Past Paper Questions: Rational Functions

-4
I The curve C has equation y = -
(i) Find the cquations of the asymptotes of C. ' (3]

(ii) Draw a sketch of C and its asymptotes. Give the coordinates of the points of intersection of C
with the coordinate axes. . . [4]

[You are not required to find the coordinates of any turning points.]
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2 The curve C has equation

where a is a constant and a > 1.

y |
= ax®

x=1"

(i) Find the equations of the asymptotes of C.

(i) Show that the x-coordinates of both the turning points of C are positive. [4]
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3 The curve I', which has equation

i ax* +bx+c
T x2apy+q
has asymptotes x = 1, x = 4 and y = 2. Find the values of @, p and q.
It is given that I" has a stationary point at x = 2.
(i) Find the value of c.
(ii) Show that if b # —10 then I" has exactly 2 stationary points.
(iii) Draw a sketch of I for the case where b = 6. .
V@-—}\‘ml qu,.‘rL,Jesg x= ‘ y X :ll ]knminq"‘u‘r = @"l)(z"lo
= 1_3"—.5\71 + L‘
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4 The curve C has equation

agppox=l)

X+

(i) Write down the equations of the asymptotes of C. 2]

(ii) Find the set of values of x for which C is above its oblique asymptote and the sct of values of x
for which C is below its oblique asymptote. (3]

(iii) Draw a sketch of C, stating the coordinates of the points of intersection.of C with the coordinate

axes. (4]
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v "l )

Tﬁ) :rn-}erce‘:’rs: z-:n-)erce_{)( =)d:o Gt x4+ 3 '-___GT:O
2+

2x+3 =_6

X+ |
25+ 52-3=0
i 2+6x-2-3=0

Rz~ \) (x+ 3)=0
__:)(l:?;&_,)-_g (-3,o)mol é_,O).

J—\‘n"ercep'F = 2x=0 d::z(a\+3 -6 =% - <0)"_g)'

O+l

9231/01/M/J/06

Scanned with CamScanner



Scanned with CamScanner



T — T SR

5 The curve C has equation
X

y=Axv+

where A is a non-zero constant.

(1) Find the asymptotes of C.

(ii) Show thatif A > 0 then g‘— > 0 at all points of C
.

"

(3]

(2]

(iii) Show that, for A < —%, C has two distinct stationary points, both to the left of the y-axis. [3]

(iv) In separate diagrams draw sketches of C for each of the cases > 0 and A < —%. (6]
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“The'ciirve C lhias equation
x2=2x+A
x+1

)=

(3]
(4]

Where 4 is a constant. Show that the equations of the asymptotes of C are independent of A.

Find the value of A for which the x-axis is a tangent to C, and sketch C in this case.

Sketch C in the case A = —4, giving the exact coordinates of the points of intersection of C with the
(3]

X-axis.
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7 The curve C hag cquation

)

R

y = —t
AT

where A is a non-zero constant. Obtain the equation of cach of the asymptotes of C, [3)

In separate diagrams, sketch C for the cases A > 0 and A < 0. In both cases the coordinates of the

turning points must be indicated.
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The curve C has equation

(i) Obtain the equations of the asymptotes of C. 3]
(ii) Show that there is exactly onc point ol intersection of C with the asymptotes and find its
coordinates. .
e . dy
(iii) Find = and hence
o e

1 ]
(a) find the coordinates of any stationary points of C,

(b) state the set of valucs of x for which the gradient of C is ncgative.

(6]

(iv) Draw a sketch of C. (3]
.‘)3:'{2*7‘ = 1+ 3z-1 . (
1327 +| m’- v*-2z+] E—y—:—‘
2 _2x+|
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2 e
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9 The curve C has equation

x=3x-7
Tox+1l

(i) Obtain the equations of the asymptoles of G.

(3]
(ii) Show that (dl_: > 1 at all points of C. ' 2]
(i) Draw a sketch of C. (3]
.l) d.‘: ’4(-4 - 3 . x;_
L+ 2+ | 2%~ 32 -1
‘ 2
Asdm -\-o-(-es:dzz—-l-, X j—_z
P -
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10 The curve € has equation

W

P A Av =042

X4 3

here A s o constant such that A # 1 and A # —%-

oo ody .
(1) Find (1-\ and deduce that if C has two stationary points then —% <A<l [5]

(ii) Find the cquations of the

asymptotes of C.

(iii) Draw a sketch of C for the case 0 < A < 1.

(iv) Draw a sketch of C for the case A > 3.

',) Y= TAN-3 + -6€x*-3x+9

w433

= | - -€x*-3A+9
dx (x+3)*
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= - +
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462 +9 +6x* +30-9=0

22+ 6x +62*+3) =0

F;'T S0 s-}ﬁ.’}i}hdﬁ fa\whs )

g2 4(1) @3z 0

36-24p*- 12X 20
2X*+) -3<0
2/\14-3%'A'_3 <o

o <0
3 merats Geol

2

7) g= XA -3 + —€x —32+1

Oblique Q.sdm[){b-le Jd= z4+2A—3y N

- i shation wis exisT
“‘\’ o<l )ﬁ R _Q D t="A + 2555

2+3

=3
erhal agy n-»r"}o"'e xs

1-niescept 9 y=0 =) }_ig__ét_ = = =
Z+3 1=:_5\_'£_5_2<.
>
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11 The curve C wily cquation

a1 by
Vs ——
’ =1
where a, b and ¢ are constants, has two asymptotes. 1t is given that y = 2v = 5 is onc of these
asymptotes.
(1) State the equation of the other asymplote. [
(1) Find the value of @ and show that b = =7. (3]
(iii) Given also that C has a turning point when x = 2, find the value of ¢. (3
(iv) Find the set of values of k for which the line y = k does not intersect C. (4]

\) Vesrdical asd"‘["lbie: 2= |- at4 a2

_ - | lax*tbyt
\) As Y= azxt+bia + atbtc az?-ax
- | *T—. +
Ob).'%e Asdmrlv,-e : J:az+b+ck =2z-5 (bm G
ta=2 Oﬂa)z—b—k
3 + -+
and b+a=-5
C+b+a
b+2 =-5
b=—T1

"\) J= A-T24C - 2e-5+¢-5
> - | z-|

5 0=2- <5
When 222,d4 =0 =5 O 53

dx
c-5 = 2
c ="
N) d: k —_;) h - 21""71"‘ f’
x—|

@
\1

222~ Ta41 ~kz+k
2% +2 ("(—E)"‘ k+"]
Br lne 4o not mfersect cuve,
b2~ lac <O
S )< 0
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12 The curve C has cquation
y=
Show that, for all NIy ;
Find the coordinates of the turning points on C,

Find the equation of the asymptote of C.

22043
A

+2
(4]

(3]
(2]

Sketch the graph of C, stating the coordinates of any intersections with the y-axis and the asymptote.

y=t42u3

(2]

2+ 2

g+ Qd = 227+ 2x+3

0 = (@ y)r "+ 2+ 3%

e % 4o e val,

Bz-—l(qc el

(R=Y@+4)E-%)

=20

v-46-7y+242] 20
‘-20‘}-28‘1 —SJ"?,O
8y*~28y+20 <0

231—7J+ <O

=) QJJ—QG—SJ +5<0
(%-5)¢-1)< ©
<g <1 (Ghomn)

=19 1=22%4+2243
2+
0 = x2+22+|
O-= GH l\l
r=-|

i C—l,[)

=) _g‘z 2274 22+3
& 42

LS

52240 = 820z |2 +6

Az =0
7_,-2)1:0
( 2=l (275_5—)'

5
3
- A
T2

i-@-/ﬁi"’;'&j pots: (-, ) ad (2%)'

2

—

As |zl e, Jge

2 = ’HMZMQJ qsd-mr'lbk d-’—‘D\

or veck cd osam(rLJe: 2%42=0= 2= i\]?(usre‘mlv-wﬁ)
=) No Verhanl agym phokes emisf-
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13 The curve C has equation y = \‘__2 Find the equations of the asymptotes of C. (3]
Find the coordinates of the turning points on C. ol
Draw a sketch of C. :
& = =z* - A+ 2 +_.l:t—-—- '
-2 -2 oo
x-2 | 2400+ O
A%mf%ks : d: x+2-,‘l=-2' 22-24
- - A
+
—%— T _H_—_i 2% +0
at @'-23 21—:”
—_—
M hurming pods 5 At = O 4
.
.

(x-2) =4 2227 x2

x-2=2 o z-2=2
=l or == 0
Y=L -8 o =0 -0

-2 0-2

-'-T\-Am\ﬂd ro}n'}s: (4,8)&!1&{ (070)'

X-in)re!‘ce]o* ':)J:O lx_—"z =0 2 %=0 _—:? (0,0).

iy I; /(j:uz
.': 10 8)
.
21"
& 'i"’/ /‘7(0'0) =z
o |
=
7 |
7 |
|
G lz=2

923113IMIJ12
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14 The curve C has equation y = —3 - . State the equations of the asymptotes of C. 12)
M=-2v 4+

Show that y < & atall points of C. (4]

Find the coordinates of any stationary points ol C. (3]

Sketch C, stating the coordinates of any intersections of C with the coordinate axes and the asymplotes.

(4]

Y= 4+ -4 _ 2+ 2~}

. 2
i s
x2-27+| 6—"')2 2*-22 +| le.‘—Bz -2

Q7 ~iY=0 %= 23U +2
Asdmﬁo«}es. 4=2, &-1) X I +li-
& () ) .
dz (x’_‘)q

1)

) W %) o) IR CE I 1=
£ G- 1) OGO

(or Sﬁ&m,y(j rom_\_; _%—:O 8 - :'1’7 ’:_O =) 1:7.

dx. (x—-l)g
&y = GV*CD)- (-0 [ae]
d* (x—-\>6 )
= = N = 3 -\)~ :—-\ - 7_3_5:)
R R i i

\S a vadmwn va].AE. (\3535_ a;*' all r)ot\\"s on C:
|2

4= 22-3em2 o guitYmy =TI
domil G2 (y)engr2=0

or x o be veal, B -lac =20
(3-29) 4 (4-2)(§+2) 20
Aa g~ 12y - g™+ 16 2 O
-2y F -25

< !5
d 1<

Alesn a‘\\\‘e‘d :

9231/11/M/J/13
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15 The curve C has equation

.
ax® +bx+c

\' -
: X+d

]

where a, b, ¢ and d arc constants. The curve cuts the y-axis at (0, =2) and has asymptotes x = 2 and
y=x+1.

(i) Write down the value of d. (1]
(ii) Determine the values of a,bandc. (6]
(i) Show that, at all points on C, either y<3-2/6o0ry>3+2/6. (7]

i) Verd cel :Lsdm’ﬂ-ak_ at zrfd,.—_o =) x_=-—o\ p
. . = s-d=2Dd=-2.
Bd Cﬂnfﬂaﬂj“‘f-’ =2

3 3= atebeec e shei
-2 2-2 | ax*+bx+ ¢
g_—
d = axtb+la+ ci2btla ax” —2ax
x“ -2 — (4‘ )
br2a)x +C
Ob\i agqm s = = axt+b+2
e P-)O-Le d o - (b-rQa)zL -2b-la
2 a=\ 3 b—l—Qa_:‘ 1 _ + o+
_ it = b=l
gr s ) c+2b+la

W hen 2205 y= -2 —

s -2= a(ozz+b(0)+ C
0-2

e P
,_1-z~dz+lk+96
0= 12*1(—|—d>+ LHQJ

v 2 4o le ceal, b*-kac 20
Cr-u0) (+29) 20
\+9d—&d’——16—8J =20
g -6y-18 20 .

Crkicd vale : g2~ gy-15=0 = Y= 6+Ja6 - 6x4J. 3x 206

9231/12/M/J/14 -'l 9-

Then 9 <3-2J¢ o gz3+2a3¢.
(Showﬂ).

Al

N

Tﬁ) dx——.?d
O
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2x?

EXDress =X+ A B ’
Express —\—\_2 T in the form 2 + ) + o where A and B are integers to be found. [3]
X = x= A
. . 2% - x45 . .
Ehe curve C has equation y = T Show that there are two distinct values of x for which
y X -
Tk (4]

_Sketch C stating the equations of the asymptotes and giving the coordinates of any points of
Intersection with the coordinate axes and with the asymptotes. You do not need Lo find the coordinates

of the turning points. [7]
Wr-x4+ 5 = 25 1-x =
-_LTI— ——x_:‘—-\ r*—| l211—z+5

2% -2
S W - S —
a == -\ T+ | A

Tox = Alarl)+BGE-)
=19 ¢ =AR)IN=3
x=-) 9 R = B(—.Q):) B_::—-Ll-

21_1—-2'.+5 = 24+ 3 "',_’Lf—-'
_— x| 2+

g 2niS a2 oA

v |

Sty Er e

+J a2 o iz 85:'11':[(5'
—Fl’li_:_-_:]—’l‘-i—z—"_,——-—i’g/

’“\0\ Yee cre Jwo Ais-}v'nc" -\urnind Fo'm‘l‘.;-

When 221+ 542196 _y Tarning points: 03-%\-16),(0'0117-“"’6)'
when z= 1-483, 4= -4-96
c— >
As e s g1 = = 2

w0 D r=E| = Agepres: §=2x=lhz=-l

9231/13/M/1J114
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When curve mdersed's the \pazantel D
22245 - 2
ot .

2
-l 22
2P-2+5 7 2

127 Je-(""‘)'
: :r;;emkm,mvfr”“*sdﬁ"

-:'\-’eroelo - 22-,14—5:0 S
z +=530:3’3fn/4/q;=l/¢£’.f(ml o)
5 x:\’i—,ql,"/‘ l‘
¢ No "'M(}S: (07’5).
d-\\-)erce{r\‘ 2Dx=0 ;—)d:ifg":ef_i =
0>~

7

< L

| (
%

3
6-9) TN |

12, -4%)
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bl
B o _
17 The curve C has equation y = 4"2 i Verily that the equation ol C may be written in the form
X+

y= —% + % and also in the form y = % = 2((\\—1':1:5 3]
Hence show that —l <yg %. 2
Without differentiating, write down the coordinates of the turning points of C. [2]
State the equation of the asymptote of C. ]

Sketch the graph of C, stating the coordinates of the intersections with the coordinate axes and the
asymptotc. 3]

gz (e -3 o 822-6r = Wexdl oo "

(7_1-\-[)»(1 i 2(114'\) _’2(1.1‘}\)

g Gety Gl -l Gl o ol ()

Q(l +\> 2(114'\) 2(:(, +\) 2(124_‘

- B
Yz~ 3% 82-bx _ Q2 +q-2-62~ - q(2+) - (x+2)

-

x? 4| 2(12+\) 2(22+1) N
J 7= CONNCYAL
Q(z_iﬂ)
@" 0 20 =2 “+(3l l) l’)d’”‘
2(1’+|) 2 2@
§x+3)1 20 2 - <1+3? <0 = i (4(+3) < ,_)d<_j__
2(22+) 2(x2#1) Y
N
2 A ct _.—_ﬁ _ (‘z+3).1
. - - 4+ (32 w\@as_l.-)—-—,.
When 3= 9 @ L= _2,+§2;2+)D 27 F 2 gy
Q=(3z-)" 0= (x+3
5 =L 2(11+|)
= =) x =3

K T:miv\a Fah+s: J—- J—) (3 7_5:) .

==
As \Z‘Hd’ 3 dl’) 4— l-!mzmH asdm{:qb»le d L(-
0 o = 2T (reslroshs) s No verbieed aggmphefes:

9231/13/MIJ/15
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For .
Irivlercepy ) i oygeungo3s2 = O

Rr w. 0%+
'x\-\"QrQ‘,-};d:O_:)u:Os

r?+ |

l“_’ ~ 32 —:—‘f
e
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e C he . X o . .
18 A curve C has cquation y = FE Find the equations of the asymptotes of C.
X -

Show that there are no points on C for which 0 < y < 8.

Sketch C, giving the coordinates of the turning points.

Y= 2+ L
x -2

Asdwr%ées: d =+ 2y, x=2.

4= =

T— 2
dr-ay =t
0 == —Sx—kﬁa
v o el be weel, (3) ~4()(ag) < O
8d <0
d(d’8)<o

2 0<yY<B: CSXWW)

(31
(4]
(3]

X+ 2,

x -2, ’ x*

12’21
= =

2z
2x — 4

\;J\end-'-o = 2* _ g D
x-2

Vhen = B o 2t -8 D 22-8x+16=0 > () =0 Dz=

":L

x-imlercept 3 4= 0 22 20

+2=0 =) 2=0"

Tarning poinits : (0,0) and (th)
o =x=0" @: >

R (o,o).

i (48):

J-hitercept 2-2
/{\ M—:&.‘l

@10) 2

(

‘ﬂ (8)

e /\

y

y
7

9231/11/MIJ/16

|
[
|
|

J

|

l/,(____&
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2 dy
19 ThL cum. Ch as cquuuon\ = 42 gho\v that == < 0 at all points on C ) _|3l |

T a9 dx L
State the equations of the asymplotes of C. N
Sketch C, showing the coordinates of any points of intersection with the coordinate axes. (3]

~ PN/ - &2 (21-) 2*-9-2 r‘(aL-,,_ —e -9
4= )(() _f) ) 122 _
- x+l(x+) = —[ 0+ lzx+2"-2 +ﬂ ——-(u—z) -5

N GO GO
Ay o= - @) | 5
e Y )

= —[Ga) ]<o o fr2)L(2) >0
di Q_ q)l (x_ .-‘{)

(Shown

))

"

—_—

d: T 2

1*-9
. : 4=0
As |l w0, 890 = zomtal osdmr,},k J

o= Veskol ﬁﬁn[»}cks 2-q=02==3 ]
& —-’) Ve\"l" Ca.‘ O_Qdmp—lo-ks: 'Z:B,X‘: - '

T

|" —MRI‘CEP“' f—)d:O ::) x+'2 = 0 =) L= (—2, )
-9 (
= 0y —| .
—nlercept =) x= 0 —-)d-o»r;z.._ 2 = \
° o~9q T
Shce . <0 Ahese ove mo me'nd Pc‘ln“'s
dx
9231/13/MI/16
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20 The curve C hyg ¢ quation y = X =3x+6
l-x

() Find the cquations of the asymptotes of C. (3]
VRGeS i SV, S TR 42
-2+ = R prerAr
-
A%mrr\uks: d:-—z—hl -+
x = -22 +6
-2+ 2
St
_
(ii) Find the coordinates of the turning points of C. (3]

= -l - R T I i
- S

P(‘} Hurnin l\ﬂ“ :O’—'—) "|+J__- =0
g o f,? 5

5=

~z=+2
[-z=2 er 7% =2
-2 = -z=-3
z=-1 e
=) 1——!:)(3:&;3_(.1))_Lé ':..g
(- (-l
.39 4= F-30B)+€ =-3

|=3
.:T.(min{j foM""S'- (’|75)“’\A (é,“5)'

9231/11/MINT
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(iii) Find :
1€ coordinates of any intersections with the coordinate axes. (2]

For d-‘\\krcer)'l"-) x =0 -’—')d c’?—;é i (0’6)

Erx—n\\krce‘o‘) J':O =) xa_sx—ré =O
|-

L
4. 3xd=15 @oralmirs)
2

:-‘) No 1—&*\-\UC€(9’B czis']--

(iv) Sketch C.

4l

9231/11MINT
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| 21 The curve C pyg equation

where b is » Positive constant.

(@ Find the cquations of the asymptotes of C.

J= z=b+ byv* .
4+ b

(ii) Show that C does not intersect the x-axis.

E‘r Z—"'Aﬁ-fff.f#y JI‘-O

=) 0= z24b _y x*=-b
t+b L Alb

No real rosts:

5 C dees mot indessect he a-axcs:

9231/11/M/N)/18

(3]
e
x+b 22 +0+ b
12+ b

el
-br+b

bz —b*
+ +
b+b*

(1]

Scanned with CamScanner



(2]

iii ifvi _
(i) Justifying your answer, find the number of stationary points on C.

%—: | — bab®

4 A
I;Y‘S"L’")’\"" Wt s 0O = [— b b* =0
) = = p——
a9 j%_ @HJ)
| = b+b”
(u—b)l
4+2bx+b = bt s
2*+2be-b=0 ,
Note Discaminant =(:zb)“~l{(\)(—b): tr*+ib >0
5 Thee ose Awe ligdnct reel rw+50[:>(_ie_ =0
x

:.) ﬂere ore Jwa 3«};;_—-)5%5.8 fa\\‘\"‘s on C

(iv) Sketch C. Your sketch should indicate the coordinates of any points of intersection with the

y-axis. You do not need to find the coordinates of any stationary points. (3]
2
For g -wercept D220 Dy=0%b _ 4 s (0,4).
0+b
/\
2 J=1"b

\
l
(
1
l
(
(
i

\

9231/11/M/1/18
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22 The curve C has equation

Ve 22 +"x+6
E x~2
(i) Fi :
ind the coordinates of the points of intersection of C with the axes. (2]
d'h"lerceF"‘ = x=0 3Y =0+ )+ 6 = -3 = (o,—s\)‘
0—2
1-inferq, =) s
eﬂ‘ =) J=0 9 x27x+6 -0 2 <>L+I>(x+6) =0
°x =2
z=-| 7~ 6
s (o), (- 610)‘
(if) Find the equation of each of the asymptotes of C. (3]
J= 29+ 2y | z+9
-2 % — L m
As fes: y=x+ -2z
dmr\'b d.— X q e
f
=2 Qx+6
qx-18
—_ 4+
2
L
9231/13/M/J/18
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(iii) Sketch C. (3]
._%_ = |- 2y =0

dx @’

Gy
2-2 = —\_—JTL‘_—’:I.’I\JG

x=2*x2J¢
=2+ 2J6 =24 = (+4J6 .-.’]Im;nd points : @-8?,20-8), (—2-8‘!; 1'20)'

x=2-2JC DJ= lI-4J8
&/F ;w

? 7
i‘ &’9 GH'Q JZ7II+WZ)'
(224, u—w‘f) I ’

yd

I,
|
i

LN

9231/13/M/3/18
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23  The curv
es C, and C, have equations

ax X2 4 (a+ 10)x + 5a 426
y=—— and y=
X+5

X+5

re i i
Spectively, where q is aconstant and g > 2.

(2]

() Find the €quations of the asymptotes of C .

d = a -5a B
1+S o r:;——
axt5en
ASG"\‘)'\"’VI'G—S d:q.) x—_—_—-S' _ -
-Sal
(ii) Find the €quation of the oblique asymptote of C,. .
J=trt54+ | L
+5 x+S5 [22+ (a+)x+5a+26
1_2 + 5=

A%Mﬂ)*v-l-eﬁ: d:l+&+5- ) -

(at 5) .+ Sat2b
@1—5)1 +5Sa+295

— —_— “

(iii) Show that C ; and C, do not intersect.

=2t 3(), g= =+ (a+10)+ 5a+26 = ()

(2]

1+§ tS
Subshhde (l) ™ (1) : ax - 7_1+(q+(°)x+5°~+26
+5 A4S
o = xz—i-a.z—i-lol"’&"’ié
0O = 2z2+10x+ 5a+26

Discimnant = (10) %4 (1) G +26) = 100-20a — lof = ~20a-4
Smce a=2
=00 < —
“R0a ~ < -l
e D"S‘cn‘min a_n‘i" <O C‘| ond C\Q do "\9'}‘ ;n‘lt/’SﬁC‘l—-

4o

9231/11/M/J/19
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(iv) Find the i
coordinates of )y Stationary points of C,. 3]

Jd= a4 4 |,

i 245
% = "_J_ =0
dx (us)*

45=| o~  z45=-]
‘l="’+ o 'l:"é
W =
~4+5
=67 J=-Ctar5+ | za-l-l=a=2"
-€+45

. Sw‘a—ln‘mwd pomds ; <—‘{>“+2) ? (’67“"'2> '

\"/\KUI L=

(v) Sketch C, and C, on a single diagram. [You do not need to calculate the coordinates of any

points where C2 crosses the axes.] Gl
2 4= x+a+5

N

(0/9)

N
9231/11/M/1/19
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24 The curve C g equation

where k is a positive constant,

; ' .
(i) Obtain the €quations of the asymptotes of C.

= Bl
J=r+L 4+ & :
. e Rz~ | | =
xt- =
Ob)i
e qs&f*’[e Q]— +_L -
2 40
vU"kG&l W_}_e 12—_'_‘ R
) =x -1
R k*
- +
1
k’-
—
(ii) Find the coordinates of the statlomry points of C. 5
o L- 2 koo L
ol’l. h sz )) k=, k(k?’—l)
For S"“ﬁé"‘aﬂoﬁ“')’m\'ﬂ 7_2%. =0 = 1 — ( _0
dx R k()
L1
R }Z(kr—l)"“
()= |
kz—| =% |
ke~1=| and bx~|=—I
klz:z 121:0
=_2 . _
xX k 6
'\»A\Cn 7_=O7d: O:L =O
k(o) -1 9231/13/M/1/19
o 2o 209e B g Sty GO ).
hxl k
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(iii) Sketch C. [3]

9231/13/M/J/19
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The curve C has equation V= SO =T1) (x4 2)
(W -2)(xy3)

(i) Express y in the form p 4 Q R
2. (3]
X = X4 3

- dy
(i) Show that = = fo
; rexa 2\ X i

dx ctly one valye of X and find the corresponding value of y. (4]

(iii) Writc down the jons

© €quations of al] (e asymplotes of C, &
iv) Find the s
(iv) esctofy (4]

alues of & . .
8 of k for which the line y = k docs not intersect C.

.') d° —5(—";&= S5x*+5z-10 L7
X 1‘1"6 2_1,,_2_6 12‘4-1'_6 m
= 5+ _R2o 51% + 5% - 30
CZ-':Z‘)('I{'.% ;___’__:_i_—
20

20 = N R
s - Ta tag
20 = Q(w 8)+ R (= —-:z)
2=2 =) W = Q(S):)Q:L(.,
2--33 20 =R(-5)aR=-4 =~ Yy=5+H4 - 4 ..

y e x+3

W) dp - =1

-

+ 4 =
W s

O =) 6+3}2= (’C"2>1
2346249 = 2 H
oz =~5

ﬁ> d- 5(1")(”7-): 54+ Y g4
(x-2) (x +3) x-2 %3 )
As b s g 5 o Homz ented "Sd'“FMe D y=5-
set z2—2=0 =) =2
and 14-3=02D x=-3.

B~ verkeal a.Sd n\'a‘lbk.s )

;\,) g=k 2 k= 52%452-10
2*+ 2§
ki?+k=x-gk = 52+ 5x~10
0 :(5-)a)11+(5—h)z+6k—10

9231/01/0/N/03
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or vo -\n«\ers:c:kd\ﬂq \”.’l(qc

O
NNCE n)zflf(b’*’?)@kw) :
(5-R) [ 57K~ akre) <
0
(5-k) (-3¢ o+ 05
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26 The curve C has equation

X 42v-13

gyt
where 4 is a constan, X4 1)(x+4)

(4]

(i) Find the equa '
quations of the asymptotes of C for the case where A = 0.

)

(ii) Find the equatio 3
quations of {he asymptotes of C for the case where A is not equal to any of =1, 0, Z'[:_;;'

N

(iii) Sketch C for the ¢
S ase where

i A=-1 i tions of the asymptotes
coordinateg of the po . Show, on your diagram, the equa "

nts of intersection of C with the coordinate axes. s
i =0 D Y= 2242y - w—
‘\ A d _\li: T-24 6_ . r_;’_,.—:g‘
Ttk z+Y x+Yy 2P+ 2x
2 4l
Asgmpiodes + yzz-2, x=—~l . s
-2 "'3
W) 4T x2-3 P
A+ b+ i

5

As \z\v)m -,JH_;l\_. “d=—% s o verheel aSa«anpk' ‘
e verbical asamph-*esz Ax+|=0 and z+ 4 =0

==\ L= —l
M
T‘T) Ay=-l 2 d= 2422 -3 _ %33x-x-3  _ x—\) “L+3> = "@'—?).
(”é“")(l'f"l) G—z +l)(x+l{) —(z—\) (z+q) (x"' )

-\

0 P — - l )
R 2y 1-2-3
2+ Y 2+ g
Asamﬁnks ! d=~i 2 ?é-:"f : + 4\— 3
-2 - -~ - -3 —
,j--\\l-erce‘o{- = x2=0 = d:-—g-'-f_—__i_:’_, (077) .
X-\VA-G‘ “' =) -——-O’—_) O:"?'—"_S :__.)-{:—3 =~ (-3,0]),
ph 24 23 05 ()
,éé- = s ;O 5»««11 % = No —Jurn.'v\J ,:amjrs ezJSF
A (xﬂ)"

Scanned with CamScanner



Scanned with CamScanner



1 The curve C has equatioy, |

. Y=
where A is @ non-zero congga Obtaj Y+
A ain the equat
In separate diagrams, skeycy, C for the 1918 of the asymprotes of C. (3]
@ A >0, cases where
(i) A <0.
=) 4= x— 2
= J= A+ )\ ”
T+ N s, |
R ASde‘LD"GS . d=’4—>\7 x:_k x+>\ ]1?—+07.+O
' AN
,’,—_\ _ ’-
N &)
) 2= — S50
2
-—o‘é-cl"\m =0 -2 —A
0[1. Q_-f pY B + -+
2.
2 2 A
(’C"' }\) = A
a+ A=)\
=) x4Az= X and +A= -\
=0 and z=-2)\.
2 2
O+A 20 -x

2 urm\r\a pots (070)Mcl (’31\3”4/\3,
Tndeccepds : = =0 dg=0> -0 'j (o:0) -

O4N
J=0 = 22X _p x=0
A+A
/4
/1
-
i 7Y
.
I'd
7
7
;
/‘ \
(0,0) /’ >‘ 4
5
4
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The curve C has equatjoy,

-~
-

peXtayy |
. e o \
where g 1S a positive constan 2x+3

(i) Obtain the equations of g, asymptot
csof C.

(3]

(i) Find the value of g fo, Which the y. -axis i
IS atan

gentto C, 4
(iii) Sketch C for the Case and sketch C in this case. [4]

9=3, givin
the x-axis. 8 the exact coordinates of the points of intersection of C with

(3]

(iv) Itis given that, for g)| values of the constant A, the |
the line
Y=2Ax43 A+ (q 3)
passes through the point ofj
t
: you have drawn, to show th:t C;S;ctmn of the asymptotes of C. Use this result, with the diagrams
| T4 <3 then the equation
Phgrs] 3,
#\2x+3 =lx+—k+-(q—3)
has no real soluti
onif g has the value found in part (ii), but has 2 real distinct solutions if ¢ = [3;]
‘)d: T g e
2y &+ 3 '—L/’?&—
A 2+3 |22 197 ‘
s R sgmptetes : J=X+a. -3, x=-3. g 3
2 Ly 2L
'ﬂ) Sel d =0 5 Zzi—j:l'i') = O Hx*+47+]=0 (CV >l+‘
2+3 (q’ ) >z +ﬁ i
2
v 2-anis o be o desgerd , bilic =O I
q2-4()(1) = + =
9, = 2 swmce 7’>0 ) 4. =
,, .
o x242z%) = T4l — T sks s y= x4l ,z2=-2,
x2*r2zr) = X —— s ag{mp == .
43 4  2z43 .

9231/01/0/N/06
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— -~ - -
) o - . 3. -
)‘}—3=‘)d=:cﬂti’,sac-*\:_g(____hK 2/::5_ ey
22+ 3 s = i
bercept 0 ’)ﬁ’i-glg"'s =
X =i c = = . ) "
C‘P ? d ,2;\‘_'1’-3 ’-3’\‘?‘ _) 3;- ;O),) _é\\]'?’g
.‘-;::3/4;/;'7 2 .Q\
1\ 1l =2 (O7é)'
J-M-lerre —[», x=0 2 d:.o:ﬁ“gjf ;3 =
f’ 20)* 3 S l’”ﬂs .
‘= L4 2 a[,wlrs =) Ne
= =+ % -0 AN
2 (-%HB)“

d:
f”' \1 Fa)\r\’}
iu) q= Az_+_3\'—?=.)\ —Lalﬁ(q,—a) passes =8 » . d‘zw )
. et < P S 1
_Lt? %«clv Ne \MEw’ﬂlg | P".)e o
-3 .SoHest 1S m | injerse
e %ewuc&( T /.5:.”5_4-)_
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e CUTve C has equation
Th
2
y=® thrtc
—+c

X 2
a, b and c are constants, |y jg given thay -
bl

here B i
w V'=2x =5 isan asymptote of C.
0 Find the values of aand p, 2
: th i i
i) Gve" also that C has a turning poipg Atx = -1, find the value of ’
: c.
(i) Find the set of values of y for Which there are 1o points on C (4]
on C.

@iv) Draw a sketch of the curve wit equation

y= 20 +3-7) -2 g
x-3 ’

1d state t ; )
[rou kot © the equations of the asymptotes and the coordinates of the turning points.]

.l) Y= o‘x.-\-\o—"m.-\—% a.aH’}"qA
1+ 4 ot bt m

_ Obliue asyrpete: yeaxeb- b ax®slax
J=axtb-las 2.-5 ~ (b-)HC
s a=2 Brlials = B (b_ua)zjqb;léo\
az25b-3,
) g alr3tc - 2x-5 +cH20
bk iy
dy - 2- ct20 _0 Uy z=-1 2’%{%‘%=°
an Q-Ht)l C g = <+ 20
-2= C
= =2 .
T\) d:?_zfi—_%'i:_% =) dw_—flld:-?z.z—f?z—l
w 0 = 224f)e Y
For no pomds, bElad<O 9 (a4 -U@)C24y)<0
q- Gyaqt +6 +3H =0

3*+ 24y +25<<O

(4+1) (gr2s) <O
=) B Ly <~ [

9231/01/0/N/OT
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‘;"'d: 2% 4 8c-2 21—5*%
z
A - Gy, W= D R
. sdmr)u-k_r,; 4z 22" 2 T o) (Z“I)l
Pring sy 20 9 T @) 699
dz =+ 3
w44
z:",7—7
{) d a -’l 7 J: "QS
, NI I)) 677'-?5)
’}:rmﬂd Fo
| _1,-2 5 (£7°)1(2,0)
x- -n¥erce(94 :)3—‘—0 2 22%43:-2 =0 2 %72
._-————L{—‘—“
2L+ )
d‘\\\é’ﬁrmp“‘ =)X:O:)J__ -2 .___;1_ ;) (07J2'|:).
RS

Ve vert bo plot q- _,2(1’7)2431,7 -2

N . 2 -2 Sew Hs "
N 'l"C 'BIGC')' 'ﬂ\-S {,' vo’VE’_S -L—ungq_l‘\nd(ne Mve d = 2%_3_1_:__, en wn —H( @w'
<

ﬂf—’l (2 Q.Eamr-}UJtS-‘ d:.?(l"?)"s e 2219
xz-k+1=3

N&,, —med FD'\‘I+5"

New = -mlerceps (15,0) enel (5,0).

N

(¢,-) ¢ (07-25)-

i
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The curve C has equation

y=¥=2x-q)
C=1x=3y

where a is a constant not equal tg | )
or3

(i) Write down the equations of the asymptotes of ¢
CS o

(2]

(i) Show that C meets 1
he asymptote parallel to the X-axis at the point where x = s [2]

(iii) Show that the x- N

coordin ;
ates of any Stationary points on C satisfy

" (@-2)x 4 (6- ~4a)x + (5a-6) =
and hence find the set

et of values of a for which C has stationary points. (e}
(iv) Sketch the graph of C for

(@) a>3,
(b) 2<a<3.
-.) Asgrpeles: 3= 4, x= 4, =3 [4]
2 _ Qo
) Vhen y=4 3 1= @’1>GL'“\ 5 ka3 =7 ~27 ATt

(DG3) | eren =23

T :3_:.:_—_?_ (sb—m\'

o =2

T g¥s At ('Mﬁ +2a%

-bz+ 3 . a6 _HJ
k- G o)l Eﬂ;«j};&lf
O\’L GL ‘(1_+3>
A -\\m-ma ‘:o‘ﬂ'\T ’%,_ o 3 é_ ’LlITB.)(Z’L’Z"Q) (

243-81 *rha - 2B 6-a
- Ez'l?’ql "th'i.“{a_ -z +87_+l(qz_ 80‘

2,2 -0=-a 2l rhax - 632 =0
= [27(, -8 *R y Ut lat 48a -8

- ~22 +ar” + b2
(a/Q)x v (6- ‘4“) L (51’ é> 2
()

9231/01/0/N/08
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22y ~an+ 28 )(21'-[() =0
A 4+Yar -3 -0

,—lf-oa, "’50\" 6: Q




- ) > (@) B
tor \(\*‘m\cﬁ ‘.,m\,\-} Jo (1~“‘S~.( ) b Nac / ’6) 70 »
2 @““Y"'("‘?)(bn (ar12)?°
> ~ a™ \oa”
3¢4|6> 1B -0

»

a7
5 | €=
e Sekimay unls ewst 7
N) o”) a>3 o s+a4%anaa Fm\\'lfﬁ evst

rad L=3

Node: '&-‘-r\'\'CfCELF’S ﬁ)d:Of/‘) (i':’)(q"q) 0 2 1=dHa.
@"‘)((“3) (2(0> ad @/ O‘l-

Antercept ) 2209 4 eo-9) _ g s [oy2 Jk
J cef ZO—D(@-}) —3’ @7—3_) '
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The curve C has equajgy,

| ISection of € wiy, the axe &
(i) Obtain the “Quation of gy, O the 1€ uxes,
o ) | SYmplotes of C, 3l
(i) Draw a sketch of ¢ 1

(3]

) At gads, 2=0 29=0"5@0h ., .. (o,4)

A 2-aus, -0 O+| 6
. K EM.:O D -he-244=0 =2 @")(1'0—

L4 ooz i
Al (\,O)c.nA (‘ho)'

—

‘)‘) JFr-€+ 10 . r_i;é_————-
2+ | | 1225zl

AS tles: =2 -6 ,xlii
4 i: AL — L.+ Y
-tz —6
.
W) 1o o e
Az (rt)*
A duning peints oy 20 5 |- _lo. =0
9 r ’3?’ e

o ':) 1.""=i-\f\—6

= *+J0 |

()= |

v=Jo - DY=-7+2d10
z=-Jo-123=-1-2J0

ﬁn& qoints: (%1 ,~7+zﬂ€), ( o1, -T -2«—0')-
(2-'61—0'67); (—9-14,43.5:2)

9231/01/0/N/09
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The curve C has equation

jb A4 20y
=_ _ 0t
A Vo
where A 1S a constant and 2 » _ o

(i) Show that C has at mog,
WO stationg i
f ary points,
ii) Show that if C hag ex
(i) has exactly twq Stationary points then A>3
(iii) Find the set of values of 3 such th \

iv) Find the x-c i
@) oordinates of the poin(s of intersection of C with
(a) the x-axis, !

(b) the horizontal asymptote

(v) Sketch Cin each of the cases
(a) A< =2,
(b) A>2

.|) —C%% - &1—2z+>\> (—’lz—i '-v\)- (1242)‘1)('21--2)

(1" ~ 21+ A )1

at C has two vertical asymptotes.

(3]
(2]
(2]

(3]

(41

= &7-3‘9124-2)\1-1-:2)\1"_1.') ;U:QAQ' ol 2224 h o™ - -UAT

-2+ >\) >

o R T Y ot i

(7."’27(.—}?\) >
= —x® -2z 4anas 2Nt
dt Qr,‘fllz-f)s) *

2 2 z —
e shebmos) punks seb g =0 9 “ACHRTIRATIZA_ =0
dx (—&—Jx—})\)

-;) -2 '1.2

_rarer D=0

A2 A2 - AT~ X*=0
G\-H)?f—r\’l- -x*=0.
The quadvadc. equadion has a most duo soldions o C has af most he

Sh-\')a-nazj Ycl'r\'}’s .
Tl-) F&r EIGC\’% ‘)’VO S'*ﬂ.’)\ PO"’\"'S? we ffwuife

Plac D0 =) (N4 (ur ) (E3) >0

Mo e (O

+|) >0

9231/01/0/N/10—% Al (l+ L')\-‘_lr) >O
a5 > —)\%—

N> _—_f (€hown)
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W &y verXeal "\Sd'“[?‘)'-"MS'- 19_21+>, =0
For bo verhaal asdﬂ‘r%k’SI b-Yac z

(2406 7

y-4» =
g > (A
l|>>>’]fm Lerhod as(jfmﬁoks-
o x| =
-0 =~ x:O,"Q)\'
\‘J)G)M z—au‘s,d—;o 3 2L 20 D z(z+3>‘>

z’-—lar_—\-?‘

JUJG :d‘;\
. “pn‘}ﬂ.l “‘G’Mr
b) Jz=_2AAr . As |lds ey ym | 7 bz

22- AN - oan
: a_nxi A=t
A+ ('j=\ "') } = 24,00 L 2 /\ :éx_},g_ =
-2 AN

)a) A <-2: Sme X<
ond Shce NP <-’1::;

b) >\ >;L Sincl A >| = .H\e(e ot no ver—\ica\- asqu;-}b-l-es .
Siace A>;%' i there ore Ao ﬁ’w&mwﬁ ‘:m‘w}s
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. The curve C has €quation y = x4 Px+ |

ind the equation of ey x~2 »Where p ig ’
find 1 of each asymploe, PIs a constant, Giyen that C has two asymptotes,

| ! 3]
ind the set of values of : |

F P for which C s o distint (yp;

Sketch Cinthe case p = Y Bkt a

==1. Your ske(cj indi

ces, but need ; ! shoulg ¢

axes not show the Coordinates of any 1&::‘1"0-uc the coord

d Ing points,

d= x’*F+2+ <p+
' 2+ P+E

=2 x —2 1_94‘)1"1'\

Asdmr’}b')ﬁs : C*j =24 ?+ 2. x*-2z

inates of any intersections with the

(3]

— 4+
= 2} ’jFﬁzﬂ-
I rya-2pt
.+
%_72 | - QE+5, ’_"_'___,..-2—'—;;%"—
di G.fz)l 0

A"\ ’}Uf\'\-m "n‘\ :‘-D
g oo

9 1- 2pS_ .0
Gy
| = _2p*5.
o)
Va2 2p 42
17U ~2p-1l =0
Foe Awo dishnct vrts; b*-lac >0
2 (-u0) ) O
16+ 8p +i% 20
8? > -20

Pz

or © "knc‘}—lwmin 'I ;5—-
For Ao dis jfw}'\57 F’Pl

———

- -1 D y= -+l = ozl 43
p= ! 9 >
T -2 €

Asam?*\o*‘es: J° 2+l , ="

9231/11/0/NI11
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i - GV
F’a‘r d-in-krccf)l) =0 C-)J= 2;9:"\— - é k Pl
O-p‘ a. :('\ [ = O
for tunbocept, 420 9 0: g2-xtl DT o veal "”*5)'
A ’;T_;—- zF |i“g‘ (N
9-,5'
mtecef”
=) Ne -
g &

o - ,/3/2’
=" ‘h‘-"“in‘j Po?"+ ) set %:O 5) l Qz"'ﬂ o
i et 1= 2 -1z

27 2+(3 I_ 3232
J ;3,*,’2(373 -
s (3-'2976%)7 (O'%?’ho'm),

N ﬁrniﬂj fpm
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A curve C has equation
o
5( ‘.2 "
i R S .
G
- -4 the coordinates o i 0
cind fthe Points ofinlcmcclinn ol C wiil
Wilh the axes, 2l

ghow that, for all real valyeg ofx, -1 ¢ Y€ 15
. [41

sketch C, stating the coordingyes
of : .
ANy twrning poings and the equation of the horizontal asymptolc.

24 =5(o‘-o—2) I Ry (s (oo—l)'
) ‘ Ol lo
_ z_l‘%‘qﬂ) N e 15()110

5(1,:_1__1l -0 o x3-2-2=0
a
T4Sx+(0 G_2>('H|):O
Z.="I)D\

“ (1,0) and (a,o).

C—

Y= B?-5¢- 10

22+ Sz 40

d"a*%lﬂod = B -5~ 10
O =(5—J)1.2+(-5—5C01—I0— (OJ
For real valueg oJC Z, B-llac =0
(5-53)~4(54)Cro-10g) 2©
;15”5:'14_50& - & [-50 10y —SOJHOJ’]? 0
.25+;25J’-+50J +00 +169j ——‘{Od1 20
~154*+2l0g + 125 = O
{ljl ._U.ld —-15 S_O

(Qj”\S)(:pH) =0
9 -l=ys15 (Shor)

J=51*-51-10 5 pg I'LIH%JHS
24524 \0
J.d-’-S ‘s c\\fm’\zo‘ﬂ"'a\.\ a-Sd”‘{’"'“k‘

When y=-12) -l = 52°-52-10 5 -xT5-10 = 522510

x*+5x+ 10 O =¢*
5231/1310IN 1 D x=D

Co, - (-).
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ry ~|O

W\\en d'—_ \5)
zj 4 51—”0

15 =
- 10
V522 41514 150 = 5177 OF
10¢* + @0+ (60 = O
48+l =©
Gip)*=0 D *7

g rma in : “4"5)
s /ru.nkj Fo +o (

(o)

o (—11 7'5)'

wd (057 )
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, The curve € has equation
1

Y= ‘L

Aisano . .
Jhere S n- -
whe Zero CO“S"\"L Find the ¢qu oot
mi(ms 0

[ the
show that C has no tuming pojns it the asymptotes of C ()
<0,
sketch Cin the case A = 1 . : i (3]
N ==L slating (he )
aling (he Coordinates of (he intersections with (1 (3]
A s 1 (e axcs. -
--d:)*'k’.-k—_’&_. = A |4 2 '
-2 x- 2 n ﬁ’_—_
A m ‘\b'*es \ — z —2—
4P gd= Azt i
T=2. ’——T
- _____'___-—'
%__‘ = )\ - —L:.
Az 6'—'2)
At -)Mv-n\wd Fa\\+7 _%_ =0
adx
D N-2_ =0
=)
=2
(¢-2)

-.'Zz:__-ﬁ;,
CORE
No veal wots if 2. <0 =2i<0

’n\e:; C has wo —}urnivaj Fam{-,s .'§ >\ < 0.

N=-l 9 d:——z+l+ = ,

-2
= = O 2 - |- = .
g ecept 9220 gz -0+ +2- = |- 0 + (00
sndercept D 4=0 29 \l-x+_2_ -0
x -inerce d >
2 = :C.é'(
z-2.

2 = 2*=3z2+2

0= G-3)()

= =0,3. . (o,o)mol (3/O>-

§231/11/0/N/I12
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2.
The curve C has equation y = Lii_l
1 x=-2

ghow that thETE ATe N points on C for which -1 « y « 3

find the coordinales of the uming points of C

gketch C.
g= z-t 4+
R
Aggmptodes + q=z-152= 2.

e the cuve o not eust,
*-3x4 3 =y

-2
2 -3x+3 -’-d"—'Qd
z* "3‘{-d1 +:g,+:2d=0
22 vz (-3-9) ~ 3+ =0
et b -lac <O
(3 O <O
q-fd:"-l'%—-lfl— 8d <O
1 -'Zd—:s <O
Cd 3)(&-»\) <0
5 Tl<g=3

‘e, Curve oS no‘\' EZL.S"' \%"’ '_l(d < 3.

—_—

,:j':é'\ _-:) -\ = z*-3x+3
2 -2
Q-2 = 22 -3z + 3
O = =z2-22 +|
0= -1)*
D %=\
(15-1)
4=3 5 3= 22 ~3x+3
-2
37{.‘6: 3’(.""3

O = 61+ﬂ (- 3)
’£=5 (3,3)

9231/13/0/NM2

Find the cquations of (he asymplotes of C. 13

(4]
(31

(2]

f‘m\f\J ro»\‘r.s (3 3) (\r\)
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Luher cqa-* =) 3= O & x* A 7_37,_ =0
x -2
2
34 3 J -3
2= —(3) + J(340) )3 2
—an)
No 'x—in'k‘rcqa{s'

J-nescept D =0 d,u@&—g
0- A
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. curve C has equation

The
2
ya DX $dx4|
R TT—
V4|

\here P is a positive constant and p#3,
R Obtain the equations of (he asymplotes of C 13l

(i) Find the value of p for which the x (4]

“aX1s 18 a tangent (o C, and sketch C in this case.

iii) Forthe case p =1, show tha ¢ )
(iif) b » SOW that C has no tuming YOINLS, a it act coordinales
[ the poi i : s, and sketch C, giving the exact coor

of the points of intersection of C with the \A_,%xli 8 tch €, giving ¢ [

l) d: ?1+4~P+_L———3 ; M/

4+ | %+ | \fln*l{"* |
M ASdh\r';b‘)‘eS' a:rl+q_r. ‘szirﬂ.
—
x= —| @,[:91 + |
(Ll—f)x—&Ll’P
_ -+
T
'ﬁ) Sa]uﬂ&ﬂ’ d:O =) E:L"+lm+l -0
2+ |
l"'l'l(?’-""[: 0]
Ve weadt d=o+= be “4“"8’5”'{_
Tter  >-4(G)G) =0
16 = kp
5 p=k.
F'-’L(' =) J= L{Z + 1 . Asdm\o'lb"'e.s: d=!{’¢)"—='—

i 2 Y2+ lzr =0 =

-
(l? z+l)1—’- O

r==L"

d:o

2
= Pk of Jengen =(’—"°)'
%ﬁ‘Se-F z=0=7d=Q(°)f;—ﬂ—\—=l—'v(o,_i). oj_ U 2

9231/11/0/N/13
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a: I{'L l_—,'|

2
p=\ =) 32 224lx+ | _ 23 T

x|
4|
- | y_2 . o
d @) s 209 A —-1 D) =3
A4 ‘}“""‘\"& Pn\r‘; _gg_::o =) |+mi (7-'”) Ne rcal ruts.
dx

s
o urring P
e dhe corve hes "0 __ux Jeeon

=) _’ﬁfﬁ‘iﬂ:oz)i — a0y

't-;Y -.L—-\—\erC{D““) d; D

i X = —l{.t\‘ 2 - =4+ Q\is
—_— Ty
b -2
L --2x{3

. x mbesce(ts: Q_2+\I—3—,O).) G‘z'“'?fo).

yvbregpti x 20 D gz ekt = L 2 @:4).

o+ |

|
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38

he Curve C has equation

y=

2% 55—
\‘*I

A2

Find the equations of the asymplotes of ¢

dy
Show that — P > 2 atall points on C.

sketch C.

g= 22+l -_3

Lt 2

Asgmpeles s = 22+ |

(3]
(3]
(3]

2z +1

z+ L m:r

21.1+ bz

rT=—2. — =z -
a+ 2
—=
/__,_--
N - 243 .
dx 2+ 2\ "
S___P__ . ke 4o Hhe curve
Note 7(2—}—.'2)1 > O as d:O S an G%m}a 5'—‘_‘.
’\)a:,fauvahesa 7. @'m‘)

/!Len 32 ., >0
@

=) .:z+,,M >0t

@+:2

da

-

’.nkr Ce,{"{' d—o g _%i_j‘_lél;—‘—-

(j -\\“Q‘CCP"' e

z =

9231/13/0/N/13

r+ 2

— mn

2 (=)
i o)
lr "

z=0 =) Y= .'2(0)1+5§D)—\ =—|

0+2

(o2

o‘\\"‘s an C

=t

52548 < - 583

o

|
=X

2.

2)
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. 2 4y
\ curve C has equation y = = ¥ |
/g

5 X~ Find the cquations of the asymplotes of C. (3]

hat there is no poij S
ghow ! Pomnton C for whicj, | < y<9

[4]

df, 22%4 2 - 22 42
-\ z— | I'z'ﬂ‘;"/
2 -2z
d = Q243+ 2 —21',,(_
- | — 3z - |
3x -3
btes: 4=z 2x+3
Pegre d - -
A = d_ ”____Z__-—-
[

d: 274z - :
%=}
dz'd = 2%+ z-|
0O = 21_2+z—d7t+d"l
O = 2 (l—d)1+d—|
fr 2 Jo nobbe red, blac <O
S () @)@) < ©
‘*Jz’%“gd'* <O
g =104+ <O
G-0(-1) <0
= 1=J<9
E /ﬂv&f VS norm\"‘dﬂ C d?a-»'w"\:c"l \(d < 9.

9231/11/Q/N14
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{0

The curve C has quation y = 2 +kx

- 1 . - 0 \th o Loy
has no stationary pointe X4 €k is a conels L
C TY points, constant. Find (he ser of values of k for which

For the case k = 4, find (1o equati )
: L Quations of (ye 4«
of the points where C Interseets (e cgn:(l;;ll'll:: l'l:\i“mcs of C and sketch C, indicating the coordinalcs
) s aXCS, 6]
d_. %A k-2 4 2-R |
\' h 1
x4\ Ty
2
e ne (o et
dz =2+ k-2 32" 432
for station >
ooy port PR Qz—l)l+k—2
da i
42
= 2% k-2 _Q =
_ .
@+1)*
2 = 2~ k
@+1)*

-’2(1’+21+|) =2-k
22+ Yz +2-2+k =0
2t 4 hx+ =0

For re resl mots, P lpe<<O
1*-4a)k) < O

|16 = 8k <O
16 < 8k

2 <k

Then for k> 2, fhee are ne s*ﬁgﬂiﬂ_

Q) = 2zt2- 2% . T2
k= b =2 y= 2w+a+ at) =7 o =
z+)

Asdmly}b-ks : d=21.—+;27 z = —|
1,-mk_rcef)-’rs = d:o 2 &l - O

2+
29 1+2) = D

4= 0,-2 7 (010) and (rz,o)

mkreep 4 2D x=0 D Y=2x044x0 =0 2 (010)-
Jrrreep s T

8231/11/0/NM15
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The curve C has equation

)= 3X=9
(=2)(x+ 1)’

M Find the equations of the asymptotes of C (2]

As Iwe, PO 2420 s hoizontal “SCV"FN"
(A-2)@)=0 D =2 and z=-| e verheal e it

(ii) Show that there is no point on C for which % <y<3. (4]

t\'—'— 3x-9
1* —x2-2

g ~yx - 2y = 3u-9
Jr?-yx-3% -2+4=0
dﬂ,’-rz(—g—s)—k‘\-gd: 0.
When =z is Ocmf\et/.\m»ﬂ.‘wd, B-lac<<O
D (~4-28) U@ () <O
§rby+ — 3y +8y*< O
Q" -804 +9 < O
Sdz- \Od +3<0
By*-9y ~y+3<©
(By-06-3)<©
o) él < d<3

/l[\en He awrve Aot s r\o—)l exﬁﬂ OQ'V §L<d <3.

9231/11/0/N/17
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) Find the coordmates of the tllmm

& points of C.
\‘5’ =) ,L (3]
_\_ = - = —
-n- 2 =5 -..:) 3z-9 - 3
?-x-2 -
Q-7 =2*2-2 _ 3P B
32-9° 3
O =227-107425 O = 3~ 677
a
O:(Z."E) 0O =1_2,_2§+‘
=) =5 0 =@_,-\)

(57 :% )(:5)
i-e. Coordinades a}-}krnhd I,a.\ﬁs (5,,.)@0\ (75)

(iv) Sketch C.

‘ ) (3]
z--\krcer:“ 2 dr—O 5 329 _0O Hx=3 * (_glo
5% -2
golereept B 120 2 9=20-9 =L (o,%)
0*0-2

g

(,3)

— e e —— ™

1
€= -

z -
9231/11/0INM7 ==
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The curve C has equation

2
_Ytay—|
- ——

y
where aisconstantand q > 1, X+
(i) Find the equations of the asymptotes of C. -
= a - l =3
d X+ _a o _
| . W{T
2 z
. 1+
Asd"\l"}t")‘es- (J: l-fa'—l _
- =
l’:—l' (a—')l —,
(a.-l)l ya-]
— =% +
—-a
(ii) Show that C intersects the x-axis twice. ' [1]
2 - —
A’\' L*G.lf.S;dj;’D :‘) Z"’*Clz} I _O
X+

D atiaz-1=0
b3-lac = (a)z—"{(l)(.—)) = CL2+)7L
Note a>) 9a2>21 = a2+ >5

Since discrminant >0 ) ’Hq@) +the esym‘}\d\"
kas -J‘WO dis%nc-,— v:b—,»s.

_’ﬂ\e"\"){)ﬂ curve ‘n'}e"»SP(;ls —he x -axs Swice .

9231/11/O/N/18

— = — e ———— —— v_-J
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(i) Justifying your answer, find the number of Slationary points on C

d—’- z24+a—-| - a

|
M| _a
dn (x+1)"
O=l+_a
Ge+)*
-I = A
CLH)Q'
5 (z-ﬂy_: -\
2+l = 2da @areal rm+$)'

116'7 _%-::O has no vel =TS
dx

ﬁ Tee are hof S ,},m,\g 'DaM+S-

(iv) Sketch C, stating the coordinates of its point of intersection with the y-axis.
] 2 -
M yaus,z2=0 =) J*= 0%*+a(0)=) = - 1.
O+|

K

B:xw"

(2]

(3]

COF')'

=
\
~

~
]

9231/11/0/N/18
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rve C has equation

g The <
o 4504
Paxel
(i) Find the equation of the asymptole of C, 2]
As Il e, P 5:- 5.
l
* Hewizontal asdmf}a-k N =1.
7.2—\'(4' (= O \\ns no ttpl rvb+5'
——3 .No ‘,-g%\'@.l aw#k MJ.‘S‘B‘
(ii) Show that, for all real values of x, -1 < y < 5. (4]
4= 5 22452+ |
v24+z+]|

JLQ*J t_—\-d = 52?+5 =+ |

dig’6t2+dl-SifJ"\7: O

(‘d,5>,_=,*@-5)t+d—l =0
pr 2 4o be weals b*-lbac 20O

2 §-8) 2y (3-8)(371) 20

y-104+25 - Y (4™-593 +5)20

g>-104+as —4(:!’—6J+5)30
m%2+ﬂg+5'ao
Sd:. __|l(d——5 =0
3d’—l5d+d—-5- =0
CBJ—H) 6’5) ‘S >
o a=ygsh

r <j ' ;‘e
= oJ— b€ = | —u\ l\aﬂzw"ql Q{jrry)%)
Na“'ﬂ d -5 & " vSSnH as 5 15 e

e ol cesh valees of %) sysS

9231/12/0/N/18
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(i) Find the coordinates of any stationary points of ¢ 2]

55‘3:\——_3\— =) S4 5+ | -

22 2+ | 2
1524152+ 3 = ~2*-z" |

€22+ 16z +4 =0
({6{1°+ l{iH) =0

étﬂ)z—‘—' o

=2
- Cazn-a\imﬂes of S'ldJ'k‘ﬂﬁa P’M—“ :fa-.l—":’st_)

; . o \MS'
Nole (‘155 iS5 an Q_Ejnf.}bk so ‘sg..H,an d:S J.J&S 5)14‘7"

(2]

(iv) Sketch C, stating the coordinates of any intersections with the y-axis.
Foe goirkcepd 5521 220 2 §=56)45E)L = | 2 (0r4).
2@ o

o'+ 0+ | F -5-0%.
ﬁ-rz-.'nJeroelO?l) 5€4d=0-=) 51,245:1-}] _0 2 z=;§.’t—€7 "TE"

[C

22+
) ' "

9231/12/0/N/18
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1 phe line y = 2¢+ 1 is an asymptote of the cyrye
4

C with equation

ax+ b’
(i) Find the values of the constans aand b

3]
. . 4 2 [
= = ;b; W B
| azth ax+b [22 +0cr |
Oblique aggmplote: y= = - b . 2%+ bz
Qa S
a ac
Ba mPMsm—‘o d': 2!—"() C — -
L -2 ond =B _=| % =
a a® - bt —,12_2:
‘_;> Q=’l_ _b - qz \ a QL
\ 2 __i__—i————
D b= (L) 1+
<
b= =L,
U
(ii) State the equation of the other asymptote of C. (1]
& - 12+ |
A -1
O

For VC_"‘L:COJ anmrLr}e: -ll_'l TT:—:O ::) 2.-‘_.1:

(iii) Sketch C. [Your sketch should indicate the coordinates of any points of intersection with the
y-axis. You do not need to find the coordinates of any stationary points.] [3]

A‘\J'Ou's') 1=0 :) d.—_o:‘.}l :-———"l = "L" o (07_4—)‘
20 -1 =

N\

U

9231/11/Q/N/19
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The curve C has equation y = Lﬂ‘l
x=1

@) Find the equations of the asymptotes of ¢
. (3]
(‘j: +24 |
| x-| Temez-1_
Asamf%t}es d: 422 2t -z

r=4 2z — |

$

(b) Show that there is no point on C for which | < y < 5. (4]
3= 224zl
z- |
57" _ d = 224z |
O :Ll*t'dtﬁ_l

o +(‘_d)i+d ‘ —l(ac-?cO

b
For ol velues o X, we ‘rﬁ
’ - 06 >

I-24 44 -‘(;ﬁl‘ 20
d’*—éd-(-.s >/O
(d—S)(d")% o)
9 gl o yz>

’ﬂqpﬂ cw~ve &J:S‘IS d\"‘ dS\
:) There is no fcsm'} d‘bf which |<d <5

9231/11/O/N20
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~ e coordin Pt B rommit
c) Find th ates of the ntersections of (" v

( e ith the axes, and sketch C, (3]
Cz-mleeepts =0 Y a1 -0 2 thz-|=0
Z—
\ = —-| * I-'fo)(")
2
x=-2J5

2 3y
(d) Sketch the curve with equation y = l:_x—ll’

9231/11/0/N/20
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Letabed positive constant,
40

@ The curve C, has equation y =

Sketch €.

o X

—=a

—

The curve C, has equation y = (x -

A .\'—2(; [2]
5&“]"\"’*—5 : k3:_1 7 Z PN
20 95: 1 (1) b 302 e (o).
31'\ |
B i
— T o 2
) ()0
by | N e
|
\.l/ \2_—2&
x—2aa) The curve C; has equation y = ; —”aa

(b) (i) Find the coordinates of any stationary points of C

C:l“

& =
dz

o

1|

2 (x-a)(-2)

)

a2
—.'ln\]

-2)()- ()Q}
(1 .za,)

da
A'} JV'nin o '('; =0
g b 4

QM)"’

1’2&)3
5 z-a=0
S =QA

S - L»éy oF

Sh—kd'\'\n-{‘j ra‘\,,{g of Gy a-,O).

9231/12/0/N/20
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13

5 and ( g

ity Find also the coordinaies o Y points of intersection of ¢
B(C‘IMO‘C.S 'hsmed x—a la-a
szﬂ —lz da
Eiher, [2-a . -2
T-2a 1-2a o ) - e
(1-22) (x-a) @43(.2‘.) ( wwa) o - (eme)
é‘.?a)(x-q)l— é-a)é__;zq) = 1_—24) ":: “)
CZ—G\X’--%) ["”_“ -xz42a| =0 G‘—d) B (:a
rx-a = -+
G—Q)Cl -2%(q) = 27 = 3a
L= Qo 2a . = 3o,
.1
__La\mrfe %X = da sh@®@ cuwsves ost 3 3a - - —-I l
wdefined = ;:I‘]
x:az)d: Li\:ﬁ_\:o =1
a—2a -
(@O)wd C%%vi).

AR o{ wlersecon:

(¢) Sketch C, and C, ona single diagram, clearly identifying each curve. Hence find the set of values
(5]

—ag\2 —
ofx.forwhich(x a) < ‘\ @y
x—2a x=2a
4\
=
& =
oo ==
.-\7."&\ ",;;;;' Y
R
2

x ==

(

-2

2,
o S_ o - >
) <z

|

\

|
\
\

X=2a

< 3o
B

2
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1

The curve C has cquation y

- _X

x+1°

@ Find the equations of he asymptotes of

P 3]
S Frp i £
Y aw ,j-";-—-
2| 2
les: y= . -1, s
Agrpites 1 4= 2~ e
— =z
% = - o
_— 2
- == -t
o~ 7
e
gL
Jf
.
(b) Find the coordinates of the stationary points on C. (3]
= L+ _:__T:'_-,__ a2 = - \ 2
VR SR e
N ) =0 ﬁ _-i—"-—-—l"; =0
A SM"““‘(‘j F°“'}’ % 2 Q)
./\" = 2
2 2(a+)
2
-(.ZU D=
R P B
%=0 ot x= |
2'% =0 f"’)d:____o_g__,_.: @)
2x0+ |
Statron Fm\"%s;

S x= -\ =) (j: §~\21 -

-1+
LX I '!ZBI/KI.'M/J/ZO

L
=

:"‘

(O;O) and ("7")'

———
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gketch C.
()
‘ Bl
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& The curve Chas equatich y= 1042 ]z"

2113
(n) Tind the equations of the BeyImptotes of ¢
' [
qeevla
¥
e g =3 [ <3¢ 220410
- -
\ ASdmr‘(cRS' d - | (o),},qy,> 2y 0
s ,
7“-’_3_. \vc}*\cgl)- = .21: 1o
A _
Ay » 3
" —‘__.—.
9
(b) Show that C has no turning points, ~ 3]

A
A4 —hrn"r\J P"W}S) R fl_g_' =0
: c‘-_(_

- = =t __ ,=—\—’__,___2.
FA <5 S

-1-sr_ =0
G
- =
. @L—3>2:—-|Lf'

D No vesh voots ewst:
'TLerc are wo —Lun'md ra;f\*S'

92311 3/MIJ20

J
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( g § Sketch C statmg the coordmates of the i mtersectlons with the axes. e

R n-\EICE»er =) 2=0 d =|040Z 2@ (o —|°>

’~l, ;7_(0) 2 ~‘~3 =
z.:nkrcaﬂ— = Y=0 +; "Io+ 1-22_ o
-3 -
f.: 2*-2-10=0

| 2%-5x44e-10 = O

<.'21 -5)(x+2)=Q

L D i -2 “2/0)) Gg‘)o>

S2I13IMI20
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() Sketch the curve wig, oquating v:".m‘ 2
-3

2 i in svact form o vof of cabuges of ¢

104 x~2!

\\'hiCh "“‘l:i—-.l < 4

(%

im_.%
t‘)‘h-m-
—

Sel

0+ 2- 2e*| _

2 -3

= 1041 -2u* —“—‘Ll' or \o+z».2t):,.lf.
-3 2 -3
22+ 2410 :31“‘9‘ ~2u24z+10 = ~BxH12
O :212-‘111‘2

O = §11+71~22

() @R
O = 224\ -42-22 z C—C{) J(-q) (R
. 2(2)
9) :(2141\)(1_—-2> « - 9 td_fé_g_,
5 a=zl, 2 — 2
2 ' <= Q+J65 ' q-Js5
( | “ L
O 2 ~ 2% \ <k 33 -55cy<a-TEE
2L -3 E
Lt_
T
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