half-line 8 = 2. [5]
N 2 -
Am:j _l#&:\g:j _L+an'<4_e)aw
2 2 9
o) (o}
-\ 9 ’ i»_ = _.L.
w = dan (5.‘) ap X
da _ __I_ V= —9_
a0 i+ (e)* X -
48 (a‘)
= ——\— U J— - —-—2—"
1+82 2 9%
m
_ 2
= | 8. =
b o <%
= |8 dom” (ﬂ) - ===
EC CR
- Jo o.‘l
-1 - fa -0l - 9 dﬁ
2 (—;—) |- J, e
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Now consider the part of C where 0 S8 <37

(c) Show that, at the point furthest from the half-line 6 = %1[, o
o~
(6% +4)tan”! (%9)51'119—0056 =0 .

and verify that this equation has a root between 0.6 and 0.7.

1= rowsd 2 z=j::’T%) cos
dx =0

era:n}ﬁr)Lcsi-ﬂLmhalf"f"E '5.[’ &
%:J-&m()(ﬂe +ca59[ Eﬂn ]%J’T\(_g?

—scne\\+m-@)+ cos® 1

2 |+4n" (_9_) ‘I-+I+B" bE
-sinB " ) _Gs O B
4+e‘)‘l '®)

d =0 <= ~sin® | +am | g)-i— cos © -0

N R
2

"

cos © = snb M'(,g_)
S
s = sihb m"(g) (4+e:‘)

=) (g’»f 4)4@0" (—3—) sinD s =0 Cslmn).
Lel, {(B) =(e=+‘+) (—I-a,," (eg))s{ne -~ ces®”

-5‘(0-6)= ~0:108 <O

£(-1)= 0.20q >0
Since these s a c\,mae o§ s-'\frw )‘ﬂ'eessuq-kcn has g reot belween 0-€ cnd 0-7.
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57

(a) Show that the polar cquation of C is ¥ =

The curve C has Cartesian equation x* +xy+y? = a, where a is a positive constant,

2a

T 2+sin20° [3]

2*4 1d+31 =Q

. A 11.‘. :'—'_-'(1
Sinte 1= rccsG,a':""‘“e on J

5 @)

= a
b

r2 4 ¢ shd _a,se = Q

c* (l+ sinehge)

.

=
o,

- __&____._-—- =
|+ 520

1+ Sin @ cosB

' =

2 = a
Q+ sin 20
2
28 ('s\\wn)-
Q-\-SinQe

(b) Sketchthepartof Cfor0 <0< }n. : [2]

02l M 060 086 Ja
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The region R is enclosed by this part of C, the initial line and the half-line 0 = %ﬂ:.

2tan @

(c) Itis given that sin26 may be expressed as 5—. Use this result to show that the area of R is

+tan

%n 2
laJ‘ 1+tan“6 40
0

2 | +tan®+tan’0
and use the substitution 7 = tan 8 to find the quct value of this area. (8]
A-ea reqion R = j r24b j A [ra |40
5: 2 '1 -?+Sane
w4 w4
= QJ" — L b =a ‘ dh
o 2 b 232tay20 +tan O
l‘l"h}nza ° l++ﬂnae
B Al
= aj I+ 4as*0 a&u:f I+ 4200 B (shown).
o 2(1+hanB4h0) 2o Trdan B+t 0
Let, = 4an®
S At —gecth = 1440 f 9 db-14t* o df = _db
CLG dp [+t

«9: 02 t :{nn(O)so
e:_E_ —_;)-l: :+an G:.)-:i

i- a i
=)ﬂmea°§rea‘°“f<=§j Ere el o TR S

let+t ™ > 2, ret?

t2ate] = 4 ++,+( ) (_L) +d e (J"}{)J—ﬁ‘*l : Cﬁ_.{)ﬂf

le}, 4+ L =B v o db =& s’y da
2 2 2

=09 o+l=0 = = A
+=0 3 3 a-‘md )-kmcz\s
-‘::I:)l-“.-{-:_‘ri‘{aadﬂ doma =J3 2D &=
n}
at

=aft 1
oy

; . - ;
#Areqb-? regior R AJo 1+t+t?

'y
3 VB sec’d da zal ol B sectx da
3+nnd) +,_i_ 2 < Tl -l_% 1+ dan e 2

= —jﬂa gfa da = J3a [4] " @ {%—E]aﬂ(%) SELL
2dwxe 3 3| Jxe T3 &) 3 12
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