Past Paper Queétions:' Vectors

1  Find the acute angle between the planes with equations

(3]

x-2y+z-9=0 and x+y-z+2=0.

A is the point on [ whose position vector is pi + gj + k.
R

The planes meet in the line /, and
A

(i) Find p and g.
(ii) Find a vector equation for . 3]
/

The non-coincident planes /1, and IT, are both perpendicular to /. The
to I, is /14 and the pexpcndwular dlstance from A to I, is also V14

in lhe form ax + b}’ +cz=d.
— c‘ s =.— — 2 l+k
(‘ \I k) " n3 I a

5P, (M -F)= R =T R

perpendicular distance from A

Find equations for I], and 11,
(5]
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(1) Find the acute angle beween the line / whose cquation IS

oo a2 2+ k)

L]

and the plane T, whose equation s

3]

(i) Find, in the form av + by + ez = 0, the cquation of the plane I1, which contains / and i
perpendicular o 11 [3]

1 and hence, or otherwise,

[3]

i) Find avector equation of the line of intersection of the plancs [T, and I
show that the vectors i = Kk, 2i+2j + Kk and 31+ 4j 4 3k are l1m,arly d&,pcn(h.nt

s vector 4i +4j + 2k and is pcrpendlcu]ar

(iv) The vanable hine m passces through the point with positiol
to I The line m meets T at Q. Find the minimum distance of @ from the origin, as m varies,
(3]

SIVING Your answer muul {o 3 significant figures.
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“The vector 2".‘*231_‘_“? s porallel to flme T, swee Line L is colained in TL.
-
4e vecler -k ® perpendiculacr Ao plane 'ﬁ] but since T3 is fg‘f:cﬂdfal[af‘l"b T,
He vec\‘n-f‘ T’-T; 's ’?a.ra.uel Jo Flme ']Tl .
The veck- 3-'.')4- I{S)—FQT;? 'S Po«'aﬂel. Jo Tl; since e fire o‘}" inter se chioq IS :mn}aﬁrecl
in ‘ﬂ;.
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-?-E?, 4 Qj'-f'? and Bir l\?ﬁ- B-Qare “ﬂeafb defo"JC”J"
I )
;") let, Q le o P,‘m# on 'Tr‘ with coovdinales (a,b,c)-
Since Q \es an ) - -z =0

D) a-c=0 5 a=c:
Q Vas cercinates (*757“)'
Sixe tne m passes Hvough P (k4 2) and Q(abra)
Dicchion vecke of o+ P8 = (a-k)7 ¢ (- )74 (a-2) R -
Since L _L ™, - :
_f;a . (.2":'1—.’23-1'? ) =0
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20-242b-8 +a- =0
= 3.k — 18 =0
bz 18-3a
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3  The points 4, B, C have position vectors ai, bj, ck respectively, where a, b, ¢ are all positive. The

plane containing 4, B, C is denoted by II.

() Find a vector perpendicular to IT.

[3]
[3]

(ii) Find the perpendicular distance from the ori gin to I1, in terms of a, b, c.

. 7 > - T .
|) AP =oB-0OR = bj,—a'|)= —ql’—!-b:j_,-

AT =50 -8R = cR-al=-al+ck -
5 —) K 3 -—Q bc
-—7- = =
— ABXHC— -a b 0 = a ¢
~a 0 cC ab

Neckr 1 4o W= ()T +6)T + ()R -

'ﬁ) A -s+mccf}ﬂ‘“”5"’+° m

| R % \ ] R O A I I ¥
\ 71' ﬂCD —raC)zf(ol’) l Je2b raic 2 bie®

N
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4 The planes 1, and 11, have cquations

2x+y—-4z-3=0

vir=-3z+4=0 and
respectively. Show that, for all values of A, every point which is in both Hl and I'I2 is also in the plane
N42r=-3z44+ A2 Y- 4z -3) = 0. [2]

The planes T, and 1, meet in the line /.

ugh / and the point whose position vector is

(3]
(3]

() Find the equation of the plane IT, which passes thro
ak. .

(i) Find the value of' @ if I, is perpendicular to I1,.

let, ?(“ll’lc) be a Pt’ln+ in both Plnne, ™, ond Tl 2.
‘“01, since P kes in M, x+23-3z+l|- =0 =) a+2b- 3c+4 =0 (l)

and simce P lies in Tha: x +4-412-3=0 D at+tb-kc-3= 0- @)

Le.-\-, A be a scalar - ﬁqH\FlJma C.'Z) ¥d A 3 wes

»(atb-bc -3)=0 = @)

Ao\Aina () + (3) gives
a+2b-3c+ i P\C%Hb e~ 3) O
in 1) end T, also les in pe plane:

Then =« P°"‘+ P whi ch hes
A(2x+d-llz -3) =0" (Shwn)

‘Z-I--?J 324'1'* +

—
.l) Since M p.nA \lp. mee" ot L |we ore Iwkma d}r a F\a.ne_ which Fqsse_s ‘n\lmﬁ)'n
al) ?5'*}5 ca'rl’ahea in both T, and
Then wa_—\w‘n o-? -“3 s a¥ '”'«e. d:rfm x+2‘j—3z+1|-+)\ @z+d-1‘z_3).__

oN ’“-3 )’ﬁ&ﬂ
0+2(0)-3a+ 4 + A (0+0-l4a-3
Lt ~3a = )(I}a+3)

S\ = _k-3a.
ka+3

Since (D.O,&) lies )= o

gcpm&'ia-\ of— T

1425 Bzal + 1= b-3a (2143—1{2—3):0

a+3 y =3 (-3 5
-3a + __:__c—.'- =
fr e e (7 =
=0 bo--l-m) (——25 2‘5&) e
(-!u-_—é?>x T ( at 2 I‘lﬂ.‘h.a’ fa+3

=) Ql-&a.)x-r(sclﬂﬂ)d -5z + 25a=0"
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M) Since JLLP iy | Y

— et I

(87+7'- 'ﬁg) - (6|-Qa)-i-)+ (50410)] - 25—]:1 -0
2(1-26) + 5a+D0 tivo =0

22 -ha + Sa + 11D = @)
oL = "'“32..
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5 The equation of the plane ITis
2y + 3)» +4z = 48.

Obtain a vector equation of IT in the form
r=a+Ab+ e,

: : integers.
where a, b and ¢ are of the form pl, gl + rj and st + tk rcspcctwcly, and where p, g, r, 5, t are Inicg

(6]
The line / has vector equation r = 291 = 2j =k + 6(51 - 6j + 2k). Show that / lies in I1. (3]

Find. in the form ax + by + ¢z = d, the equation of the plane which contains ! and is perpend:cué:;
o IT.

T 21-*33#{2 = Y%
Sc}knd xz4=0 = hz= 4yg = 2=12- 9 ACo,o-,l.'l)
ScJ-Hna weze0=) 29" ¥g =) y=1&- B(O;lG,z))
5¢4.}.;n3 y=2z=0 o 2w =48 D =24 = c@uo°):
— =2 =D VR ~ LG)-B'E’-
AR = oB-CA = A B R
50 - 5C-OA = 412k ~ iR
ey 0F M B
:Vecr e;yu“’i’;“: l‘i?_‘_ )\(4?,3?)4.[;. (:z“."-— );)
e
27-27-R+ 8(57-67'+ 2% | - .
= @mse)*.’ + (—2—69)3’+ (—l+—29)k
. t:ﬂq+59wd=’2‘597 z=—[+20 -
S.bs—)#-&-'na x,4 end 2 eapaction o} T gives:
22+ 3y+liz = 48
2(23+ 59)+3(—2-69)+Lr(~|+19)= b8
£8 y100-6-180—4 + 88 = 4%
kg = k8
i-e- eguathon 95: T s sa'ksogep\ &r all values oJC O -
—
led, N, condains L ond s L do T Men 7, s e woemal vecke of T, s Lt
57- 63+ 2k and 24 Sj"ﬂ—l?-

—

®»

1
\!

)
\

- A - 30
T’-Z = |5 -Jé 2 |=z1-16
2 3 b 2
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» D =
s“ce “2. Ou'ﬂ"a.uns “'Le Fam'} wi'”' ,7"5"}"‘” VBC‘)[N 2“!-2\‘ -h’

- =) =) )
‘“\e“ f-).n = a N

— — o) - .
= (, 20, - 16 J )-\ :27\;) = (.’2‘1?-—:25’ - b_)' (-—3:»’-163 +27 Ig))
-0z -6 y+ 272 = - 2646
302 + led ~97= = 865
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6 The line /, passes through the points /> and ) whose position vectors are i — j — 2k and —2i + 5j + 13k

respectively. The line 2, passes through the point S whose position vector is i — 2j + 8k and is parallel
to the veetor i - j — 3k, The point whose position vector is =i + 3j + 2l is on the line £, the common

perpendicular to [, and Ly

(3]
(4]

(1) Find, in the form v = a + b, an cquation for /,.
(i) Find the perpendicular distance from S to /.
Git) Find the perpendicular distance from S to the plane which contains /; and passes through . [4]

;) la is common i T} oF Ly end [_1 & diechion vecthe~ oj: las f_,’ , is 1 4o g,)ancl = ,

== = )
He dvechon vectrs o} L, and la r-esre,c-}w‘/e{.j e Ef: ﬁgi':_g.’.,-éj’_”sh
)

— <) = T |
=3 _ = 3 1 J k -3
by=bixba= | o 2 5 |=| g[~[2
\ ll -3 -3 |
— (e = = -7 )
+ Eapaion of 1+ @ = 243]+28 + £ (7-27+F) - s

—

L3 R 3
o
Tl) Let R:(—-\,B,Q) and by be wi vectr in divecton oj:l-s /
= - S(y,-2,8
and E_R)=___'z;)+53"6k- <' ’)

~

bs

} : 3‘) '-k:)

s dJS‘}mCE&’ﬂ""\-S 4o L3

|
-2 5 -6

:\é—aﬂba\: = L
Je || -2

- \ 1o !
=_\__1.l= _
rrrn‘m Jz[l
i

()

-2

5 8

-6 \

-, | J@r@ray = Jee =Ju
N3 Je

= _1 u
Je
6_":—’_—%

-1\
PR wed in e plene -
'lﬁ) Ve vote 'H\G."l Uec-"c'f' PR is a:rn'l'mﬂe,aq n e plene

-2
— _) —=) -\ \
= oR -of = -1-1] = L 3
L [2:\ [—1 [ 4
'_1 o~
J

Tew D = | 7 ¥ 2| [a
& (i -2 L‘, = 6 ~ \
1 -2 | L_O-- o )
Y- > o7'_ 2% = 4D "’) ol velnl,
%’?= 3"5’-05; = (;7—33'-2&)—-<.-2d+8h = )~ 1ok
& iekan §rrm S 4o F{n-ﬂe
1\ distance - ____7) 2-_—) - |
- '5-67‘1‘_)] = J'\OR i el =
i \=) J2%+ 12 J5
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The position vectors of the points 4, B, C, D are

T+ -k H+S§)-2k,  2A+6]+3k  2A+Tj+AK
respectively. It is given that the shortest distance between the line A8 and the line CD is 3.
(i) Show that A? = 53 +4 =0, 7]

(i) Find the acute angle between the planes through A, B, D corresponding to the values of 4
satistving the equation in part (). [7]

.') AB = (33\53’ 2'2) -(7}'»,!,”-"’): -L,T,’,,j"-?.
ABB: Ve Avali- R+ (-47+3-R)-
o'- @-«ym\i) (a.+éJ+3h) 4 (-2 -
op: ¥ = 2i6i+38 +s(J + (A-2)R) -

2-a = SC-OA = -51+3] ViR
b 8

Q, =
I B N A-3+1 -2
blx 2 = __If I ._I — 4(’\_3) = l]A"lQ
O | A3 -4 -4
-2y -1
@: ?) (b *\n): "5(,\-—2)-!—-2('0\—]2)-!—1[(-!{) =_—5A+|o+8)\ 2y-16
= 3)~-30 -

T = At helen’-aeat b+ 1€

[L57| = Tl €60
= J1aa* -oonr 16k

O
lime AR end CD = 3x-3
1 distence between T
2
3% = (3A-30)

A — |oo)~+|6""

4 )
153)\2-9007\+Il|1é = 9N - (BOA+ Q0

mq;\ 2 _qa0n+576 =
A -5A+ 4 =0 CSMM)

T) N -53+k=0 (A—Q(,.-n:o RPN

A:j_:)oo Q41 +l:

Plane ABD * B——-lr'.’-»:j %, HD @'*7.1”‘) ( l(’_"')——s.a»q,—r-'?k

) =) U
-E
X
SYE "t R +|2>
-5 3 2, -
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2z ,_5',4—3J LSk

,'= AB X AD
— -9
= 3 j R g
n, = -4 | ~| = [#25

Let engle bedeon ¥ and i, e "
—’. a0 - 1@ \,,1 e i -
'+|3d-')k (8 255 *'He = d 5’+1321(—7)2JE’5:25’-}(-7)’ cos
434 = J243 J738 cocr
Coscl = il

Jday 3 (73g
& = 124°=~12.1°

| Acute
I -"—:)lpma\.'& behveen P‘anes = 12.17
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8 The line ’| is parallel to the vector 4j — k and passes through the point A whose position vector 1S
2i +j +4K. The variable line £, is parallel to the vector i = (2sint)j, where 0 € t < 27, and passes
through the point B whose pt);iliun vector is i + 2j + 4k. The points P and Q are on [, and [,,
respectively, and PQ is perpendicular to both ,1 and [2'

(i) Find the length of 2Q in terms of 1. Bl
(it) Hence find the values of ¢ for which II and I2 intersect. (2]

(i) Forthe case 7 = iz, find the perpendicular distance from A to the plane BPQ, giving your answer
correct to 3 decimal places. =l

o |
i) L: ¥= 2?-&3’“4};-\-,\(#3’— R )
L-,_: ¥ = T-t.’zj’q» I{E).;. - [?- (Qsin't)j)].

Py oy e I - < ) | -)

a’}—a? - o8 -0A> = G’+.’2J’+Qh‘) —-(2"'”7-% l{h) = ~14]
‘O| A b:l. - \ Z!'_ _;kl _ Pslh{’ . in
| -2t O - Y mn

Iy

(:Z‘a_?)' (g?xzj) - (25h—(:)+l = |- Qsnt -
h:’k%z = \\E-?sin't)z.Jr lz_‘_l;::. = |IIS;H1'E+ =7 -
length o PQ = | _1-2sint
5“\ J‘isi-ﬁ’cﬂ’i
é“""’_a
Tl-)%r \ings o in-’-a'SEC‘h ,&3‘]"-\ 052 PQ =0
| - Qeint ‘ = B
AT 1=

Hsinl{"’”
|-2sint =0
sint = —i

=) 4= sin | (—i) . sin_t<-]i)

- % . 5.
'£ _Z_._-, 6
& > \
'h'\) nrrvna.l.'ﬁ?, o; P(nne_ P is L 4o A / \ /
—) . Jovr © kne Ls & - /
PQ and daechon €cC i g) — —— Pﬁ7-
No}e -‘Fé? is inthe same divecten A4S ) X by

. [zsin-h ﬂ.ﬁn('-’ft) Jz
- \ | - i
% J L+ L
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e —————

e R y .
E ‘}2§“"t = | —Rsin ('TT.) = | -§32
> L o J (ol
N =D | @ j\ k. 4 J3.
= - NEY \ y | = 4
\ ~J2 O L"B o
% (G0
AB - 2 i \ = | )
["*’X {4 O

2 diskoee Oirm A b ploe BPR

S s \ _ \7—1(46)4—1(&)-*0("‘32
|+’ \ JZqEDz-\- l|2'+("3);

= 0.-219k= 0-2K .

\_._ =T
=
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The lines /| and I, have vector equations

r=di= 20+ A2+ ) - ak) and redl =50+ 2k+pu(i-j-k

respectively.

(1) Show that/, and I, intersect,

(3]

(i) Find the perpendicular distance from the point P whose position vector is 3i - 5j + 6k to the

plane containing /, and ly.

(i) Find the perpendicular distance from P to l.

(3]
(4]

PN ® = (q c22)P 4 (F2020)] '+ CA)R .9 x=rr, g=-242, 2 = kA

Sc*-n C«-mfmov}.s equel aives:
l++2)\: Ll-—}’k =) K= 2A '_)(I)
24N = -5-p 3 p="3"A > @)

__Lr)\:__'z_.l,g_ ::)1'-"—:[')\"'.2")(3)
Shstiee (V) :ng(:): o D Bx=-3DA=-]

k=200 = -2
Ae-lond p=-2 0 G):
o= k()
_a = - 2 (sahsfed).
L, and Ly inyersect -

S s titchn Qj

;) ey, T be e F‘me. coﬂ'}nin'ma |, ondl Ly-

= =i

) Yy - S
:75—67= z “J _: \ = ___—;E:- ~ | 2
‘ -‘ "'\ "3 3

Tfav“mnf, e fnﬂ+ Q with )’n.ﬁ-’m ve o 4?7_ 23).
78 - 58 - 57 = (- ) - (F-57'r &) =T+37- €k

i L digtance Jrem P A T

("ﬁ 531- G—Q) (5 3 -'{3- ¥ BE)L Ny

-—
pe—

=

1

J38

J52 2%+ a*

J38
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—y o =)
"‘) PR = 7 +3] -6k
w = ‘

J22 2+ 42
w = |

\1

A Ja6+6y425

\EY)

P(31'5)5)
Jz5"
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10 The line /, passes through the point A whose position vector is 3i+j + 2k and is parallel to the vector
i +J. The line [, passes through the point B whose position vector is —i — k and is parallel to the vector
i+ 2K The point 2 is on /, and the point Q is on [, and PQ is perpendicular to both [, and /,.

(i) Find the length of PQ. 4]
(i) IFind the position vector of Q. 5]
(i) Show that the perpendicular distance from Q to the plane containing AB and the line [, is 3.
4]
X — — = ) [
') l.| N \") - 3?1’3"‘2&"‘ )\ (' +J )
- - 3 =) =) -
L:¥= V-k + H(\th)' Y
—_) =Y U ‘lfT) % -‘;,
@-a o8 R = (SR @AM = A3
- ) =)
= M s . —
L; ""1 = \ J -3 2. _ 2'_-) _2'.‘)+ k) )
I O R N
© v 2 |
(Cl;— l) . (b?%ba?) = @?"‘Q\?'ﬁ'k)- (‘qI‘J"Sh): - B+2 3 cl
o ) T
15«82 | = Ja%Eay+i= 3 -
= P& = —_“:ISI——-S- i-e-lemg%"fpasa'
)
) 3+ M : R
_'_\) P;smt‘-_-_-}opz I+ IQ-smlz—)m
=l 2p
=2
— — = - 3+ M ~l= X
PQ = o ~OF = [ ol B PP N = R RS N B
-1+ 2R 2 -3 +2¢

- -
Sime PQ L L, 9PR.743=0

Since PQ L lagd PR 5+ 2R =0
_\1*\—?\+2(—3+-2‘L)=O
._H‘L—-)\--G'PLH* =0
AN = 5p-T] > (2)
Subshddng () = (2)

=) >\___5(2A+5) -
N = 1ox +18

A =2
=) 9\:_-:1)—_-_
2 oR = SR
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P N s ) =)
AR = ,Q]’—J)— 3\2 $ T::: |-'-J .
- - -9 — —
-;\-7:_ ' J k 3 l‘T
—l\’ | - = |-3 | ~|-|
\ l O -2 -

J.oLS'}ance%m-. Q-’p \anp

-| &R = \Qﬁ’w)(—s’-k)l 41 | s s
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7k and is parallel to the vector
i - 2j + 4k and is parallel to the
Q is perpendicular to both [, and

11 The line [, passes through the point with position vector 8i+ 8) -
4i + 3j. The line I, passes through the point with position vector 7
vector 4i — k. The point P on /| and the point Q on 1, are such that P
[,. In either order,

() show that PQ = 13,

R - L, B+ls
L‘: —‘::)‘: 8‘,*85—1'{4-5(4".-3\1)-[84'35 .
-1

=5
Since P Nesom L, 2 OP'= {g:gi]
-1

- 2T it
Ly ¥ = a’-zj+u?++(4;’-\£) = [L:::i.

Swee Q lies om Lo ) OR = ['zjwc] .

(i) find the position vectors of P and Q. J (9]

2.
4 —t
_—) S =) 7-}-4—'\: 8+l{5 - +LH‘:"L]S
PR=0Q -°F =] _,5 |-| 8+3s |=[-l0 ~3s
4y -t -1 -t

Since {’E_Lll —F;a) . (T’+8T) =0

Lr(—|+ld—-’is)+3(—!°-35) =0
—y+l6t-l6s =30 —9s =0
64 - 255 —84 =0 ()

_—) a5 )
Since W—LL-X; PQ . ( f“k) =0
by (-1t -hs) -1 (1-¢) = O
-4 46t -l6s -+t =0
Mt 216s - 15 =0 Q)
Feem (\) 5 += 25s+3% —)(S)
16
Su.)aﬁ"l'l'"l')':na (3) (-:2_)
1 [£s+_3‘_r_ _|6s—- 15 =0
1 &

425 s+ 518 —56s -240 = O
I6Gs+ 338 =0
2 S=-2.;
t =25 (C2)+3% - .
1€
9231/11/MMJM1
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. (asut-bs] (-i-¢+g] [ 3
PQ = | “lIo-3s -0 +6€ |T| -k
M-t L oun J 12

A

PQ = \Fa\ = J:%z—l-é—lf)a-l—lRI =J 19 =13 (SI""""’")

& —
a e P = 1'—' =l
) oo [ 8+is|_[8rC2)| | o
R+3s | = g+‘3(—2~) -] R
L T J L -2 4 7
- = ~ T T al
— [ +u4t ETIGUARNEE
0".2:—_ - = __2‘ -1 =2
.._Ll"‘t J __l'l"- (—‘)-d "‘"5“
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12 The lines /| and /, have equations

Liov=6i+5i+Ak+A(i+j+ k) and /,:

)i T = 6i + 5 + 4k + 1 (4i + 6j + k).

Find a cartesian equation of the plane 11 containing 1, and I, (4]

Find the position vector of the foot of the perpendicular from the point with position vccmrx +10j+ 3k
to I1. (4]

The line [y has equation v =i + 10§ + 3k + v(2i = 3j + k). Find the shortest distance belwecn [, and [,.

11 cotains l.\ ond Ly ¢ nowrwal smeee B s s Jo Wy ""'"{ i Q -Eu .[5]

2l ¥ x| [-5
B | | b 1=] 3
y 6 || La
T condaing a Poiﬂ' wi ths F°$i'|'ﬂ'ﬂ ve clor &V ’I"SJ +Ltk
5 ¥ C‘-’" +3J.|-Qh) (é'ﬁ’-rb:)'f‘{k) (5-+3J+2|z)

-B4 3J+ 2z = -

) 51—3J—22 =
o 5 o He
The R\'FenAiculo.r fruvr‘ He Fp,y,—} i+ (0j +3R" hag the same ivechon as
nermal vectr %—r - / : 7
> Bapeckion J1L - ‘7.’+103"+5'E)+~t (-57%3f+2?) 5
2 x= I-5% ,Jf-.\o+3+:, z=3+2% 6;(0,3)
At St .,S perpendiader esmackien oSL plene s s«%sﬂ:‘eﬂ\
=) bx- ?d-.?z |
5 (-5¢)-3 (o+3t) - a(z+at)=T
5-a5+t —30-94t -€—-4t = =1
-38+t = 38
t=-l
L x=z 1=-5C0Na y=lor+3 G), 2= 3+2()
o 2=613="Tz=4.

o Bogihom veetsr © y’_—j;qu ; rerfem\uo.dar 6.+TJ g
e

v r e ‘
L:¥= 7’+5J’*QE’+)\ ( ] ’-rj-b—k)
I.,_‘.‘F')-:: ;+10J+3k+\.)(-'2l 3\)4"%)
-a_z?-:?'.:(ld-lo +9E‘) (6|+bd+£(k)=-5';+bd h
-

i o v
\"*“’1’,: T 5=‘h+d 5K
2 -3 l 9231/13/M/Jr11

Scanne d with CamScanner



—) -—'5.’ Le
@-2)-(l)- [Z]| 1] ormvseme

= S\orlest distonce befween L, and La

= Qb ) (B xb ) = _.:L-?—v\:__.l_o_zl‘5‘+5-= '
\L,xbz, ) \ﬁr;— | J+2
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3 The position vectors of the points A B.C.D are

443k, <254 55—k, 1+4j+k, i+5)+mk,

respectively, wh
P ere nris an integer. 1t is given that the shortest distance between the llne through

Aand B and the line through C and D js 3. Show that the only possible value of m is 2. (7]

Find the shortest distance of D from the line through A and C. (3]

Show that the acute angle between the planes ACD and BCD is cos™ -1 (4]
\/3 ,
AB = OB OA (-2|be I{E) (_2‘*,[“_3'5)_ "lh-rj"}-z
A5= :r—-): 2\ -il(J -Bk_'..t(_l_htj _E) K
=88 -52 = (Pe577+ mR)-(Pai# B) = 3 ()%
cO: ¥ = MUPrR4s [T+ (-1VR .
= —
( [IJ: ——7) (25_11—'{5"‘3}2) - "T""‘Q'h .

E?xb,_:_ TR " el | ™
._Ll- | -| (‘l«l\'ﬂ#{)x—\ = 4"‘__1'
O l m -l '—Lt' __q

( }’1)'“ "‘Gﬂ\’fﬁﬁfnf‘f\ﬂf(—l;):é-mqé.

)
k

f’* b:.‘ n 1 J m* + @m-‘()2+ €4)1= gl-m’4|6mz—32mﬁ|6+lé,
m~|

-

bl ’(bi-l = J 11m*- BAm + 32

es = ~—m-~-16 | =
Shorest Aistarce bedwen lies = m = 5
" J o222

Qn*— \ 6)1 = 52 (I?rn"-—,.B-Qm)—t- 32)
m—ﬁ-%—a&b-é—ﬂé-g-m——-'ﬁg‘l So—— = -
m*+ 32m4+ 256 =9 (I’zm‘—Ban-rSR)
m* +32m +256 =153m  —288m+ 288
O =i1sam® - 320m +32
O = 19m* -~ fom+ 4
O =19m*— 38m—2m+

O (‘lrr\ -—:J.) (m 3_)

= wm= o wm= 2_
l‘\
Since v 'S an l‘ﬂ"‘?-ser, fans“ﬁ me 2 ,‘,.m-_—_gﬁ
. 9 ‘

9231/11/M1r1 2
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" (')-‘6-‘-‘-"?'*5342-{}‘ 7}‘&\
— = ) --5,-—5;) C
DA-on -op = (-?lf’fd-.ah (\45 42k R
AC = oc-—ol\ = Qalt‘;uh) (2.+4J—3h)"l+'fk

by -1 ’
- . I — _l—— .
L?hu wnid vectr in Auf.‘c.hm D'I AC - (_|)’+q2 E:] ]’n [;‘;:_)

3 Sleelest ‘L_Junrc tnn Dk AC:
l ?}) E N/
o [ 7 ~Il

[

= L IS OR-
m ()+ 1(')1“' Jls = |18, = 1'028:;].03

T N
& —
P’ane ACD: |
A=27 o k,3C
Ri+4y -3k ,0C = |fL(J+‘E,OD— v+5J+Qh
AC. OC.;-GA;—'*"‘H& ' AD'—|+J)+DR
< - —-)
el ' J k- =
n, = —~1 (o] Y - ILI-
-l I 5 ol
Pl—m& BCD:

OB = ‘2| + 5J ~L| a—; Ll'J +h1 OD):-T\)TS‘T)"' QE)
BC. = 62\—-0?: l.:. "_[
I

—21 R .
BB HIHEE
- =) ? 5 3 -L’- 6
i J b =l
3 - 5(=|-3
3 o g 3

Let; o Le e o«xﬂk beheen n_,” mdg_;lj’.'
h? _; Inl HhLIC‘JSCC
2 ") N o o) 2 2

" - J — o~ 1—— ..’.

bll -—)E}'-?—ﬁﬁ ST 3 -
( t) ) (é 3JT3h)) :JE'«)H‘-y-(—l);JGé)*r(-S)z(g)l cos &
18 = mmasd
. = COS_I< IS )
NIENETS

o = gog”! | 8
3{ax3Hx3

o = cog! ( a‘;‘é—-‘) ) CShown) ’
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14 The plane I, has parametric equation
r=2i- 34 k+ A - 2) - k) + pli+ 2 - 2K).
Find a cartesian equation of 11,.

The plane I1, has cartesian equation 3x - 2y — 3z = 4. Find the acute angle between 1, and I1,,

Find a vector L‘qll."lli:'l_l’\ of the line of intersection of IT, and I,.
=) _ \ ‘;’ :Il‘ h 6
i \ -2 -\ = ]
I 2 -2 iy
‘“-) m‘)&&\\s '}le F»\r}‘ W1‘H\ ?"S"}W \,Ecpfa-‘- 2
=, = _ =, --)
- ,quzt}-m °§ —T| . r k)
5 (6'."4-3’4—1{3 (-2. -3] +h) (6. + -',b
Ex g+ h=z= 13
C___—-—-""—j
w2 = 3 -2 -532
Mo: 3x-2¢-3z=4 = "7 3 -2) ) <5
an .
Ley « be fe amle ongle be+ween o 2

’f\_) -—=» = \m’lln )‘ cos & 2 _
@ +J*l”2) (3 QJ-B\L Je 2% L4* ;l:—s’-r(»z)—f-(—s) cos &
Lr J53J22 s

" <Jg§ﬁ£
& = 83.27°= 833
=) Acute Ma‘e bedween —[]T and ’ﬁ::83.5 .
e
’lT, p éx-&d-rl-\-z_-l?) S d: 13.-67_-—4-2_—')(!)
My: 32- 25-32. L -—}Cg_)
S shute C) in C:z..):
=213 —-6-141-2) -3z =
3. -26+121+82 -3z =
|5t +5Z = 30

Le"'-] = "h "3 Z = é 3t
5&\»9\1-}'&"\8 in Cl) ¥ |
3= 13-6(3)- b (p-2t)=\3-6t —aktr2t = ~ll+6t

9231/13/M1I11 2
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13 The points A, B, C and D have coordinates as follows:
A(21,=2), B(4,1,-1), C(3,-2,-1) and D(3,6,2).

The plane IT, passes through the points A, B and €. Find a cartesian equation of m,. (4]
Find the area of triangle ABC and hence, or otherwise, find the volume of the tetrahedron ABCD.

(6]

[The volume of a tetrahedron is 1 x area of base x perpendicular height.]
3

The plane I1, passes through the points A, B and D. Find the acute angle between [T and IT,. 4]

— - =)
Plane RBC('TT.)- ‘A-é)- B -0N= R+ k: )
A =6C-BR= T -3y +k

=) =) "E7
2. TS, == [ J G
"= ABXRAC = 2 0 I = iy
I =3 | ~-&
747 - Je
'Tl., passes 'H\rm‘f)k A M”\ FDS\JHEN\ vector i) -
) ) ), T;)
Q t:r.a'\'va'\ o§ ‘ = & S L 5 ‘_))
2. (7-7- 68 =(= g-2K)- G756k

By_—d-"éz = ‘.7
¢ -3.341=3-39.
A@o} AARRC = ]AB xAC.I—-.—-m \ﬁ"-’

2 lryeg
V ,\F lete keA ppcD whest AD = (-+6J+-2h) (.2.+3— ) 5+
plu.'me a o . j ) |
P "”)-AD’l =_) [’3'][%] :_é_l3—5 -'2‘1-' _25 _ :[33
= __6__ l(PB ~AC .-——é -4 q.
& —
-Tr (P‘me-"nmnﬁ\'\ AR ard D) —E% i —Eq),m—)—)
= = "E) _5

- —)
= -_’4.5\_‘|)'I'L|' h :

—-:, ’A.E,f-;\—p-)-— :Z' 6\ | c.__'?
) 5 % o

Le4 o be He a.nd\e be.-}we,en n, cuml Na’s
—_‘)'ﬁ_;?- ‘"! I‘T:.]“Sa(
(—‘)'3 GE (5»—7J*r \ h) Ja% C")z+(—6)AJG5)1-rG':)’+ (0> case
—68 = J‘té Jiw meca

al < = ]

D Acude angle betee Tand M= (@ = 40.52°= 40-5°

823111/M1/13
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— k and is parallel to the vector :

6 Theline I, passes through the point A whose position vector is 4i + 7] ' otar
3i4 2§ = K. The Tne Jy passes through the point # whose position vector is i+7j+ 11k and is paralle
to the veetori = 6j = 2k, "The points /* on /) and Q on [ are such that Q is perpendicular to both /,
and /,. Tind the position vectors of 7' and Q. ( [8]
tind the shortest distance between the line through A and 3 and the line through P and Q, giving your
answer correct to 3 significant figures, ; T 6]

—) =) A=) T ~) 2_—1 ‘E’)
Litr = L1477-R + —L(g-, +2) -
EUNPTIRTS Y D oy
2 = Va1 + s (V-67-2k )
l.l‘.'r‘ =\ 1\3-!“& ( J» ” 3 i
i L, op'= ohi | Since Qliesml.z= OR = 1-6s|
Sece P les m s O | T2t
-—-l —

e 557 < ME |- | e
l-2s) | -(-t 12.-25 +t
Ge PRL L D PR (327 _®)=0
3 (-3vs -3t)r2(6e-2¢) -1(12-25+%
~q+3s -9t —12s Yt —2+2s-t =
".ZI ~1s -kt = O

345+ 2t =0
c=-2-3-0Q)

Since PAL Lz & PR+ (-67-2%) =0
\(—3+s— 3t) - éC—Gs-;&) -2 (\:a-QsH;) = QO
~3t5 -3k 436s+12t —2U+hs—2t =0
~27+lls +7¢ =0 — (2)
Suhsthde () in (2):
-27 + ul (—:14:-3)1—7% = O
21 - 82t —123+7t = O

);o
@

—15+ —\s0 = 0O
t= -2
= s=-2(a)-3= 1.
—_ LH'SEI) -2 — ™ a
O = qugea)|= | 2 190=19¢ | =11
-1=-(2) ‘ N-2 q
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TQ'—"— 5-6—6-‘\) = [‘ll‘)'[:] o [-03]
] ~\ 2

AB: P 7’+13‘+Il-ﬁ)+ -+ (—3?’+ IQ?) :

TFQ - 6-_)"-0—? :[?]—I;]: _L_-: .
9 \ Q

PQ wr': 1+J+qh'+5(1'“ 20-)+8_E7)

‘_’\_-.?-G\R— [:Iz]"[-:} :[__‘6] .
| 9 1 -2

= = IR B o

B|XL1 = ! Jd h QL’. ~
-3 o 2 | = 12, [ ~ &
y -2 8 12

& [

—) —3 -y — s
(a;—m)( ? ‘ ( éd :Zk) @.-}l-‘?\ﬁh) q_12_2“570
B2 = vvemF - e |
S)\af'}CS‘)" A;54anze Le’)‘“&&) lmes AB and PQ

az-q (‘—7:( L,_)
l)?x B"’

——‘Ja -0

Jdig|

Scanned with CamScanner



17 The line [, passes through the points A(2,3,-5)and B(8, 7, =13). The line /, passes through the
points C(~=2, 1, 8) and D(3, =1, 4). Find the shostest distance between the lines /; and 1. (5]

The plane IT, passes through the points A, B and D. The plane IT, passes though the points A C
and D. Find the acute angle between [T, and I1,, giving your answer in degrees. [6]

m—

— e VR s
L: AE:: B -6R = (gi"“"d”m’?)' (.z'.’+3f-5k’)= 3 »J," g%
=7 = 274 37-5% + 2 (67 4] - g’E’),
o oy -3 - -) = -) =) A7
La D= op —oC = @"’-J‘Jruh’)— (—.:i’+d‘+8k )= 5i=2j-4R -

—‘_-_-):_ _.,2-,'-)*:'\)-‘_ 8?"“ S (‘5'7‘)__.2&-)_!{'}?) .

I -2 2 -4
QZ"QE" [ |l"' 3 L [,_2].
2 -5 13

— s =) <) - -
L‘)x b,’, = ' Jd k _ 32 X 2
e 4L -B|=|[-16 |
g =R i -32 | 2
= rt S e 2.7 D) gz - _
?.Z_E‘). b, b,‘_): ("*"2\1“3’2)'@'“*-%)— g-2+26= 16
lb-.))ﬂ g:) = Jar+?+2* =3

=5 —) =
= ;-i—ql))'(leb)Z) - __l_‘; _-:'._!_5__..-.;-,5—53
— 3 3
I&y x ba |
= N
< >
— 2,7 9L .
P“-'me ABD: AB = G"+I+“\—8h - = o7 _)) - =) =
(M) 5. 50-5R = (;:«,’;"..’jwm)— (.?;»rsd' ~BR)=-4)1 IR
g 3" "‘2 I -2
":’-ﬁx-ﬁb;)= c L B | = 2. |~ | 3\
T 28 I

g T —_ - - =) —)
Plae ACD : AC=6C -OR =<—2?+J e SJQ)—(.:?+3J ’-5}2): -§7-27+BK -
%)

(o)
—_— — — P e =X -)
(M) %0 250 -5 = G-F+U4R)- (@ a7-58)= 7-4 + 2k -

- ) -};? BL"
—) —_) | J
;’?: AC XAD = "H __2 ‘3 - l{q
I ) &
Let , angle behween ) and M7 be o -
T?'-“_z)-'- I"-'_?H;’.?loosot

G:ﬁ’ + Blj’ + Ilr_lr?) : (51{'}4 ¥a; -+ \S-E)) = dcaPrar+ 4? Jayi+4q*+18% s

923112/M/J114
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1703 = J11e) J222 | s

a = es ' [ VO3 .
Jue | Jasgl

o = 36-65°=361°

- Beude w’ﬂ‘e be fwees Flcwe.s = 387

Scanned with CamScanner



18 With respect to an origin O, the point A has position vector 4i — 2j + 2k and the plane II, has
equation

r= (44 A43)i4 (—2+7A+p)i+ (2+A=-pk,

where A and u are real. The point L is such that 0Ol = 304 and IT, is the plane through L which is
parallel to IT,. The point M is such that AM = 3ML.

(i) Show thatAisin I1,. (1]
(i) Find a vector perpendicular to IT,. (2]
(i) Find the position vector of the point N in I7, such that ON is perpendicular to IT,. (5]

(iv) Show that the position vector of M is 10i - 5j + 5k and find th(.?. pt_arpendicular distance of M
from the line through O and N, giving your answer correct to 3 significant figures. [6)

=20 =) ), T o I
) TR R O )
v Panl vith poshion vechoe Uing 3+ Rk les T is\in,
Point P (29 O e same rapdiow:

1) Sincz -IT, / 'IT} 3 hoemal ve c foes of— ulT; end T, e
- =) =) —) <) ':")__ ?)‘
F’f"ﬂ-’) 71—’_\.('\-\'7\1' 1’2) mal n _L(Br 4

=) ) )

i J Y -8 2
-Fa = l "7 \ = Li, o~ ...l

2 \ -| .| -20 5

- wor o TG = Z7-JH5F
Je. vecoe Fer)ve,ndncular = ]

S lies on T -
> L with position v cter OL lies on ll2
Tﬁ)Eavm—Lm °§th Note pes ¢‘ |

-—-) -"T—'\-) - -Ef.-al‘ T\_) )

= -
';T-") ‘-(2?*JT+5—E)) - oL - (2?1! + 5k
5 (27-F+ SE)
22— gp 52 =300 (FJeSR)
_Qz—d +52 = 3(4?’_Q?+Q’}£)) ; (Qr)—\')-fSk )
-y +52 :_3(;20)
22 ;;'*52 = &0 N
I
Since oN LT 2 W =k ()= R(:z;’ﬂ%&) [’2‘]
R - Qk-;df-—‘k?z:—s_i o)
S&S-‘wh—}m& 55 eq«-tk-}"d"\ tf Plane 2 33"65'.
2(2x) ~ Cr)+5(5k) =60
3ok = £0O D k=2
s oP =2 gﬁ"—jl 5% )
6? = L - 2?-%—- IOF__’.

9231/13/M/J14
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A =3 AL
5’;{7__0;; = 3 01_—553)
& - Of p. = 357:‘—-30?’
Lo = OA+30L
- -
o, (£ 20
5 o= [';] - 107-5] + 5& -
lve BN7 = =) -&(Q| ; +5k whee W= 2-3t5k -
M= SR

v L dighance :F-,@.-.\ M s

=14

1\\6 ON

= IJH X W l = [_g . ( 2
= N2z 252 3—'

=) ry et —

— -55— \ J k (T
J39 € -3 -5 = _1 —~20
Y J3o | |[~hO
| e

3—% \]—(-.20)’1@0)2 s

= \]D.ooo

J30

= 86y =~ 816 .
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19

—

The lines /, and I, have equations r = 8i + 2j + 3k + A(i - 2j) and r = 5i + 3j — 14k + p(2j - 3k)
respectively. The point P on /| and the point Q on [, are such that PQ is perpendicular to both /, and
l,. Find the position vector of the point P and the pbsition vector of the point Q. (8]

The points with position vectors 8i + 2j + 3k and 5i + 3j — 14k are denoted by A and B respectively.
Find

. —* _¥
(i) AP xAQ and hence the area of the triangle APQ,

(i) the volume of the tetrahedron APQB. (You are given that the volume of a tetrahedron 1is
% x area of base X perpendicular height.)

[6]
- =) -
L =@+ (2-)] 3R 25
Snce P lies on L, = TP = [e—:v«]‘
3

- - .
ly: ¥ = 57+ (3+2p)j+ (-3 +)

) 5
Since &\;PSW\Lat O@\ = EB—I'QIJ]-

“lh =3¢ N
- [o 5] (42 [
-3 3 —1-3pF

S r —_ i -_;J_QT))’ @) :) I("B"r\) .—QC]-}-QIL—FQAI)?D

Since PALL =2 PR ( J o —3-X -2 R
~5-5x-kp=0

Sx+hp=-5 - ()

Sice P L La D - C‘{'})“B’\:):O =) 2(“‘?*”2)0_3 (r1-3p)=©
rhpryr4s(+ap =0
Li‘>\"" |3F= —53 '3(2)

Fom (V> A= k=S - () Sdshideg (3)in (@) gies
5
~4n-5 (L )3p=—-53
=]

—~l6p — R0 +651 = ~ 265
4qp= -WS I p=-5

s A=-%CEB)> = 3.
— N (l 5_-—%- 5 5 [ 5
cOP = laaalz |-y | and OR=[342p | = +2C—5) = 1
3 3 -W-zp| |-4-3¢5) ;
—_— —=7 ) 1| g 3 = = 8—1 -3
AP = OF -OK =["FJ—-[3_]‘: - | 1 AR =6—§“—6—3= -—3 -l=2|= |1
3 3 o ! 3 -2
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- N e e d a
e |, ) F| [z [
I A TV Rl B G N S
| =3 -9 "“-Z\ L__qs) :LfSJ
Pea o} AAPR
= | e AR - 2, r2 Ry —
'3\‘1 AP xAQ \ -3‘1— JR%E4 s =J 2205 _ ozu7~23.5

Volume o§ Jehrahedren

= __é_ \(R-PaxA_éZ) —A_Ej\ =—é—

o
2 =L )7
Lg] ["‘"]1 L |733]

= 122-5 abic wils
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20 A line, passing through the point A (3, 0, 2), has vector equation r = 3i + 2k+ A

(2i +j — 2k). It meets
the plane IT, which has equation r. (i + 2j + k) = 3, at the point P. Find the coordinates of P. [3]

Write down a vector n which is perpendicular to I7, and calculate the vector w, where

(3]

w=nx(2i+j-2k).

ar from A to IT. Use the vector w to determine

(4]

The point Q lies in IT and is the foot of the perpendicul

an equation of the line T’Q in_ :lxc form_;‘ =_ ’u + ,1_1_\; BN
b be L Pz 3042R 4+ (F43-2¥) = 4
2-2)

= 3+2N, J:)\, 2 22=2N\ -

foe T: 2. (Pa3R)<3
=) l—\—QJ-&-'z. =2 ~ .
5&9}-}&-}518 %y and 2 UE",,,, Lkne L inte cardesian e.guai‘anj’c—v- Il:
3+ -2 = 3

E4+2) =3
ay=-2 2 r="l

- Z=3+2C'|)=l 7,3-'—-“‘7232"2("')=LI'
= P(’)”l)l‘f‘).
Sy
- = -'-74.2'—)‘!' k.
Vector » ) 4= I ey

=) =) "E7 5
e —) e
\ ,i - n; X (2])+J)—Qk) l J

L

-—
—

5
Pa = Wx¥ = |
=T
e
-~ ‘Eq,am\-km °5; P& t r)= 5
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21

Find Rioresian.squation of tie plane I'I‘ passing through the points with coordinates (2, -1, 3),

(4, 2, =5) and (-1, 3, =2).
The plane I1, has cartesian equation 3y - y + 2z = 5. Find the acute angle between I1, and I1,.

Find a vector equation of the line of intersection of the planes IT, and IT,,.

Let A(a,—I,B), B(k,2,-5) and c (1,3-2).
=) S D
857 (50 8- 1R - P 5T
-ﬁ—a = 6-8—-0_'-\) = (_?f_??—_:z—i))_ (2?_3’4—3;3) = —3_])-? lﬁj -5k -

rt -t B v
_ — =) \ J R 11 l
nl=ABXHC-_ 2 3 -'B = 3‘1— 2| &
I 17 |
s Egedon of T PR =5
#. (M%) (:2?’_J +3h) (;.yzd -Ha)

/7
”2: 31-d+22 =5 = 'ﬂ_z? =3 *\) +2R
Led |, D be he ““3\‘5 beheen 7, and my

w2 = W] R| «s8

[ _12] : [._3'] = Jiaa EJa% 2 s

AR
3=d¢ J I}y =s0

= s 3 = 70-8?02 T0- I

) (Je—m) 1

s Aade amdk’- beheen T; end T, =T0.9°
Le-hT: be divechon vecto 05-\ Jine o:]: intersecfon.
—) —_
— T T IS 5

3 -l 2 all

Ty xs2qy+2= 32

My 32 -4+ 22=5 .

0o 3 ztz= 3
ond 3x+2z =5 —e(_-,_)

anc-lﬂu-;-ind () m Cﬂ-) ahes :

~2)+22:=5 =) 9-3z+2w==5
2~ —2=-~4Dz=4

s z=3-%= -l

= =3 —')(l)
Let 1 4= ) T =

9231/11/MIJI16
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i-e. Both plares pass ‘)’vaa\w Yhe point (—l,o, 4).
. Live oy ianE&"m has C’-%*Ldn d

—

'—I

o
—

™ l'}

O
|t

+t

\

- 51

J

2Tt (a7 TR).
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12 The position vectors of the points A, B, C, D are

a=2i+Aj - 3Kk.b = 6i + 3j - 2k, ¢ = i + 2j — k, d =i + 7j + 4k respectively.

Itis given that the shortest distance between the lines AB and CD is 3.
(i) Show that A% + A =20 = 0, | (7]

(i) The planes p, and p, are the planes through A, B ajd D corresponding to the two values of A

satisfying lhe equation in part (i). Find the acute angle between p; and p [7]

'I) AB: AB (C\ +3J-2k) (-?\'I’AJ 5‘1) l|-| +CB—>\)J +k
. Eauchon JAB T2 67rF) 2 + 4 [ W@ HE
cO: CD:G_{'IJ-HHQ) (-+-'{| h) 5d+5k

&HC\‘!‘SM o} CD: T‘ = +2d k + S(SJ +5k)
= ?)-f-QJ—k +5C‘J "l"h)

= = a=h, S '_gs:f.
a.z"'a. c-b"' j e |

[l

-2 _ L—A
> 17 3R] |-t
xR =) L s 1| [—(u—°) 2

I y—o
o |

s 2= _ - s+l =5x "2
qz_q‘ (bx [,_|F1 -[_q_]_ |[o+35

- b _
\E\)" ‘;\z JZ?-—))"‘-'-(-Q)".,.q‘ -.:,I q;qx+)\‘+re+ls m)
cen lines AB end cD = \ az-a (L xb _\
|L x B l
3 = 5)\_2
NFEOYED
q = £5');—2_)='
N=4n+36
G -36n+ 3% = 25\ - 202+
O = 6N +16A—320
O =)\*+A-20
(Shown)

A distance behw

Pl Y

&
> N4)-20=0 =—3(>\+5)C>~-l+)=o D A= -5,4.

a . }\:“5 _ = o o
‘ se; =23 —Sd' 3 71 Bz 67 ')—Qh?o a= i’+’b+’1h-
e, et
AB—A‘t-\—SL‘-‘\-R, AD = 1{)""”?.

9231/13IM/J/18

Scanne d with CamScanner



s i ) R - —
I T TP
-\ 12 1 56

_ - - < 47
A=l D Rz 274k] -3k, b= C+3)-2k, d = 1+71)+
—-,

=_| YV 4 k -40
HENE ) -1 4_ = |-aq
3T )

Lle+, He anjle behween W, and na ke O

W = %] wsg

% 1 -0 ' |
[;ﬂ . [-Qq] = JwrCa) g™ JGe) s ag) it s 6

L

1017 = (40%) (3N E ) eos §

8 = cos” ( o]l
ANFENITEE

e 6= €.05°, £&.1°

..,lpma(e bejween P, ond A = 6L 12
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23 The position vectors of the points A, B, C, D are
i+j+3k, 3i-j+5k, 3i-j+k, Si-5j+ck,
respectively. where a is a positive integer. It is given that the shortest distance between the line AB

and the line CD is equal 1o 2y2.

(7]

(1) Show that the possible values of @ are 3 and 5.

"B s@s&u[.% 1[5
5 3 a.

aline AG: P = —~|,:|+s ,i whect. '5',’-.- : 73—;? = —;}
3 a 2 2

—-—'* -q —
&p =oD-0C = |-

e CD: ¥ = ..? T —a;,; here. Ez =[-l|2br=| -} |
| - | a-|

~J

N
& \

]
- -

1]

1 )
D
cC__

=4
— 2
ay-a, = -? =121,
| 3 =2
Peile T’ J ¥ -2x+2+8 | [10-2 Z-5
\ X ba 2 -2 2|7 |Llaw-2)4)|= | é-22|~|x-3
2 -k o« ~R+ 4 —4 2

&
Qz’q (l’"‘b) [:ig][ﬁ'z]: Ra-10-2+ €&~ Y = ~8:
(&?—-ﬂ;) (b. x b ))

). distance bejween AR and CD =

| X E:?. I
22 = = g
< @—Sﬁ- (fc-s)%l— 21
202 = & 8
'Ja:’-lo«+:25+cc“-€4+‘!+ 4
242 3

Ja = ‘
Jd 2216 438
(rZ) = __6&k

2a?-6x+ 38
8(24‘46:&38) = &
2*-8a+19 = %
2*-8a+15 =0
C-9a-3) -

% =3 o L= 5- @Houn)

9231/11/MI T
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(i1) USlﬂng‘ (04 = 3, find the shortest distance of the point D from the line AC, giving your answer correct
to 3 significant figures. (3]

lme RC: A_C?"'EE?"B?: —13_ _ i__ 2 —-2-
4 3 -2

R =_4 & (f-’f-z'ﬁ):..l__.@"'%r’h) Tk
J22 Q) ) FNE) \E]

— —> L
3D = 55 0% - [_SSH:}H
3 3 o)

5‘\0(4354 al-‘s\-ance. D +o fine AC

- =)
%D | ,L- I
- A = L \ - -
- \AC’ 8 \1.3 - O
‘ fl __L_JZQ)/r(Q 1) = - 4320= 432
e iy J3 d3
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(iii) Using a = 3, find the acute 4
degrees.

—_— a J—
ABC : AB = [—Q:X ) Ac.) = [_i
2 -2

o O ~ 2 :

\ b § — b = 8 ~ \

A -2 -2 0 0

e a
ABD: AB= |-a|» _E\-Da = ):—Lz}
X (o]

5 .:t) j—) ® 12 3
Na = | 2 -2 21 = gl~|=2
¥y -6 O -l -

—\

B = J2 J 1t es©
9 = ao5"< 5 )
=
6 =14.10°= 19.1°

\:ll‘X- {2_1 = ‘| V21240 J—3-:-;22+C—')2 s 0

Scanned with CamScanner
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9 The plang Hl passes through the points( 1, 2, 1) and( 5, =2, 9) and is para]lel to the vector i+ 2.] + 3k.
(i) Find the cartesian equation of H 2
Led, A(l.a,l) wmd B(s5,-2 ,q) - %,
=) —— SIS —:)"LI‘.T"*'sh '
S 78 = B - OA-@r——'{)*‘Ik “(Ve3jrR) = F T

’l\-| containg AB and s I/ b ';”+.13"+3’E’
= - D
. =) | J R -28 1 - D _.9.
3 n‘ - L‘- —Lt 8 = -L‘- ~ \ = 13 +\J -2k
I R 12 -3 .

n| od'l"'ﬂiﬂs ‘H1e Fair\"}' UI-H\ ‘:osi"imr\ V¢C+UY‘ ?-FQ:J:)T'IQ ‘
- E%x‘\'id‘n cr} ” r— ’5 __) ——9

2 (—1 '-—Sk) ("’+2d+k) (‘1.+J —3h)

71+J-—32 = &.

The plane I1, contains the lines

r.—_2i—3j+k+l(i—2j—k) and r=2i-3j+k+pu(2i+3j-k).

(if) Find the cartesian equation of IT,. -~ B (4]
PR aed TR
'Ti‘;. Com} QNS veckrs 17 d
—) =) "\2 5
5 = v = |
S "= ) % -
2 3 -l 1

- )
T, contains the f?m'rr}' with F°5;'J"°*\ "e)c‘iw Q?-BJ)'i'k‘
—) =) _—)

Epm-\»m °f '“-'_1 QS:J:";S- <n. - 3j +h) (s--w—?k)
5z -d+12= -20
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(iii) Find the acute angle between IT, and IT,. Gl

- =

7—(.}3.—32 6 =) Y\, 1\+J "3k

'T;-. Sx-4+T12=20 2 W - 51 DR
Le.\“ e Le .,\-Le a.nae between W, n MA
o = | W% cose

[I]'["] = Jar ) Jsren )’ cas )
-3 1

/-———-:-—_-

‘3: S—QJ’ZS a:;se
§ = (rr‘
0 =78 13= 183

+ fgle betveen T & T, =T8-3°
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The line /, 1s parallel to the Vector qij
whose position vector is 9j 4 7). Th l‘j +K, Where a is a constant, and passes through the point
© line /, is parallel (o the vector —ai + 2§ + 4k and passes through

the point whose position vectqy :
Ori1s —-6i - 54
J + 10Kk,

(i) Itis given that/, and J, intersect
(3]

(a) Show thatg = -6
13°

. =2z q7) =) =) ) Sa
L, = Cfd+9-?+s(qv-d+k)= q-s
2L+ S

L+ ¥ = —6?—5:‘\-,1-\0_&:?%\: (—q?—rﬂ**r#?) = [ -6-at

-5+t

lo+ 4t

When lines L and Ly indersect,
Sa. = —6-at ()
q-s = -5+ at =2 s= -2 9@

2+s = 10+44 = s= 4t+8 — (a)

Subs-!-i-}w}ind () mn (2):
4t +8= -2t

&t = 6

+ =4

= S-= 4 (1 )+8 =12
S"u.bs-h'-!'k}ina s.—.—iQ,-{;-—-.i in (l) O-‘ves
12 =-&—-a()
l3q - ‘-é

a_-:-_‘_'_é_

E
(Shewn)
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(b) Find a cartesian equation of the plane containing /, and /,. (4]
= - e I Iy
Plane C""""‘Qi“"’a L, ond ly is L 4o vechkres ___'I'éé | —U+k and .i% i+2)+l k.

~ -67-1BPHIIR ~ CTe 2152

oS> _ vy R Caoiy | 3T
=" F lg -3 13 390 |~ | -5
6 QG 51 L __18 |

- _ _
- =)
Plﬂ.ﬂe Co’l‘}ain_s ‘H-\e Fo§n+ Uhq‘\ ?°Si‘kd\q Ve)C CiJ +Qh .
| o D D
s a’km"} F‘ajf: - -n =& -h . ':')'_))
E‘V‘ =i Gﬁ 13-;-)__5:")_’_'?): (q?-r.?b?). _(‘Bi-’— ] +R

13z-54y+ 2z = -43
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(ii) Given instead that the perpendicular distance between /, and 1, is 3v/(30), find the value of a.[S]
S_ D el e g T = T
L\ y (_7 =q?+$\>| = %+Qh’ +S (QT‘,_J-f-k).
- - - - - =
@ = @rE) = -6 -5 +0R + (-ai+ 3] +R)

e -6’1 el (-6
QQ)"Q? - [—S]F[q}': __||+
\O a 8

) w? -)
- i k. -6
b, X by, = J
\ -1 a "'l | — "'SGL
-a a % a
s 3\ o O » .
@-3): (2+5) = [§] [2] = serronrsn- 2ev78e
8 oo

\ &, "Tz)\ == \)’Eé)af(-b':)nral = J 36 +264* -

—) =
—q__?L-'E)) . B,xb:.

L Qictance between L, end L, = lg', x!;f)
:'-) BJ_E,B = 36+ 18a
N \l36+250.1
(BJEE») = @6-&-78&)1
36 +26a"

(864'265")@70) = 129& + 56| Ea+ L0884 o>

3720+ 1020a?%= €og&Ya*+5616a+1296
q36a* -5616a+8t=0

q'g' -—6&—’-‘:]:0

(a—3>-1 =0

=) a=3.
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e ol e \
3% The lines [} and I, have vectoy cquations

r=ai+9 '
¢ j+l3l\+‘»(i+2j+3k) and 1= -31+7j -2k + p(=i + 2j - 3K)

respectively. Itis given that [, and l, intersect

(i) Find the value of the constant a

L= _ arA s —3m
L=+ _[%2)\ y L ¥= '|+§\1

13+3) ~2-3p
G:miuuna ccrmrmﬂ\'\‘s o} He Pai'\-‘- of interse c-l-icm,

ati=-3-p ()

Q+2Xx =T+ap =) A =2p-2 I A=p-| - @

13+3A=-2-3p =) 3BE\=-3p-IS5DA=-p-3 >(3)
Subs-k‘hc}.'nd (2) W @):
p—|=—p-5
Qp = -4 D p=-2A
s A=-2-|=—3"
Su.):S‘lr’wkn(j in Ci} dives :
a+(-3)= ~3-(2)
a= 2.

The point P has position vector 3i + j + 6k.

(ii) Find the perpendicular distance from P to the plane containing /, and 1.

Plne conbuinng b o ba s Lo To s end ToEK

) -:’ :—P —E’ -2 -
n = | ! 2 3 = 0 -:—-IQ-?-Q-J-}-E.
-1 a -3 4+
let, Q= (’3,71 -2) be a point on the P(a.ne.

g E O]
-2 6 "8

P8 - (_e,? +ej’-8E’)-(-mT’+qE’) = 72-32 = 40

[l = JEa= ¢ = Jieo.
_L Qigtunce :Slﬂm P+ Plone m+a£m'h8 L;cvo“.;_
- "5&)7” B 4ol =Jlo = 31
S|~ e

9231/13/M/)/18
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(iii) Find the perpendicular dlstance f1om Ptol, 4]

Le-@, T: 3n+'L] 2\2 whese A g a.1 Fom.}—d,, L.
Fz?—a'sﬁ"@‘*i\*éh)‘(‘—’" T-2F) = €76 8R -

P
a: —\I-) = -—-:t) +2:‘?-’3—E:)_ - = 4—.2583h
\ JOYr 224 (3) J ik
_J_ohs'*mceﬂ;'vwf"\-alz | -—L—-’:") —31—%
";: 1 = 6 - B = e ’6
A ’[’g‘s}*ﬂ[—%] it | a -3

= 1 J—Qz—rloz-réz = \r“lrg - Jlo= 3.6

l
Jiy Ty

:—‘_——'—

i

2.
) O
6
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27 Thelines [, and [, have €quations r = 6i + 2j + 7k + A(i + j) and r = 4i + 4j + p(=6] + k) respectively.
The' poInt P on {, and the point Q on 1, are such that PQ is perpendicular to both /; and [,. Find the
position vectors of P and Q. - (8]

= - oD
L, :r’:(6+>\\?+(2+)\)3’+7h.
Swe P lieson L, OP': [g;;].

1
PR NATNATS
Since § lies om L2, c:._Q3 = [q- Lr_éﬂ.

B — -2, =g — A
P = o) -op = [*ﬁ;}[gx}%vﬂ N } .

e

# 1 p=
Simee PR L L+ - (?43)=0

3 -2-6 —x+2-2=0
F_éﬁ_g)\ 6 5 3ptra=0 DA =-3—0)
Sne PR L 1L+ - (-674R) =0
-ep
~¢ - +1(p-1)=0
86p —12 +6A +p — 1=0
Fp = 19-6€X - @)
Subskhding (1) in () gves:

3Tp =19 —6(-—-35)

37p = 12+18p
19p =19
k=4
3 x=-30)=-3-

2l

6+ A 3 - 4 % I
= [2:A]=[-I ond oQ:[q-e,L =4-60)|=|-2
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o8 The line /, passes through the points A (=3, 1, 4) and B (-1, 5, 9). The line [, passes through the
points C(-2,6,5)and D (-1, 7, 5).

(5]

(i) Find the qhonmt distance between the lines /, and /,.
TAE) ?é? OA (|T5J+clh) (3)+d+lf-h) =Q|+l+d'f5h
L\: _\:; —7\ -EAB <3|+-d+"-f )-t-'t(-'ln-t-l{d-i-Sh
cD :op—S_c:’ ( 73+bk)-(-:2|+ﬁj+5h) i "'d
L’.: —;“ ——c_)+sﬁc_6) =Q’2 +6J+5h)+-t(l+d)

-2 -3 |
Zz.‘;? = [6}’[ | = 5
5] Ly |

I N
' 10 -2
s Shorlest distan ce be-hveen L, ond La ~
Gf-m) ( J\ - _'Q-i-Sj .;-h). 65?'*'5-{)' _qh)) \
) w | I ar

\

) 18 | _JC = 2:-449=245"
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)y —) - - =\ o -
AD'= Op' -oA' = (“+'|J)+SQ) —('35)+3+Ql;) =-’\’.’)+6J)+?-
W= Wx D TR -26]| (-3
L 4 B l=] 8~ 4
2L 6 | b 2

e - Y):N'mal:}w plane Can+ainfna A)B and D =—\37’+4\?+32T27'

E‘T hhe La)

— = _ - - |
S5 ]
5 5 0
i-e. direckon vechsr fnr: L, T.’-'-;T-
Led, © be e ana\e between -E-:) and ;):).

T.m = I?HHZIcase
[,I] [_Is] Jzr J6a %2> eest
(o] 2
= JT\] |8q cos©
s d’i'nsq ) 6 =17

K Agu_{-e anj\e

bedween line and plare = 17:57-90"= 2157722767
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19 The line [, passes through the point A with position vector i — j - 2k and is parallel to the vector
3i — 4j — 2k. The variable line 12 passes through the point (1 + 5 cos 2)i - (1 +5sint)j- 14k, where

0 <t < 2m, and is parallel to the vector 15i + 8j - 3k. The points P and Q are on [; and L respectively,
and PQ is perpendicular to both /, and /,.

(i) Find the length of PQ in terms of ¢, [4]

(i) Hence show that the lines [, and /, do not intersect, and find the maximum length of PQ{;?
{ varies. - : L

(iii) The plane I1, contains /, and PQ; the plane II, contains [, and PQ. Find the angle between »the
planes IT) and I1,, correct to the nearest tenth of a degree. 4]

:) Sinee ‘Fé\ is L 4o beth |} and La) =
T § k 28 L
3 -4 -2|=[-2]|~|-3
5 8 -3 | 8% 12

PR = (7-17-2%) x (157 +§ 3R ) =

let; op = | 'tSest | ‘ | _‘ o
= -(145sint) vhee B is a fén-l-,m Line La - 3 |
- |}
TB:,'—:—O—B-)——O-? = |*5°°-5t N RN Bast 5
_I-SSIH",‘ -1 = |<-5sint | * ‘ A

A8 -PQ = ¥(5est)-3 (wBsint) ~12 (+12) = 20 ces + +15 sint — Ikl -
—
PR = T mt=dTéq =13

P& = K-B?-'PE!," N ]:zocos++|55.-n+—mu\
|78’ ] [ 13

Ti') 20 cest 415 st = R cos (‘k"d-)
20 cost 4155t = Rastasa + Rsntsinx
20 cost +15snt = (R&as .;z)cach—l-(Rs-'nac) sint
caccl =20 =) cesat = 20 and Rene = |15 = sin =15_ .
2 Rees = 2
4 a
Sinol + cosPex = | D (39.)+(%) =1 9 625 =R" 2 R=25.

R

I

._:E-——-=._§=‘) =4u—‘ 3\ = o
N

: R0cept+ 15 sint = 25405(-{:‘—36-866)

3 -/ € West+ISsint

Janot = _Sinea -
Cos &

S Q5 gince -25¢ -254:5@.--36-&‘) <35
D) -169 € Waoest+ISsmt - 44 < ~119

-13 £ QOGOS++I5_SF|1-I,-—IIH+$_ -9
13

9231/01/0/N/03 '5

Scanne d with CamScanner



2Dcost+I5sirt -1tk | < 43
13

e M1 < P =13
3

S Since minimum 'endﬂ. os PQ = _l_’i, —H..eh L| MCJ 12 doha" -i;')er'sec}-
3

Maximwm Imd-l'h o} PQ-—_:LB 4

) B condaing ke PR < 4757, oo
coteins vecke PR = h7-2+ 0% and diechom veck. of L) : 37-47-2R .

— U I

an) - R
' P A a | - ::
3 -4 -3 -1

T y '—3_ v B )
2 cortadg ;c'*ws;) PR = L/ =3j+ IRk and dvecton vec:‘\m-c:F [y 15;'_)-!-8’5)—-3?-

1 \:\ FE

& -YE% = 4 s i = —81
R g 12 |= 192 |
| | -3 11
I-e-‘-, a.naie lndueen T, and| —iTR be e ’
-Th | 2.
en -“_1_) “2_) = lﬁ?”ﬁf]mse
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30

The line-l'l pa.sscithrough ‘!“3 point 4, whose position vector is 3i - 5j — 4k, and is parallel to the
vector 31+ 4j + 2k. The linc /, passes through the point B, whose position vector is 2i +3j + 5Kk,
and is parallel to the vector i = j = 4k. The point 2 on I, and the point Q on 1, are such that PQ

is perpendicular to both 7, and /,. The plane I1, contains PQ and /|, and the plane I1, contains PO
and /.. :

(i) Find the length of PQ. (4]
(ii) Find a vector perpendicular to I,. ¢ [2)
(iii) Find the perpendicular distance from B to IT,. | (3]
(iv) Find the angle betwefn I, :.nd n,. B 3431 [3]

— - we ' 7 N
i) L o .3i)-54 -4k 4+t (3. +§-J +2k) = :i:';:
) 3t+3
S’mte P \\'9.5 on L‘ =') OP - [IH:-'S .
at -4
i = —y =) - <L+S
L, 2= 2i437+5K+e (-7 -4k ) = [a -s\"
2y r \ J ) P8
—y _ ["24% )
S'w:g Q lies on L2 =) OQ - 3-5 |-
5=1ls

— 2+87.[[@rat Sl+s -3t
/= =513—3-P*=[3_s {=5+4t 3 s
5-4s| [ -4+2t q-ls -2

Since P_s?__l_ Ly = Eﬁ)- (3?#649.?):0:) ~3+3s-9++32-Us-1€++18-Ls-4t =0
~9s-29¢ +41=0- (1)
)=0 =) ~1ts-3 - Brss Uk —~ 36 +1sr 8= O

18s +q+t—- 45 = 0> @)
S‘lﬁr\j Sffnul'lar(ms}a‘:.’) s= .Q-)-l—_:: l.

Since ﬁaJ— Ly = ?&9 G—)'? - Ll?

—

=[5 5 R e = -

—) —) - . —
T)  Since T combains PR ard Lo 7= PR R SAT 2R

\

2 F R g 2 9 )
—-Y-,-? = _‘2 E\Z - = |+ | = 14 +J -k -
3 & 2 g ik

- LE i)
i-e- veckr Fefrmoliculu% ll|=81+d"‘“fh .

—'\'\\ —n\arm_\_ A (3,_5,-1.}-)_\.\25 on l., cvx:l hen ce lies '"'TT, .

T =38 = (27)*3?45'2)_ (3?_ 5\?_@?) e i T)+q-§?.

W% e gl El-t -g48-126 = -126

= | 8
B
- J":’?'x’:r-‘- NETHER
\h “ = 8741 'f('“-) 9231/01/0/N/04
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1 dstance :}‘um B o _iT| = , -Ké)—‘:'_u) -126 | - _.____4,'26 -'-"77‘7‘]""780
[77] 261 | Jaél
iv) T‘; contalns vechrg PQ anfll .Sd‘\rec’vanvec”'w ’7.j—l{k
T A o
s T = J R -9 >
R s R N = e
-9 3
-1 -4 | o 0
Le_-},ma\e beheen w7 md ) ke O
o n, n,_ = )) *); \mse
LAL] J &) J3+a +0™ ccse
JQG\ J|8 cos §
—s [ RT__
K e m({"d\&

D=¢69=668°
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11 The planes Hl and H2 have vector equations

r=2A0+j-K) +p (2i-j+k) and  r=A,(i+2j+Kk)+u,(3i+j-k)

respectively. The line / passes through the point with position vector 4i + 5j + 6k and is parallel to
both H and U Find a vector equation for /. (6]

Find also the shortest distance between / and the line of intersection of I1, and IT,,. [4]
- -) o
e Tt W= \ J k o o

' | \ -1 =] 2| Pl
2 - | =3 |
- = -

B~ -lT s R ' J R -3
o) n, = =
\ 2 | n
3 - -5 %
o - —)
Lme L is # 4+ T, and '”_:_7 Hen its dvechon vedurLls.J_'h W and na
- - —
—) | W J kR -9 3
—) _
b=w'xMm = | o | | = -z[~] |
-3 4 -5 3 ol
Vecbf' .—a)
)\Ea,ua-]n‘m ajl | : ? = @ube+6h)+‘E<3'+ S
e

Note Mt both TN and T, Fass %mdwte g -

Point P with P°S"}U"'l et 43 5J+6h lies om lme L.

"ﬂa e a} \-\4&r$6c|~an 5 "| and l]_—,,_. hs irechon vector 37 'ﬁ_) "k
line

’ﬂ-.en olrgtance Jtrm L + f-\r)'of quefSEC'l’m

- ous.sm,ed:,m P 4o line cjt wtersecheon (n'516)

~ 5 = 7.7 R
= |oPx u.l= @ns;,arsk) (3743 )|
JArr
73X -1
NTTI B I T T T [ﬁﬂ
ol UG = L J726 = Jé-= 8.1
I C)+22+(1) NITH

Scanne d with CamScanner



32 With O as origin, the points A, B, C have position vect
| H 'ectors

I' I+ jl i +j + 2k
respectively.

Find a vecto
re
quation of the commeon perpendicular of the lines A8 and OC.

(6]
(2]

Show that the shortest distance between the lines 4B and OC is 3 V5

Find, in the form qx + by = mnm
pernEnjcalanof fire e A% equation for the plane containing AB and the common

Line AB: I\-a?:DB-.oA. "..G _,’._ =, (3]
5 Egquaton o-}‘ MB: F=4+s d))
Le OC: Equabln: #'= +(4T%3R)-
let, P be a point om line AB ard Q a peint @w OC such Hhat PQ s a eommen

?erfemci-mlar-}u bty AB and OC.-
s Pis en AB - -"’z ,+_5danoismrth5cmOC OQ
nce ' s

PR = oR - OF = G?’Hﬂ%h) _(Pre]) = DGR+ R

e . (3 D4=s— ()"
Stnce P—e?_x_ AB , Hhen Pfsi (a’) 02 G-9()=-0t=s a)

L-5 +2(2t =0
Sin P o]l -H\&n IQ 1- _'J}a =0 =) (i |)(‘) ( )(’) ( )

-1 fJ TS ~g

é-l: _s-1=0 =2@)
S‘ubs%ﬁ}e C\) n CQ) R |
% é": -+ -1 =0 _)S't=|=)+=5 S='§
F=Tasl, W= TR 2 R Y
- oP I+5\.‘ ’) 5 = 2

\’ec‘\uf cq\LQ"‘N‘-""' °§ PR : - »
- OP -’r)\P& '\7+.Lj)+)\(:_‘tu+_—_2_h)
r = L 5 5

- - )
(] \'_')_.\74__[-\) +)\( ‘)_k)
T’ wd

Shoctest dishnce bedween AB ond OC
—wlﬁ?&?h\f(%)ﬂ() - [E .=_;¢§-(s;,m)

lee contains vecters (d.vcchm vedw of AB) and _Q')= 42 R

T+ 2
5 s
e hrwy
- - i I ~ R —h .
___3 .I d k - |
2 o -l Sne 2

9231/01/0/N/Q6
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{, B and C ha
W The points # Ve position vectors 2
perpendlcular to the plane I7 | Containing A4, B .\mil C?J o &k respectively. Find a veelor thh[ﬁ

The plane I1, has equation

VEEHA 42k A (1 =)+ u(j - k).

Find the acute angle between the planes IT, and I1,. (5]
OR = a7, OB'= &) ,0C = ¥R -
Rz -8R = R-T = - R

-? =
. \ 1 R 12 [
= RB xAC= =5 g 0 [=| &8 |~|Y4 *€+3k
-2 o0 k& & 3

. )
~ Ve ckhr ff-ffend iedor -b -]T 6+ 43*3]; ‘

*AC -J)*f‘( -¥)

= g _= =)
T Y= T aky+aR
- | T 3 ¥ A
- \ -1 o= 4

o | -t (4

Led, ergle Lﬁw n' m\ D be 8-
n"h\ aose

[ﬂ{_'x ) 3?+q’+3‘JT+l “+1* cos®
3 |

=r~.‘5 a:se
_13__)\=16.05"%1&1°
9 Bt (dslf)

i-e . acule a.naies between "lT; and ‘IT:L = \€.|°
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34 The plane [T, has equation

F=i+2j+k+0(2) -k)+ 0(31 +2j - 2Kk).
Find a vector normal to IT, and hence show that the equation of [T, can be written as 2x + 3y+62=14.

(4]

The line / has equation

r=3i+8j+2k+(4i +6f +5k) .

The point on / where 1 = A is denoted by P. Find the set of values of A for which the perpendicular
distance of P from [T, is not greater than 4. (4]

The plane I, contains / and the point with position vector i + 2j + k. Find the acute angle between I'Il]
and I1,. 4

-y = e
-“-| Yontaing vectors -’{_'\)—k)anol 33)+2J—2k'_

=) -) —) -2 a
. = \ J h _ .
) 0 5 -1 1= | -3 2’
N = - 6 -) - =)
"T\ Comtaing Hhe Fo'm—\-* ui)rl. ras}-}.‘m\ vectee '+ :2\] ‘I'k .
- i -
.Ecw.q-kanoi: H,-. r.n =a’''n L ) o
- . 6-?—1—35’—1@) = <"|7+-"2\'!)1—k)) (343 +6h)
21+3d-|-éz_ - 24+6+6
2xr3yr6z = It (Shown)-
—
= = —
lie Lt ¥ = 8‘:’4—83’-% -Qk)+-t- (4i’+63+5la)- .
= -)
MP,t-2 D 7= (3r4N) P+ BN+ (2+50) K
_) 3+4 A
A OP = | B+6N
245X

.—-—) _ | )
Le}, Q CI,Q,I) be a fa‘ﬂ+ on T - OR = [:ﬂ
s 5 \ [3+4A —z—g—;
Ty -op= |27 8+€x |T|76- .
PQ = X~ °F [‘] 2+8x | [-1 -5A

2 =2
PR = [_j _46;_ 3| =—4-8X-18-1BA-€-B) = ~5EN — 8-
-1-5x] L&

\W’\—: 236> =1
L distance §rﬂ"l P‘}"-“ql .

PQ 7

IS = '56?\‘“28
)

- |-&x-4]
2

Sinee L distarce = -
ek 9 [ <k -

9231/01/0/N/08
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s 2 A2, 5
)12 Sing Tﬂ. c-m"n..‘.r»s —H\e F°én+s 3“")+ 8j+ —Q—E) 0‘ I*%J —}-k ) -H"en .T,;

PRRRAE e SR @‘*%4'2‘3) (P+2] +ka) 2774—6\]")-%.}?- )
Then woemal vecter j;rr_ﬂ; is n:1 _-<2.+6\l 1-12)fo éu-;-5h)

LT 5 | [ay) [«
2\ nz:: 6 | - "6 ~ _|
[ 5 -1 -2,

' =

n

T [ ]
or omale 8 between T, and Tilg, 5

0w = h|)] {;—2-)} o
U u =208 Jir g () 226

-1 = 75@59

e-_-,c:os" ( -1 =102 - ¢0°
IRET)

© Acde anjle vedoeen 11, .mcl :180-8§ = 77-39°= 77.4°
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> Relative to an origin O, the points A, B, C have position vectors

i, j+k, i+j+0k,

: \ .1 .
respectively. The shortest distance between the lines AB and OC 1s 72 Find the value of &.

——t oy - =)
lve AB: ¥ DA'H: B =T ++:(d+k’-t) ey _.7,’4."’-}—1:'
PPt (TR et @)=i 2 b= 1Y
- =)
line OC + = Oi+0d'+0k+ s("Td+oh) oh \: i} I-U"'eh'
P= s (M]+8%) ere &= OGO B
- = @ q,+°k) F)=-7
2 R H-I o-|
b x?-— -\ | | = _(.e.§|) T 8+
\ 2 -

N
|
\
o ) @e8) < () (6607 - 2%)

-l —(9—\): -6 -
15 B = J@-0 e+ = Jotaprira 2044
= \"292' +— &
S\ [~ =

Disdance hetveen oc oand AR = :-2-"1?)6:,)3( bz)\
PxE)

A = 1-8 ,

J2 d20°+6

1 = ‘ -0 ) *

= 20°+6
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36

The plane I, has equation p = »;

i “1+j+4) .
of IT, in the fo - K+ A(2i
: MPX+qy+rz=g, (el 3) + 4")‘"’ H(=i + k). Obtain a cartesian equation
The plane I1, has equatj . : - (4]
2 Nas ation r. (j — 43
1, and I1.. (= 4§+ 5k) = 12, Fing . N o .
1 2 @ vector equation of the line of intersection of

(3]

. . (2a + 1)j - 3k and is parallel to
ants. Given that the perpendicular distance from A to

angl s f 2
gle between [ and I, is sin '(—6-). find the values of a and c. [7]

17, Cendains vectres 2?’+35)+ lﬂt’ ane| -T7+-E)-

The line [ passes thro
3ci- 3j_+ ck, where q

I, is &
‘ \—/6 and that the acute

ugh the poj i
& nt A w T
and ¢ 1th position vector gi +

are positive const

—_ =3 <! -
W o ;;. g :: _ -2 _ 37')_65—)_‘_3?7_
= o \ 3
'ﬁ‘\ pPasses '1"1\'5\:.8\'\ QT’+J"-:- HE) .+ Eguathen °:F I, :
PR e 2,
. (3?- 63-1—3?) = (27. +3 % lIE))- (37.’- Qj-)i-’_’sﬁ)
31—GJ+32 = |1
r-y+z =4 = Q)
c >
_'IY_;-. 7)'<T)"LUT)+5?): 12

S - ky+Bz =12 @)
Fom T,. 2 = L|.+.2J-z - (:3)
SQubsthde @) i @):
’-r+-'2drz—ltd+51=|l-

-—QJ-I-Ll‘Z-_—S
—-Jér- 22::11"
d:Qz—L{'-

L&"" z=t =2 d:-’H’.-‘Lt’
. k+2f-4)—t = bt -8-L = 3e-y

-4 21 [t
e d = 9-8{7 -y =t | x|+ -4
= + | o

ROR

i‘e. vecler &f-lo«r,"o'\ a§1 line :.5: .i.-f-krsec{-im .= -L"?"t—i)+—l: (s’?*'ﬁ)—l—ﬁ)-

9231/01/Q/IN/10
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- Q

L L = > 3¢ __—-):‘ 2a+ |
me L+ V= |2arl|+s|_3 ~here  OR

-3 -3

C —
I ~ i 2
Plane - T—2ytz= b comdaing PaanHw'ﬂ”) r°5;‘}‘m vectee [l -
A

—_) 5 = i 0\7 2-Q =
AP - o )—Oﬁjz (jz - o+ —2a
L"__ "3 1

rr— — =2 - r‘
AP W = [_:&]. -1 = 2-a+lat+T= q+3a -

\

be—’we&) oli.—ec_—‘-;m veckse ‘y’ L and 'ﬁ—ao-f ’ﬂ‘ be © -
= r3cﬂl r \’_\ - \(3c\+(—3)+c Jf+(2)+| cos

nnnnnnnnnnnnnnnnnnnnn

Le—\, “"‘Sle




5 Ba=62 a=2:

bejween ke chien veckr °‘j" L and 'F?ae:F m, ke Q-

L_}mle —— a2
o > [BC’X'[‘%=WW“SG

-—

c |
3c+6xC = mgase
l{C"'é :Cose'

-—

{6 v
L|'C+é =) O = ces (—-—Ei/
gocl+54’

=) cos© \r",

GOC_"‘!' 5 L'-
L 0
linehand TT, =90 -
Acute ma\ﬂ pe-hween l ., S et
Lo (2 290t~ s [ ———s
sSMm d’g‘ \F‘_E)c; +5k

o e 250 1
-t fhc+b qQ© —sm (——)
e (ﬁ): o
__l\;;__'t—é—-—- - 08164
go ¢>+ 5k
2
Gero) =5
2, s : 08
- +:.)3L2 2 W8P+ ke ja8 =120¢*+!
162+ B+ D@ = =2 =0
= 122 -y e B
12¢ (c—:a) =0

w0 * o [= 2]

(Jé nove )
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37 The position vectors of points A, B, C, relative to the origin O, are a, b, ¢, where
a=3i+2j=k, b = 4i - 3j + 2k, c=3i—-j-k.
Find a x b and deduce the area of the triangle OAB. (3]

Hence find the volume of the tetrahedron OABC, given that the volume of a tetrahedron is
1 x area of base x perpendicular height.

(2]
- '-1-7 _T)) -E’ ‘ e BT
Pxb = | 3 5 -1 | = |- =i -105 -1k~
4 -3 2 -1
— =\ _ 12 a7 i‘,:\r}_q—c; -:C]S'Ili:::‘ig')
Avea 05 NOAB = -éL \ a x b ] -—_:J-L-.ll + (10 +(17) __5:-_
Z D
- 7
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38

Find a cartesian equation of the plane [T containing the lines

r=3i+K+s5Q2i+i<1)
1+K+5Q2i+j-Kk) and r'=3i=7j+ 10k + (i — 3j + 4Kk). [4]

The line ! passes through the poi ;
: i point P with position vec -n ol te maralle T
2i+j-4k. Find position vector 61 = 2j + k and is parallel to the

(i) the position vector of the point where / meets I7,

(3)
(3]

(i) the perpendicular distance from P o [T ;

(iii) the acute angle between ! and 17.

(3]
- _ =) —)
T wos a normak L do Ziay-K ond 1-3j R
N B |
n - \ a \ ..\ \.—. __q
' -3 4 = B
T‘rqw\u;ns —R\e Poin‘\' 3-‘.-)4- E) Earc.-kd“ ojc h:
2.9 2.7
DRG] 7'&’)
2. (.a7-) = @ErRE-4-
x-9y -1z = ok
E"Hﬁ*;mag ine = - _:) 3_‘) E+ 2N ) 2 =64 QA
D A -) _ _-)_‘ﬁ‘E) (2% 4] _qh):[__,__‘_)\ a g
)PP e R R (24 | -4 32T
when line meets T (6+2>.)—¢](—2+>~)-1G—4)\)=—4
E+2ax+18 —GA—1+28A+4 =0
2|\ =-2
A==l
& 2(’0 L e "—7.
'.‘—-'):: [_;:*C_n}: -3 =‘-l-|"3\j"'sll
V-4 (1) 5 IR
“C -l)‘an"‘CC.'}‘DY aj: fz"n-r)' o} "\')’US@C"';M = |-§3\, +5k -
- '
~ - 2 porey Q wih posidon veckr

s - T’_'—)‘ a T)"‘)
D) T w-dy-Te = b e P2 TR ad passes Hemh 137+ K -

e a --c—)-f;) = QB-'?-&-TQ))- (é-n) - .'2?1-?) — —3?.,.%,'_)

Q= (67- 0]
R =(—3?+.23’). (7-95-) = ~342(9) =-2).
—
I’n’\ = (ﬁ.)’*(f‘l)l.r(/l): T 1+8 v =J13]
v e
end TS _PB___“_-] = =21\ 2| - l'83’+5¥l'83.
. ). didance Vehween P L = 2l

9231/13/0/N/11
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‘TT;) Le-},o.nsle bedveen divection vector af line ancl nevmal vec}zw %‘F/dne Le .

B = Ib)H"’]a:sa:

[_J L] J2% 2 4 JPr )3 () cos

2 =da) Ji3) esa

CoS &L = 2]
dag o i3)
o = cos” = = 66-39°~ éé'l'f'o
- \IIFJET) g

2 Acde male belveen L and T : Q°-a = 23.¢°.
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39 The plane IT has equation

F=2i43j—k+A(-2§+2k) + pu(31+]-2k).
The line I, which does not lie in 7, has equation

r=3i+6j+ 12Kk + r(8i + 5j - 8k).
Show that / is parallel to I1.

(4]
Find the position veetor of the point at which the line with equation r = 5i—4j + Tk + s(2i - j+ k)
meets I1. 4]
Find the perpendicular distance from the point with position vector 9i + 11j+2kto . [4]
! 3 | 3
- :
’ﬂ- Gm"ai"is UCC&""S [’2]mo\ Ii \ ) H’S wa vec”w n = [-.-2]( |
= . 2 -2
= o
A J k 2 - =) ar']
‘—h-): \ -2 2 | = 123 =¢2|+8d+7k-
3 b-2 1

- - =) .
Fer Lﬂe_ L] dﬂrec-}{m\ ucc-}:-(‘ = 8‘;+5d -8k

; : _Zf- - 16+40-56 =0 -
—l —g ] a.u&l."}n 1l
S neemal :5! L +o A-VCckm-Ec’}m“ oJC L;'H\e.n L is par .
ince or ©

5+
- =) T s
2 -5 4\'3%7?-}5(2;’3 # k)= [‘4+-s
1+ s
: x=5+25,d=—-1{--s, z2="1+s-
At Fa-'rrf cd: imtersechon with T, Farme-ka'c cx.,:rcssiav) scc}a‘sﬁ cardesian cq#m'fano K

Gelesion espabon o Ty

' .n =& *n 2y =3
P GO ) = (@ o -R) @)
21+8J4‘7é. = 2\
s‘d,sq};}u-kfzj ges ;2(5+25)+8(-4’5)‘*7(7+s) =2
10+ s —32 ~8s+ §9+7s =)
3s =~
S = -2
- ?mn'l' °§ i"',ﬁrs.cho*\: '(::5-'1"-2(-2) = |
J=-k4-(-a)=-2.
z=7+(-3)=5
i T
s Fositon veder OJEfain-\r .:.JC indersecdion = 1=+ 5k -
T

9231111/0INIM2
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(qv"> 2) end A (2,6,12)

ke
0 L D —- - =
AP = op’-5R = [T}j‘_ 2 = ; = éi—)+5~.-l7— |o)z7-
A (] [-10

~ =) = —) —
u= 81+3J—8h _ 81)+Sd—8k)
\ 8%+-5%(g)” 153
A distance 57@0\ P+ L
ok
_) A g
= \ AP x \L\ = 56- x ) 5
-10 Js3 (-2
= L= |¢ 5 0= MIEREE TS
J1s3 s -g| Jis3 [|=22 -
g 5 ~)0 @ 15 3 )

€d3% - 2§37 = 2.828~2.83 .
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The pomts A, B and C have positj Y
40 10n vectors i + 2j + 2Kk, 2i + 4; s . o :
Find ABxAC. J 1+4j + Sk and 2i + 3j + 4k respectsvilj'].

Deduce, in either order, the exact value of

(i) the area of the triangle ABC,

(ii) the perpendicular distance from C to AB.
— > = |2 ' ll - 5= [2] |! ' .
AB=08-OR =| 4 |-]2{=]a|l, AC=0c-0A=|3]|-|2]|=] I
5 a 2 n 2 a
> 3 :):_) —E—) I
—_ —_ | _ )
AB'XAC =1 2 3 |=]|,|=T4-k
l l 2, =l
S >
9 Av&l OS— AABC

T Aeof DABCE Lx ABx(R:rruoI-'aJw dishance Jrm C 4> AB)
QL JF = xR x4
2 2

JE = m xd

g *4

3 d= J3 = ,.é. = 04629 = 0-463.
Jt ol

&)
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2 1 |
The plane IT, h: i = 1 I
41 1% 1 has equation r = ( :i ) +5 ( 0) +1 (-1 ) Find a cartesian equation of IT;. e
> 1

-2
The plane IT) has equation 2x - y

+2z =10. Find the acute angle between IT, and IT,. (2]
Find an equation of the line of intersection of I1, and I1,, giving your answer inthe formr=a+ l[‘;]
|
"“-; Y ?lme hag a mormal uec,-}ur- A 4o [ ]mc\ [-l]
| -2
- -2 —)
__h_j _ \ \! h o= C"'U‘ |
(I | fo) | = ..(,_2___|) =l 3
| -1 =2 ~| -0 -
Cordesion epyu.A-}’an of —IT = a_)-?) '
Y = = - poy
) E). ()
x+3d - = 12
G -
- =
T;: e ++z =10 = 7. (27~ —He-) = )0 'f—"_)=-'2i,‘ t
—(‘j >} J 2 J
Led | aaude anﬁ\e bed~een n, and\ TL Le B -
T = In—l)ll"—:.)l cos 0
= % = 2 T 2. v .z 2o
Q+3J’-k)-(:2.’—d’+h) = JP+ 3% 22 )% s
-2 =d1 {6 msa
cos e = -2 =) f= )=l°'f‘25°
e ae
« Aade ange behveen Iy and Ty = 18- Io4.25° = 1574 ° = 157"
= -

T, xt3y-z=l% =S %= 2-3y+2 &)
-—IT . 21‘_ +Z = IO '_3 (2')
: d sbetpde (@) i (@)
22 —364'2) TP == 10
QY -yrz yr=z 1020
_’U,raz +I4 =

- 4
9= 321,‘
I

s ox =12 -3 +."t)+-!: -6+t = 6-_‘%?.

9231/11/0/N/13
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Ce- 2t|T]
L+ 3t /7

\\

R —

+t

3]1

i-e - Line o§ intersechion , ¥ -

r~__2”'1

\1
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42

The points A, B, C have position vectors

4i+5j + 6k, 5i+ 7j + 8k, 2i + 6j + 4k,

respectivel i s . ; :
p Yy, relative to the origin O. Find a cartesian equation of the plane ABC.

(4]

The poim D hfxs position vector 6i + 3j + 6k. Find the coordinates of E, the point of intersection of
the line OD with the plane ABC. !
Find the acute angle between the line ED and the plane ABC.

—> o = - _~ — =D 4R
OR - H'.)+SJ -\-6?, 'o_B.’=5i)-r7"+8?, SC = RitTEi+k

= —y — al_[uf_|=
'A?Jﬁ‘-oa’:[" "F‘r =|a|, AC=3¢-oR =|c || 5= 1
2] L] |a k)Ley 2

(3]

o 5 - - —Q —é
- v i J 4 - _)
-2, I - 5

Eq,mr\im e§- ?larf_ MC: P.=2.5 S o 5 ._1)
2. (_'.6?,,25’4.57?) = (‘f'-'l-)-rSJ +6h> : ééi -'-Qd +5k
~6&z2-3y+bz = -4
=) éw_+23——52="f"
& >
v e = n -
Line 3D : ¥ = (o'-.h o3+ O??) +t <€3)+ E%j)+6k)) = (6{) i)+@fl_')+ (@c)k -
x= 64 3 653‘{9 2= 6"; :
M peint OS’ inter se chion with P"anﬁ ABC ,
\ Cxty -5z =
G(et)+2(e0)-5(6t)= 1
)2 =4 D+t=

L.
, _ . IE R G
A= (6:«.39 '»’+<3x:3'->d)+(6a_é.) K =R <] +2k -
L8 v fo?v\"} °§ Tn‘;e!‘SEC'koﬁ E = (Q)i)‘D\)'
& N
~ )
) - ~ =) . — - =) .
Ep =07 -oF = (g;’+gjﬁgk’)- (2’1’4—\])—:*2&)) - 43)+D\,+4h).
Le,’r,%'ne W\j\c Le-k»cen E—_B (OL‘PEC*?JT\ VE'C‘J'EN- oj: 'l'ne ED) an‘ ?) l:e .
En ™ = [ED) | 9| cos et

H ﬁ = LT T CR @™ e
wl|s

= &6 Jes Cosal D= cos ! = -| = 9q9.59
9231:‘13]0.’NI!3 e 6 &5' qq ﬁ
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=) A\&\e_ betweer lne ED and| FI"U"& ABC
= «¢-90 =99-58-90" = 9-519° % q.5°
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{ A. whose position vector
through the point 1.3,
[, are such that PQ is

he line /) is pars R — g

43 n . R']i_ -[;1'\1'11'1?1 m‘lhc. veetori - 2j - 3k and passes through the poin

15, ST = T e The line 1, is parallel 1o the vector =2i + j + 3k and passcs

whose position vector is -3 - j+2Kk. The point P on [I and the point Q on
perpendicular to both /, and 1,,. Find

(i) the length PQ, (5]
" . 4
(i) the cartesian equation of the plane IT containing PQ and [P [4)
; (3]
(ii1) the perpendicular distance of A from IT. e T v T I I ol
Lo o ) whee A= 3irgj -k, b= -3 -3k
V)L P 3;¢3\-,-qk+Jc(a-2J—sk)- o o
e B e o TN adl e 3P4 by =2V + 3R
la: v = —3;’—&1+2k’+s(‘~2;’ﬂ)+3h) andl &= -3igj TR P2 J
= -6
—) = 3 31 .
aa-ay = |-y |-[a |7 |-4
L2 6
<) 2 - -4+3 -3
=3 =) ' J R =| z|~]-
byxbaz )y 5 3= -(2-¢) lI
-2 | 3 -4 -3,
— =\ /o T\_ |-¢é| [ _ L,
() @xw)= | 5| [] = ¢riwe=t
IS \

—

\E? x_\_s—;—_)\ = d\i} G-|):+|2' = \\5
o Length PR =L dishance between Lyand 2=
e—>

e e My

N
';T) :..r'f Plane -P.'Q- comtains PR ) Then codaine Hhe vector b= + k.
T amtans Lz then i+ cootains vectsv —&i—’+\'?+ 3_k) .

(52—;_?).(;))( Ej) = _E'__
Tk | Ve

S\m\'I"‘f\d7 {f lee.

=) <) -
T, = d k -l W
,ILeﬂ I Mma,l. "I'D ’ n = ’ | "‘t | . 5 ~o 55. .
-2 | 3 -1 |

13
‘\T_ Caﬂ'}aiﬂs"}LC. Fo'-n-l— B (q F=:n+ en 1‘me l.;,_) wiHh Fos-'-h‘m VEC'I'”V‘ [-aj
3 H .—_):—?;)-’_) ‘
WMJ}T_-’ _7 ?) _“_) (“_-)_.’ __)) o —3J
r-(4'1+5j+h)= -31 )1k '@"*5«*‘?
Li"l'l‘Sd"" 7z = —]2 -5+
hxrgy+rz =-15

— —_) —) 7— 3 -6
‘:i{) B 's are'«r}on . AB zoR'-0A=[-1|-|3 |=]-%

2, -4 £
2B 7 = [:;J [EJ = -24-20+4¢ = -38 .
|

9231/11/0/NM4
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\T‘—)\';J *+524+ 7= Jh2.
_\_OL;qumceOCm A+t T =

— 28 \.__, 88 - 5-B£3=5.858§.

T
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44

Th.e poin.ts A. B and C have position vectors i, 2j and 4k respectively, relative to an origin 0. The

point N is the foot of the perpendicular from O to the plane ABC. The point P on the line-segment
Jic p i .

ON is such that OP = 3ON. The line AP meets the plane OBC at Q. Find a vector perpendicular to

the plane ABC and show that the length of ON is ol .
e

Find the position vector of the point Q. B =

Show that the acute angle between the planes ABC and ABQ is cos™ (%) 3

6?\5'—'- _“',-‘3—-6:9.3)-8?:"[‘?'
-KB% = aﬁ—sﬁ): _9:‘,-? = --'?4'23)
= BoR = HR-L =L+ 4R

27 'l 8] |k

T\a:%axﬁ= a2 o= 4|~ 2

-1 o Kk Bl |

L) = T: .
i-e . Veck~ fvr&na\naJar-'b rla.nc: ABC = Li =+ T
Shertes+ dishance :an 0 lee ABC

=\_§§__i\ o \—'L)-(‘f-"’*-ﬁ’*g)\ = _k  (ehown)
] | Jrre2mr | d2r
—

Since On L Plane ABC = ON lies in the divecton o
= __?___ = ‘i’?‘*"?s)"'—‘? = 1-!'—'1’+-'2J:,’+—Q

o N e NETH

- ) o T

b % K+ tR = Ll-(‘h+-{]+k).
Nal. 0z 2)
215V = 2x b FAE) = kARjAR .

-—)

us -
4 +{lﬁ+ R =n"

3>

.'.’5N—3=1#‘:h ‘a?lxg =

]

—>
Sinee OF = »E_—‘W ~ oP

2)
—_— - 7o ___)-__:_) = — _’
X;:oP—-oA.—:#H— +k -1 = =3i+21+k |
L 7
b o 7 - BT T s (TR
- - = 1
=) 7’:?+'|:‘(—3;)+QJ;_,{)) .
= _ [1-3F '
y = .2+
“+

Plane OBC : ¥ = A (33)*‘ H(lr'i?)
. navmal vector = T ¢ esuation is o:Fﬂeo[;vm x= 0-

9231/11/0IN/15
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Then when Vne AP meets plase 0BC, x=0
<) 1-34=0 =2 t= —l—
l 3 (3)

Poin—} o§ "n“trSEC‘l\‘dY\ ) F) = a (‘é’) } {' 13

» Q has fos‘,'!mn vecter = %" +_é— 7'

m
\J

let | acute analﬂ Be'l'ween ABQ MO\ ABC ke e

_F‘% ”z = \“1)“ \Cose

-': Ll- \)‘l-h2+l \]-2+l+l+ Cose
\l{' —\] \]Ql COSQ '

§ <o (\l_'__‘rF) e _,_)

e
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45  Thelines I, and [, have equations

r= 6i—3j+5‘(3i—4j-—-2k) and r:2i-—j—4k+!(i—'3.i"k)

; : : th [, and
respectively. The point P on I, and the point Q on [, are such that PQ is perpendicular to both £,

i " 7
l,. Show that the position vector of P is 3i + j + 2k and find the position vector of Q. 7]
. d is
Find, in the form r = a + Ab + uc, an equation of the plane IT which passes through P an o
perpendicular to /. ‘
. ; : ) 4
The plane IT meets the plane r = pi + gj in the line ;. Find a \iector equation of [4]
6+3s 6+3s
) . ‘ -
ll' r = -2-4s|° Since P lies on L‘ BB -3-4s |°
- 25 L -2s
— [ 2+t
L;“ = —-Tj;E . S Q lies o Ly - O = -|-3t |-
bt -4 -t
3s -4+t -3s
_) =/ = 2+t &+ =
P = oQ—OPs[_l-a-L—}“ [—3—!{5 2 -3t+48
-k =t -2s -4 -t +2S

Since PRL L1 PR - (F-4-2K)=0 3(—4+Jc—35)—4(2—3£+lrs)-‘l(-fl-é-r:?s)=O
-12+3t -9s - 8+12t —16s+ 8+t -“Us=0
12+t —2as=0-20)

Since PR L L2 P (7-5-K)-02 | Ciat-39) - 3(2-3E+us) -1 Ch-t 2s) =0
“Y4+t-3s-€+q9t ~12s +4++ -s =0
~&+llt -11s =0 2 ()

So\v'ma simuHo.ncaﬁLs[a aiucs ‘s= -t = —|-

. =7 £+3C") 3 e I T
‘ OP = [7_3__4 (_0 = [l = 3|-+d+-—\)h .
-2 (-1) 2
= -?.+ (ét) l —) '_) ,_)
ﬁ = ["I-B(—l) =lal" ‘+-?L| -3k -
-k-C0) 03
S 3 l|[3
R %

v ’I'\—‘ He vedsr 3?-’-\'3'32?{) is a normal vectsr. _J

‘I.D_é);s_l_—b \, and 5o lies 1 T_F_Q)U‘ \‘::CIJ'-E:“L)E “CC'}:Y'
i x 3-§ -k
porallel to he plane I’d&j‘_} ‘3:_, > Q where

—> 2

P = ~4-143| |2

= - =) = ! J h 21’3"""': |
PQKG?—LU A?>- ”;‘ __Iq :f_ [;ﬁ_:z -5

-2 - (a0) [-22
~(4-cs| T |74
- _ 5.

9231/11/0IN/16
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’I\\en P,ame passes 'ﬂ«lﬁkﬁlﬂ ro?n-"'l\-l—u\ FOSVl'W\'\ *cc“;'f

D.

o i) )
L 2
=) Equab of plane T': 7’=[?}+A[-nﬁ]+!{":] '
s B 5 5

S 2
Goedesian C.O‘uc\"'aoﬂ of
= I v \:], -E) —q0 —
B S el =) e
2 .l 5 &o fo Ry
-_—) —_) _’ ____)

Y -n a’ - m .
(3- +4)+2 h’) @EZJ’+2E’). 63;;_10.1 2%
.3'1_4"4‘(]-}-22 .____.j_ — (_3)

h’:r Flme r) = Fl..)-fc}s),
—)

- - ~
- ' k ©
n.= 1 \cj- o |= 0
) | o |
:—.)
'_)

—

.n=

(a)

E? egjroR)-(R)

5.9 = ()
Sa—bs—‘r)u:%na (4) n (_3);
B thy+2(e)= -1

ﬁ'] all
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46 The plane I1| has equation

SR

(i) Find a cartesian equation of IT

[3]
LC"J'Y-'I? be a movmal vechoe .,j 'Tr| ' .
—-) D, - - | - "-)—’-f-h .
y V3 =| g |=-*&
—‘ﬁ): __* ‘ __C’g) 'q’
o |\ 2 yn :
o D 2.5
Equa*sn o-S: LA 2.n=a -n

- = - o "’)
o (Feg- 1) = (57)- (et
— -z_,.,-gd-lfz = _\5+8
-2+ &y ~tz= 3

The plane I, has equation 3x+y—z=3.

(ii) Find the acute angle between I1, and II,, giving your answcr in degrees
ii

[2]
,: —2+8y-4z=3 2 ™ .—.-—.+&| ll—\a
T, 31-&—:]—-2" D Nz 3'+d k'

ke O -
} , acde en |e Le-]-ween ) ad Ty
Le 3 thz\&se
I

_L‘, =
34,8+ 4 = J81 Jil «sH

e = cos q = 721‘5“
JgrJu

e = 12.5°

9231/11/0/N/18
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(i) Find anequation of the line of intersection of I, and IT, giving your answerin the tormroastib.
Ty —2+84-ke=3 (1) =
M, 31+d -z <30
Fom () - = 3-8yrkz =) x = -3+8qy-kz Y0,
S&s-\;h\iﬂ B) n (&)
3 (—3+8d—Ltz) +y— 2 =3
-9 + 2y -z +y-2 = 3
—'ZSd ~Bz =\

IEE -]
Le—h J:"b
S z=5+ — 1.
3 T3

Substhding 0 (2)
E_l_) =-3+8t —IQot+ 418
\3

'l-:-"3+84:—-1+ 2:.5___3'1:"' oulll-;
= 2 I MR Ll
7"’/ 3 = ;
‘-—, — -~
x AR EaEAN b |
d )= £ |=] o |FTt| 1 |=]| o [+t[13
= =12 = 5 =ik
s |55 O3] e |=e
ie- C’ﬁrxcr"nan oj: fine of- hkrsec-lsm -
5= _ | a3 Ly
7= o 4|3
‘l1/|3 ;25'
€ >
A"’efnath\fel ) oire chon vecloe OF line o} interarchon s _L o ';\_;) Qnol'v,_;_)
= ot )
©-|* 3 * 8-C4) | | 4 [
il 8 -~k |= "(""G-l:t)) =13~ 3
L ~l-24 | |-=5| [R5

Tp: 3ty 2 = =

9231/11/0/N/18
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le | 4=0 =9 -2 -42=3 S 2=-3-kz - (3)
3x-2 =3 (k)
coshidde @) (&)
a(-3-hz)-2=2
~q —12z-2 = =

~13=z = 3+9
-
13
S ’3*4(:.12—. =9
12 2, .
4,0 ll Y o hat i N L pl .
(13, 37-—‘—5—) S CLF*{)"‘”'\"" €S plees
~: Line a§ indesse con of U, encd M,: -
_ Caliz ) | 4 -
L:IJ.IB 9\5

S
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47 The position vectors of the Points A, B, C. D are

i+j+3k‘ 3i+4_]+5[("

T mj + 4k,
respectively, where m is a constant
(1) Show that the lines AB and CD are p'u‘ullcl when m = %
A8 -58-on = [27-[ - [3].
Lsd (2 2}
-

—_)

CDD 08:3

u‘“\w\:_@__' co' =

(i) Given that m = % find the shortest distance between the lines AB and CD.

line. AB : ?’:[: NG

9E1)

—) —)
] ButHen CD =;-'-1L AB

lq 77:"'[;]
3 | 2,

Y o S [= —_ I
e CD: —\:>:: o |*P r:\ where ‘\z)'-' ol|72bB2=|m
3 | 3 |
—_ = -1 ] -
o\;.-qu ol V{=] -~
3
b =3 -2
=y ' J R 3—2Am
bixba =, 3 o=
| ™ | 2m —3

= \h I)+(|)"‘ J—_
Skarée5-¥ drstance be-hween lines
a;—q ) (L, xba )

L;x ‘ 12

N 0 Dk
Auemmmeud § TxT2 e vt splfed Bx [

i) - Do)

-!5\\)
( - =2 (—l) @m—a) =
o 5 | = J] (- (2.-.—3)]1—1» [2m-3)*

1

9231/12/0/N/18

AB end CD

=2 =J2 = luh = 14

2 C’Zm —3)
s,

Scanne d with CamScanner

cp /| AB-

-@n-3)| | )
(2:—5) \
51—37 . ('I;?x—\:) = (—2, J) G—|+ k)" —2(1)—[(0)4-0(]) 2.

(.2'-.-—3)]
2Am —3

(1]

(5]



Shodest+ distance belween lmes AB and D

l a-a)-@ A)\:\ 2 (a3m-3) -2 J3x Hil
RS T2 (a~3) J=2
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wer in
(iii) When m = 2, find the acute angle between the planes ABC and ABD, giving your ans v

degrees.

for ?'m\e ABC.’

2-2*%:”*23;‘.
-Ag DB OA = 3:-1-'“1-5&) <|+J'f3k) L

-

.68 - OR = —-faa) (.+J+3h)——-?- -J
= ", (2) l ,
— T ' J h _ s (i 1= e
W, = A8 xAC=|, a 22 |° -(o—(—l;)) =
=2 - 9 =auiEd) i
for Fla.ne AR 5
= +2‘£ o =
AB ——21"’3d =) ) C—) —:""Bh) = -1 %) ke
R CURRLYANES
D—. -7 i _E: 1
y = a5 ale|H
:.E’Z:Ké xAPD=| &~ 3| : E
-

Let | acde ang'e beheen plaes ABC o ABD
_-) —ﬂs \n:r)\l )\ e

[l}[ 1’} . [ Joe)ss @O
-.2 -
5

\ 9 =J 9 J 42 es ©

9 -'-Cos—‘( 9
NERNIEY
0 =12.24°=12.2°

e
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48 With O as the origin, the points A, B, C have position vectors

i-'j\ 2i

respectively,

+j+7k, i-j+k

(i) Find the shortest distance between the lines OC and AB.

< E R

Lwe AB:

—_ =)

OA= 1 -—d’)-géa 2|+d+

E%A"\M ; = {_“]_}-S
o

—3 _
. ;7=a?+-t b, whet Q= g

—) — =) |2 o :

S AB=0B-OA=[1[-|-1|7]| &

w2 [’]] [o} 1
2
il

A

=)

:—T — |
’ "_).g_sb where ﬂ>_ __|| )b;:—’ ""
1
- . - 2
(17 ~\
CAUN I e I

2~ (1)

\g)x-g: = Jf.g.gn-}-(_')"-:

Shoclest cistonce be
(': —-‘;7 l”l "T’; \
.-——-—:;‘”""

- |5

_ 0.2672= 0-267]

Javg+ =

Jeen lines OC axl AB

\(1\) (8743 - k)l I,J';_T-'-l
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(ii) Find the cartesian equation of the plane containing the line OC and the common perpendicular
of the lines OC and AB. - (4]

The mmen Yarfeno\n‘culp.r Jo lmes OC and AB s _L Jo I,';’mc) by -
e e ! -) =
BUA‘ we Rnow Ny —b;xbz—a.+.'2d..k. ; O:F Lne
’n\a'l ous flon& Malns wﬂ-\e vedor .3-?4- %_)—k and. the c:lir‘ec‘wan ve chor

oc: ¥ 3);\:2' ) ) > DR
CT e IR AW 4R
“Th lne s - o 3i+3) K o 17
ool - = 'E' 2-1 |
W= | s :l) M e e ) 1 e :g
\ -\ | ~3 -2

Dur olone cossidecs Comains hne OC so b cowtaims Hhe o
ur ?Gn
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49  The pomnts A, B, C have position vectors

—i+j+2k, -2i-j, 2i+2k.
respectively, relative to the origin O.

(a) Find the equation of the pl.mc {BC, giving your answer in the form ax+ by +cz = d. (3]
—) -) = -y ) .——9 -3 pes’) .
OA”P&\\-\-Q\-'L’ og,_.._q"_d =2i+ 2k
- DD

AB :E_B——-C—)?t = (Q.—Jj— ""\.\*Qk)— el ’%.] - Xk

AC’OC"C’A =( -'lk) (l—U-}-Qk) 3i J
The wownal ve chrr }plme ARC is L 4o BB and AC -

) i)

— R o-2a | _
-‘-h):ﬁxﬂc — “i _& = | -(D_(_é)) - x

2 -1 O I-(—é)_‘ 7

=1, (-:?-éj’f'lk) é'*"-?k) (-2- —5J -r'lk)

-—21"6&-1'71‘: —b o+ |4
-21.—'6J+7a = 10
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(b) Find the perpendicular distance from O to the planc ABC.
R = T2 I
A ik 2k - [ e/
OA " —(;+J+2k) (2.—6\1-?7'1)-'—' 10 - l[/
St a\a.s—\mca,,sﬁ,mo-!p plane ABC Q

_ | SR
_l l"’l z:#am m?ﬂ ﬂ

(c) Find the acute angle between the planes O4B and ABC.
Frr f(ane OAB 2 )f\e nevmal vcc"'a'f n, is _L-b °A and <3

= 1-059=1.06 -

(4]

7R - (2) 2. —
= ‘ J k o _ = ,'2‘, -—-‘f'+3k
nz_: \_,\ \ 2l 1= _(o ..(_4)) = |4 J

-2, -1 0] | - (,2) 3

F;Y F'ME— ﬁBC) hu'v'rna.l veC.“'ﬂ"’ s 7‘0_?-'2 ‘-?. '—6d T’?k
OAB ancl ABC be Q.
—":‘:’ ny l“r?H“:.

, s
é I‘U+3h (-?a Gd -+7k2) |34(“{ 1:§le)1*(’6)’+71 QSO
~4 +24+20= J23 J89 ws©

B e 4 |
J29 03¢

6 = 36-19° = 262"

Le+ ,aoc"e O’ﬂle- Let-een Fh‘"s
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50 Theponts A, B, Chave position vectors

=2+2f-k, -20+j+2k, -2j+k,

respectively, relative to the origin 0.
(a) Find the LQUJUOI\ of the pl.\m 1BC, giving ynurdnswu in the form ar+/7¥ +ez=d. (5]
01\-—2.+-'2J R c>|3_-:z.+d+2‘l OC“"‘U”‘
— 2= -
AB - oR (-2.“1-2“) (Q'*"{l h) d-fgk
_) = =
AC=oC-GR = (-3j+®)- (”‘"*’J“k)—a' 2
IS B -2 - (12) )© 5
s - —_) | J h 2 - - .
m= ABXAC= o 5 3 l=|[o-6]|7|¢ ?
2t 2 0=(2) g

) =)
Eq.,..a-);an f ABC: . n)= a’ ',

. [5:-1-3'*!-]1] [2:+-'2d b|+3J'f' J
Ez+3 - —-lo+6-|

»51+3d-t—z =-5.

(b) Find the acute angle thVVL,CTI the plancs OBC and ABC. [4]
vecdor .

=t P‘Mf’— OBEI T is L do 5B end BT
-3 b

A A 1~ C4) 5
-2 1 2| =|-[2-2]| 7 <
o -2 | 4 —O L

“ "62: OB 7\OC =

Ley e m@\e bedweer planes 0BC ancdl ABC be § -
n = [2]|7] =<6

[g][%] =J5%3% P J5 %2+ cash

|
B+6+4 = Jd35 J45 «s0

0 = ()" 8w
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The point D has position vector i =
[6]

(¢) Given that the shortest distance between the lines A8 and €D is V10, find the value of 1.
i s -y = =) =) ) =) -y =) —))
Line AB : = OA-L;\ AB - -—2:+.2J-}l +?\[(’2i+j+2h (2,+2d k

-—) O
v = -2 k’+>~[--ﬂj’-+3’|2]
Line CD: N Y fiet - -
@=50-50 = ((77) - (-G R) =t 04T -k -

T SR p (0] -F) -
2 i by=j+ 3 -
LeY, e AB have equation P=a+ib, were ¥ S o
ne CD have ewm _qa.*.)\-\—,_, whese. Q,?— -Qd + la b "‘LI'U :

= "‘-?l-i--?J

-
az-a= (¢ +h> (2.+ bt)-—- 2’ -kj =, 2k’
— —‘) =) h ~a N
1:) X-EZ = 5 :|‘ 3 |- ’(—31;) _ 2
(hz"a?) 'C?' "‘—’3 = -?C— i (-‘34:)+2(Jc)= _L4~12E+RE = —L-lot

| & nba ] JD% bt) = Jhrates = 4riotr

2-2). (x5

D.‘s+ﬁﬂf€— betveen AB ancl cD = \>
lE’xbll
Jio = -4~ ot
JY+0t>
T = |-%-tot]
Nprre
Jo(4+10t?) = L+lot
a2,
10 (|++l0'(71) = @_+|0—t)
4O 4100+ = [ 4 gok Hoot>
2 = Kot

S5 += 2k - 3 |
&0 10

Scanne d with CamScanner



51 The lines /|

) and /, have equations r = 3i+3k+A(i+ 4j+4k) and r = 3i—5j—6k+ u(5j+06k)
respectively.

(a) Find the shortest distance between [, and ;. (5]

L‘e"") ';""Q +’\L W)'\e.re. a|—3|+3h b -,""I'J"'llh
12 )-Q,_-\- )\'L_) whece Qz —-3t-%'6k‘.‘ ;-—5\1 +ék

R - (7-55-68)-(5 5%) = -57-9K -

- = —-)

1 k 2y -20 L

| l;\ —(6_.0);|= —¢| = ki GJ*Sh
o) 5 () S

> ) (o ) S70). (q.—éd+5Iz)

-Q
QQ. | -(,6 q(s_ - 30— qb— —'5

-:‘,\;?z\ J 42 ef+5” =J71 -
et dishnce betveer Ly ardly

- | B

= \-709= -1
gl
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The plane 1T contains /, and is parallel to the vector 1+ k

(1) Find the equation of I7. H\mggmn answer in the form m+by+cz =3 [4]
W has s vm;nql vector _L o .+lf "+ Y& and Tk
I -

hz‘ﬁi=~(l-‘r)=g‘

\ (o) | ~k .

T comlales he point with P"s"""“ vectee 3143R
_.qut\'}lcﬂ 05: Tt P.n = k=L )

>, (A43]E) (3'.4.%‘) (5735 - lrle)
bk x +Bd bz = 12-12
bz +3y -4z =0
(3]

1gle between b5 and 1.

.-5'd+6h LE."'IMO[Q beh-een b and 7 be .

(c) Find the acute &
D\'chm ve cler :F l,:_
% g: b_z\ l I cosS &

(5\, 62 @.+3';h)= J5re™ Juad(f es<
5 -2k =gl Jh| wsa

- e =81= 0-3¢°

=T C'zrr) '°(x_ )

G\e. bepween L and Tl : -IOD 36°- ‘lo = |0-36 °=]D.1,_°.

9231/11/M1120
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52

The lines I 2
and /, have quations r = —5j+A(5i+2k) and r = 4i+2j—2k+x(j+k) respectively.

The plane 7 containg [, and is parallel to /

(a) Find lhe ‘
) cquation of I7, giving your answer in the form ax + by+ cz=d. [4]

“‘gm«_r’m\ eche L 4o 57428 and T4k
@7:“5 3 [ °0-2 ,::é]
o ’Cé"_‘:}} 5
TW&S —ﬂe feivﬂ' -5:_‘\)
Ecyua-km 05 - P.W= -—v-')') )
2. (#.5745%) = -85 (2 5%)
_21-%4-52 = 25.

(b) Find the distance between] and /1. [3]
Y . AT ) ‘
Le-l"a(o,—s,o) R = —SJ .+ and 0P=(l|‘n+.?\'l-—2h) so P @,2,-_1) )
w car‘ains Q w\:'e P S a Fb-iﬁ"\' on Lz . P
P - R 2P s [] 2] {:ﬂ' i
o] L= 2 /f ﬂ
' Q
— > _ .
P& m - 8435410 = 53

‘T“)J = J(—'z)z'?('S),-fSa: 4125425 = Isy .
D"S“"ﬂ-ﬂce Ld'h’m L_’J_ a,nd —”—

=3 o2
= |P8v - B3 =72Qa=x7al
|+ J5k-
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. - oendicular to both 1, and Zp.
The point 2 on /, and the point Q on /, are such that PO 18 perpendicular to ' ’

squation for PQ.
(¢)  Show that 2 has position vector 45 1= 5]+ 5 37k and state a veetor €4

v _Jo 5 5 v P
\ “ = [.5;]«9\[0] = [_5:( .
0 2 N
2

Siee P kes e L ~ 0Pz [-:m
P

l_Q: Tﬁ: [2]4- p[?] = [_2:*}1] .
-2 \ ~24

Since Q les on Ly . O_Q_).-: 2+
~24 §

SA /S = 5 § = 5A
- ?Q ] OQ -DP :[2_‘4,"]_[,5'] -_ [ —z_’_ rl »
-2+ p LA -24ﬁ—2)\

Since T)_Q, L L| A EQ—, [5?+2.E)\] =0
5 5 (-5 +2(—2+p.--2>\)=
20 -25A =4 +2p ~kA =0
—24r+2p+16 =0 = (1)
— = —_—y —
S R Lips F[7E] -0
| (1) +1 (g -2y =0
T+ —2+t’-—2r\=o
Q‘&—Qr\ +5 =0 %(2)
Fom G) 5 2 =-16 +29 A 'ﬁCB)
Subshiule CB) in CQ)
“6+29N -2 +5=0
RIN =09 3= 1.

27
P Ap= s 23 o po= i3
54
@ - [5)\ 5"‘—_%' :
- - - — 5 -
) | T BTSN G,
. [ -5 4 -5 (%) 53|27
- T+ p = ¢ (;,-!_3_.) = | 265/s54
=24 p =2\ -2 (- ua) :L(.-—-\- -266 /54

92311 UMN20
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\lec,\.,; 'e,cf.ga-hd*n. °y PQ :_

r) = 55 ;_) _-5"') + 22 h) “+ A\ 53 + 265 ] - 265 l‘()
£y 2 A sk 5k

! = d 5 -
:_1_[55.’\“!35\‘ +22k | + 532 é}’+5d)—5?)

X 4

=
) P s

« % :;\'- 5.5-—1 - —2
~ =L .z |+tA| 5
¢ ,‘zL| . 1-5

.

o«
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Let t be a positive constant.

N
LFS]

The line !, passes through the point with position vector ti+j and is parallel to the vector —2i—j. The
line /; passes through the point with position vector j+k and is parallel to the vector —2j+k.

Itis givbn that the shortest distance between the lines /, and /, is V2I. B
(a) Find the value of ¢, [5]
R = B AR 4 -2 -
L ¢ r\"<|)+,\ -1 and la:r): |° +r(_%
0 0 . t \
Shertest distance belween |, and 15 = @?—a—?)'(b—;’x@
[#x53
-é-:.)—ai) = ? - o '_t
£ t |={ O
0 t
=S D
= I -\
X
A . I: !
O -2 | n
Sz v’
=222 ;‘\—.))-@ sz)= -t (@) +o @)+ (q-) =5t -
-
‘L_l)’%b;\ = l(:_l)3+ 24 If; = [___QI .
=) Shodest distorce bedween |, ond L3 = | 5F
NEY
Ja = 8t swee >0
e \\ Jal
Co N 2l = 5t
£ =3 =42
5
The plane IT, contains /, and is parallel to /.
(b) Write down an equation of /7, giving your answer in the form r = a+Ab+uc. [1]

7= ()

—) A -2
;7“-\“’—'—:‘] + Al +rl_g
0 0 |

9231/11/M/J/21



The plane /7, has Cartesian equation 5x =0y +7z = 0.

(¢) Find the acute angle between /, and [T,.

- s o)
hl = [—-6] and _B:_) = __2)
T |

Csd = —-i'?;_,_ = B o)—é(—:!}ﬂ(lL
lﬁ?‘ \E;-)I dsz_r(—s)z.nn \l?‘f('ﬂ)a—ﬂl
Cos & = 14 :) d=35'88°

Teds

2 Aﬂa\e beheen Ly and T, = 90°-<
= 54.]'0 =5k -

(d) Find the acute angle between {1 and /1,.

fi s Sedie 7 02D -
E?: Lo - d=_|5
-2 - 0 =] a oA 0, = -6

csct = ) = -|(5)+—2('6)+lf—(7)

— | —
(1) NOEE T RNERE TS
o = cop” <__,_” =% = 168

Ja Juo
Then, acde engle beheen Ty and T, is 76.8"-



54 The lines /, and I, have equations r=—I-2]+k+sQi=3]) and r=31=-2k+/(3i-j+3Kk)
respectively.

The plane IT, contains t’I and the point P with position vector —2i—2j+4k.

(a) Find an equation of /7, giving your answer in the form r = a +Ab + pe. (2]
- -1 2 -\ i -2\ [~ -
r = B - =
2|4+ A[-3 |+p[ 0O -2 71 -2)7 o
| Q 3 i | 3
or
-2

+2. ol

-? = [ -2 +A -3 + "" 0

4 0 3

The plane /T, contains /, and is parallel to /.

(b) Find an equation of I7,, giving your answer in the form ax+by+cz =d. (4]
- =2_(3 3 2
b V= o)+)~(-l !
-2
3 o)
- =)
el b Yk 9
3 -3¢
X -3 0 -7
Y.oa) =,

9231/13/M/J721



(¢) Find the acute angle between [T, and I7,. (5]

- - -

I J k —q . q
2 -3 0= _¢|"~ D::}] and "2)2[6]
. o 3 -3 l -

=)

- 7.
wsel = M M, ) asd = 3@)*'7(4)*’672—

n’ c

)12 NERERTN =Ty
Cos «& = 382

o = 484" < hel”
9 Acde analﬂ bejween T e T, =« 484"

9231713/M/J21



(d) The point Q is such that 00 =-50P.

Find the position vector of the foot of the perpendicular from the point O to 17, [4]
— - —
o - 55 =-s[ 2| ['s v
i -20 ’lr ﬂ fl2

; ~=a_[mw | K
L%ML\Q_L%T\;:r_ o |+ ¢ / !

: -20 -

; _[to+ranT] Q

iy 0+ 6 A

-20 —’I)\_’ :

—“—1 : C!x+éd—7z =4 = (')
gtbs"'}}u'}ina 2= 10+‘D\7d =10+6)\ and 2= -20 =7\ ™ (') 35“955
9 Go+‘fz\)+6(lo+é>\) _7(—20_7,\) =4
qQo + 8Ih+ Lo+ 36N+ 140 +49 )\ = i

166 X = -249
MN= -3 .
3.

= l:lo+9(j_i_) ::J_E(_
J= lo+6(:_~”_)= L3

2
2:—510—')(:2-3-): :‘—q—.
2 oy

> Resifien vecter QSJIJD@}.DJC r&rwlw _ -'_)él
F Q o T il

9231713 M1 2]



55 The points 4, B, C have position vectors

di—dj+k, —4i+3j—dk, 4di-j-2Kk,

respectively, relative to the origin O.

(a) Find the equation of the plane 4BC, giving your answer in the form ax+by+cz = d

(5]
— - e
OAR = n )—5[7,-7: ;” and OC.): ._T
} [ —& 2
TAE)-;EE'_T)?:[': - —L{f]: F‘%
=t l -5
ﬁ:&%"‘gﬁ =[—:+ - '-IZ- = §
= | 2
Plwme ABC: ¥ = [_ﬁ]+A[-§] e ;
[ -5 -3
- = -
T = v J h_) -€
& 1 -5 | = ~al| ~
0 3 =3 .-24_ [f'
-\—;} .’r? _ - =)
- ! 4 [
el Ul B N
& (J (%
X+}-\—d+)+2. =-&-

923 1/11/M/122



(b) Find the perpendicular distance from O to the plane ABC.
L a\:simoe_ 0+ F,a.ne ABC

ml
l+4+4
2 0
= = = | q uni‘l‘.S '
Ja3
(c) The point D has position vector 2i+3j — 3k.
Find the coordinates of the point of intersection of the line OD with the plane ABC. [3]
lne oD = ¥ 2 2t 3t e
me 2 g -{; 3 = it =) ,-(_:Q{)J':S{-_)a-;—— . /t Plamﬁg
-3 -2 / Fa

Plane ABC" P l(rd-i—l{»z =—8 — (\) / /./ /
qus-kumd r= 2% d—-3jc; z=—3t In G) /

2+ (ak)r 4 (- 3t) =3

at =-3 =k
s 'X.=2(’4‘):"8
g=3(-4)="12

923 1/11/MM/I22



56  The position vectors of the points 4, B, C, D are
Ti+4j—Kk, 11i+3j, 2i+6j+ 3k, 2i+7j+ Ak
r_espe—étively.
(a) Given that the shortest distance between the line 4B and the line CD is 3, show that
AP—5A+4=0. (7]

e B

Shordest distance beheey lne ABard Cb = fé -)- (5 )/
: ,l: x b )J

— —_ [ 2 91 -5
d2-a = 6)— =
)G
T 5D = G 1% “At3 | 2-N
k-l | | = -gxer2| = | 12-kX
o | A3 Iy b
(5?"“77) (T:? Jj) = -5(2-») +2(12-4)) +4 (k) =10+ 5A+ 2 gh+ 16
o = 30-3M\"
& = (@ N7t (-0 + 4T = SN TN I 6

= J 16k - 100X +17)*

. Shoclest distance = 30- 3N
N 1gh-100 011707
2 2
S = (30"3}\)
16y - loon+IA*
9 2
9 (lélr—lw)« +1TA ) =4 (IOD— 20N+ A )

KA — ROx + 6l =
¥-5x+4 =0
CS)'\mm\-

9231:13:M0J:22



Let [T, be the plane ABD when A = .

Let IT, be the plane ABD when A = 4.

(b) (i) Write down an equation of /T, giving your answer in th[_ form r = a+sb+c.

A 2

-5
s P [Z R e B e
- | 2

(ii) Find an equation of IT our answer in the form’ax+ bv+cz=d.

A=H’f\€=[‘; mp-55-oR=[2|_[7]-[5].
0 ) 5] | 3

—-l

|

1B (4] w3317 ]

ro
s,
=
5
ua
<

9231113 M0J22
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(¢) Find the acute angle between /7, and /1,.

PR 5
koo | ] <l-3| ~d )= :fs
5§ 3 2 T 1

s = F{?'ﬁ;)

") 155
. _~5(gmo —25) +7(7)
J €9) i+ d(a)'t -:s)‘+_7T

W =

st =+ 4344 o= (4t |12
NETENEPT fat3 J128

~ Aeade andle befveen T, encl -”; =2

9231/13:M:1:22
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57 The plane I7 has equationr = —2i+3j+ 3k +A(i +k) + £ (2i+3j).

(a) Find a Cartesian equation of II, giving your answer in the form ax+by+cz =d. [4]
= iy -
= \ J k. -3
- | o} | =| a2
2 3 0 3
—)
¥ =3
-3 =l -3
\-’) . a |l = 3 2,
3 - S

The line / passes through the point P with position vector 2i—3j + 5k and is parallel to the vector k.

(3]

(b) Find the position vector of the point where / meets I7.

e L: ¥ = ; et ‘g = 33 3 2’.=2)J='372=5+t'
5 | 5+t
T heag ss -3l 2 0)
1):

Sﬂﬁ%%ﬂé %= 2,d=—3 cmc{ z=5tt ™
‘B(Q)TQC—‘B)-\'B(S-i"t):QI

~C -6 +54+3F = 2]
L =18 2t=6"
t=£ 2 7(.:2_,d—_f3,z=l|- .
(e positem vecAse ,JC point whert | meets T : (—{la)

9231/11/O/N/2L



(¢) Find the acute angle between / and I7. ) (3]

e -3
L: ¥ = _2:_;, N g) and T : F) a| =2l
5 | 3

5 9
sd = b-n

NIEd A
Cscl = °(’3)*°(1)*|(L ; [574
Jo+0+ > mz . [ /ﬁL/

/

sd =

el = 50:-23 '

< Aede angle bebeen Lond T=q0-2
N §= 31162398

;\;Jm

4]

(d) Find the perpendicular distance from P to 7. AP [3]

= = o - (- -
Pa f OQ’DP —(;‘)—(’E) :(;)‘ : 9-2’3/3>
3 o - ‘

1 diskance jtm'v P T:
- | B2 | PGr2r)
h

= 18 _3837= 3.8

Jax

9231/11'OMN/2L



58 The points 4, B, C have position vectors
2i+2j, —j+k and 2i+j-7k

respectively, relative to the origin O.

(a) Find an equation of the plane OAB, giving your answer in the form r.n = p. [3]
—ry —
OA = i‘ and OB = __|°
0 \ 5
A T W 2 |
v ] J k
n = ~
OR x0B 2 a2 of=| =% o
o -1 | (&) C
PR
2o\ (2\(]
-t {={=2 Il
- 5 |\
—) \ = 0

The plane IT has equation x—3y—2z = 1.

(b) Find the perpendicular distance of /T from the ongin.

e 1—33-22:‘

g2=09 =] FP=(00) Iﬂ
G [ b7 Tt
v

-—

L digtance o? m jcrm Hhe o0 g™

) WA
%:— | (8 f) Iy
i (raral I

-
-—

9231/12/0/N/21



(c) Find the acute angle between the planes OAB and I7.

ﬁn'OAB'._ﬁ)l= | d ’ﬂ':’ﬁ?: Y
() =774

|
cosa!’ oy (:',) _%) _ 6
U L N N PN
= 4 TS °
A= (=) =22.20 =222
()

(d) Find an equation for the common perpendicular to the lines OC and AB.

lne 0C: ¥ = (?) =)

1 AB‘DB"

-2
e AB: 7' = [ 2\xs -a) .
0 \ AB =

let P be arom‘}‘d‘ﬂ‘ne DC and R be & Fcnn"‘
on AB such hat P LOC and, PQ_LAB

==9_ _ [/ 2-2s
OP—(:"-{:) cnd OQ —<_'2—3S>'
-t S
—_y 5 2-25 2t _ 2-25-2% .
PQ :OQ -0op = n-3s |~ + = Q"&"{.’
_ ‘ s -1t s+7t

il
2(2-2s-2t) 1 (2-35 ) 7 #+7t) =0
h-bs -4t +2-3s ~ £ -1s-44¢t =0
C-lys =5t =D .
c-sut = ks ()

9231/1270/N/21
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Since PR L AB 2 ﬁ-(;;):o
(
—:1(2—25-24;)_-3@—35-{) +| 5+7Jc)= 0]
~k +hs+ht —E+9s+3t4s + 7L =0
-0 'f'”-|—5 +[/+t‘ = O
e = 10-ltt 2 @)

SU:S‘*«'M& Cl) " CQ_) s )
6"51{1‘,‘ = IO"M"E
ot = 4
+ = -0-I
=) s = |0—“f-(-—0'))
s = 51..
b 417
a2l —2(—0~l _
o3 @o(3]) 7 (g;_% I\ [
_ 0-7 —510 fq(ﬂo.\) L [35
70 — 5—
y g(&-\etkm vector Of line PR )’J (_-3) '
I
Eq,uq%‘m ol cemmon Fﬂno}fm}ar °g lines ©C and AB:

—

—) -0-2 S
Y o]+ A3
0-1 \

9231/120 N2



59 The plane I7 contains the lines r = 3i—2j+k+ A(=i+2j+k) and r = 4i+4j +2k+ p(3i+2j - k).

[4]

(a) Find a Cartesian equation of /7, giving your answer in the form ax+by+cz=d.
= . _’_-_ -:
n <= L| X \)
2.7 7 E) [4] [ _,
tE \ = e +J\
\ a2 | T la|~] ! 1
3 2 - | (-8 [

DA @ﬂ’uﬂ,;mr(a)

9231/11/0/N/22
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The line ! passes through the point P with position vector 2i+3j+k and is parallel to the vector j+)

(b) Find the acute angle between / and /7. (3]

Line L+ 2= a*-u-t?:(?)_&(T) S7- (?)
W= ( ,?) (ﬂ (0(.1)*.(.)”(-4)) = -3

l?l=W=J;_
2] = ||(__A)A+Iz+(_q)1-= JzT.

@d = b.n =_—3 2 D=as [ -3 =157
FlR) wm 42 fai

2 Aeule Ngle befueen Line L oncl lnlane P=0 -90 =11-51°-90 = 21.57°= 216"

_ \
(¢) Find the position vector of the foot of the perpendicular from P to J7. (4]
. n =
PF liesin fhe same direchon as 7. P P(‘?'B")

— -
Equation of— PF. P -=24sb = (g}SGﬁ)c ;—i-’;s ‘
' * | +s

Since F lies °F line PF, F < "**2573’57“45)' Re-ytpz=\2
Subshiding into egechion of plane -
Q@,up\s)—(g—sﬁﬁr(l-r%) =12
4 +hs -3rs+4+lks =12
2As =7

s=_1.
3

== (zu@s) 83

=S 3-(u3)|=| 8/3 -‘-‘:3'— g
+4@3)] \ 13 7
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60 The lines l

and /, have equations r=2i+k+AG—j+2k) and r=2j+ok+p(i+2] =ak)
respectively,

The point P on [, and the point O on /, are such that PQ is perpendicular to both /, and /,.

(a) Find the length PQ. (5]

{ .2 -/
el e (Bl | oedie “‘db“(‘l
| 2 | =

PR = shockest distonce beeen lies L eod Ly
) (—-—7_-%) G—’—).‘d’ = (E) g) = 2_‘ = -27 .
*L—’)‘} J i-zi ++3T Jﬁ_ &Eﬂ‘

9231/12/0/N/22



The plane IT, contains PO and ks

The plane 11, contains PQ and i,

(b) (i) Write down an equation of 7 , giving your answer in the form r = a+s b+ic.

]

(i) Find an equation of I1,, giving your answer in the form ax+ by +cz L
.. = _ (o ( -
6 ‘ K 3 L
- =) =) T{" )
n, = \ N/ . 14 I
| 2 - - l l
2k 3| g T
ot -
P 2

(¢) Find the acute angle between [T, and I1,. [5]
=) -2 ) )
| -l 2T 1 and "2 T
-2 4 3 a2 &
.-——)

,—’) — '—7' q
AR vl [ Bl P
—u(f‘f)*r(?)(t)*rl(s) =Jer (P J it 8% s -
-45 = g J2gl wsB

O =cws'/ w5 \- 3287
Jrn Jz¢p

S Aade apgle beheen TG and Ty = 4712°< 471"
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61 The plane 11, has equation r =

—4j=3k+A®—j+k) +ui+i—k) .

(a) Obtain an equation of 11, in the form px+qy+rz=d.

- - = -

n = \ J E 0 [o)
{ -1 t |7 a7
\ { -1 Q l

(b) The plane J7, has equation r.(—5i+3j+5k) = 4.

Find a vector equation of the line of intersection of /I, and I7,.
T, - G ('ET)"'ST'PS—Q) =4 3 ’5=(.+3d+ S5z =4 -90)
T Y+z=-723 y4=-1-22()
Subshiute (2) in (I): -54+3 (—7-2)-\— Sz =i
-5% -2| -3z+5z =4
53+ 2z = 25
2z =52+5
Z=2.5%+12:5
leb (<=t 3 2=25t+25
3 y- ~1-(5t+12-5) = ~T-266-i3.5 = ~ 15 - 25t
0 O

(
il M N e PO
" _ast-15|= \-ast |7 {157 -q5 | % [-25
25t 25, 2-5t 5 (2°S 225

- Y 2

A v = -18.5 +t| -5

12-5 5

9231/11’'M/1/23
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. L it (g — and is parallel to
The line I passes through the point A4 with position vector ai+aj+@="7k p

(1-b)i+ bj + bk, where a and b are positive constants.

(c) Given that the perpendicular distance from 4 to 17, is V2, find the value of @,

—-—)_ Q __9 —-q
A8 ) =(2) s m=ar - () &)= [aa
&=1 -3 -3/ \a-1/ \4-o

4 distance 'j:mm Ab T, = xl;’-'r?.’ _ (_4—-‘;)- (:))) }._o—-l'—au-lf—-q
% h-of \\ )= |——=—
JxX

\II:: ~2a
Jar
+Ja = —2a 2 El'ﬂ\ﬂr) —2a =(£‘ o —2a =-2
2 \FY Ja
—Ra=2 —2a =~2
a =—]| a =4
(:L_eﬂore.)
S VQLe o} Q= i_
(d) Given that the obtuse angle between / and I is %n, find the exact value of b. (4]
- I-b
- ( S\,
b \
Tj'ﬁ?\ = O+b+b= <b
)?' = J(-8) b+ b™ =J3b2 Qb+ -
12} | = Jomim = I
Tw = [Pl «sb
Qb = Japtap+| J2 @s %E)
b = Jap-qp+l- T - =L
Jx
Qb = =3 ab+]
4yp* = 357-2b+]
b*+2b -] =0
b=-2x2-4()) = -2xJ8 - —2+202 - ~|2JX
201) 2 2
_T:amﬂ'ﬁ bz -l-J2 sne b=0
b=~ l+J2 .
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62

The points 4, B, C have position vectors
i+j, —i+2j+4k, —2i+j+3k
respectively, relative to the origin O.

(2) Find the equation of the plane 4BC, giving your answer in the form ax+ by+cz=d. (5]

T\E’:S@—_OTB-: (" ) _(

2

o-—

L=} l *
) —
— . \ -3 S
KE‘?:B’E’—DA= 11' 1= o c
3 o 3 s
-
'r{7cK§)x7\?= T 9k 3 —.!z
S B o el Rl
-3 0 3 3
Vo2
% | ( [
d ._2 = \ -2
z | 0 '

N
c®
_‘.
N
0
il

(b) Find the perpendicular distance from O to the plane ABC.

52?(*),—()
0 |
L distance 0 +o Hhe pne ABC =

t l
—Bi—ij— . (5) (—f) = '(‘)+'(—'2)+06) = -l | = _dE‘. .
‘h 'fzf(—-ltﬂ:‘ |é J—G—

-
-—
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[8]

i ines OC and AB.
(c) Find a vector equation of the common perpendicular to the i

B85 () ()
(e ()
oo 2=(1)o2(7)- ()

: eufar
L&‘}‘, Pdnc* Q ke fm'n'\‘_f, on line AR o.r\d oC Suc.‘\ ‘H,q"‘ PQ S ﬂeCemY’I?ﬂ f’efFOA
o= (% |and D= 7%,
t 33
2. [ 3 —2t\ [-|-as+2t
T@‘):BQT)#DP: S "(lh—-f: = —|+5'—'L‘)‘
&= wt 3s -4t

T’&_)_LK!? 2 PQ-AB=0> -2(—[—25+2+)+l(|+5—+)+4 (35 H:);)
2+ls-4t ml+s-—t+(2s - 16T

17s - 21t + | —O—%(l)
=09 ~ 2(1 -2e+24 +l(l+s 'f:)-l-B(BS 44:)
2+bs -4t - (45—t +95 12+ =0
lus—f7t+l=0—)@)

4
l
i}
&

Fom (1), 1Ts =2t -1 2 s=2¢-| - (2)

T
Shshde (B)in (2): 14 -Zli :)_m +1=02 AQ4t-l4- 28‘2++—iz 03
+=-0§6
3s=2fo0¢)--—08
7

+=-062 p = <"'+2(€-:'§))> = ( fi)
h(oe) | 24

R = —’-).; “2(-5-3) |.6
§=-085 R ( -0.8 |~ —o.8>
3(—0-8) -2 4

=) W: 'O—Qa—E—P_): (-—]OE)
(o)

S T I +A_—°6 9= 22 +A[ 2
+ Equadion ")D Fma F’VMA'OJ (-ozit) <[ol> —24 o
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